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Abstract

In this study, we address some interesting properties among the set of six functions, a function p, its translated versions
q—(t) = p(r —t) and ¢4 (t) = p(r + t), and their inverses p~', ¢~', and q;l. Specifically, by introducing the notion of
alternating composition of two functions, several equalities are derived for the alternating compositions among the six
functions. Some properties, examples, and applications of the equalities are also discussed briefly.

Keywords:

Alternating composition; Equality; Inverse; Translated functions

Introduction

In many areas of applications including signal processing and communications, the notions of translated and reversed
functions are frequently employed |§| For example, translated and reversed signals are required in the evaluation of the
convolution of two signals . In addition, as one of the key applications in signal detection theory, the construction of
matched filters requires translated and reversed signals requires translated and reversed signals.

Our main focus in this study is on the properties among a function, its translated versions, and their inverses. For
the convenience of the descriptions, let us first define and recollect some notations and notions. For two functions f and g,
define the alternating composition {f, g}, of order k by

{frg}, (8) = (1.1)

Note that we have

g ({f,9}x(®)) ={g, [1r+1(t) (1.2)

and
FH S g3®) = {9, FIr-a(2) (1.3)
for k =1, 2, - - -, where f~! denote the inverse [3,5,7] of the function f. The notation u () will be used for the unit step

function [9,14]: specifically,
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1, t>0,
u(t) = 1.4
® {0, t <O0. (1.4)

with u (0) to be chosen appropriately depending on the cases. When a > 0, recollect

u®(t) = u(t). (1.5)

Translated Functions and Inverses

Assume a real function p, and let g—(t) = p(7 —t) and ¢+ (t) = p(7 +1t), where 7 is a real constant. The domain of a function
f will be denoted by Dy, an interval of the real line R.
Theorem 2.1. We have

{pha}, ) + {0}, ()=" (2.1)
when n=1,3,---, and

e} () = o=} (¢ { : n=0,48,..., 22

T—t, n=26,10,....

fort e {x {a-,p 1}n (@) eD 71} {m {p.q l}n (@) eD 71}. In addition, fort € {ZE : {qzl,p}nil(x) € Dp} N
{a: {p ,q— }n 1 ) € Dy }, we have

{p.a='}, () = {a-p7 '} (1) = ¢ (2.3)

when n =0,4,8,--- and
{p.a='}, () ={a—p'} (1) (2.4)
when n = 2,6,10,---

Proof. (1) First, let ¢~*(t) = v for t € D 1. Then, t = g—(v) = p(T —v), and thus pt(t) = p Hp(t —v)) =7 — v for
t € D,-1, which leads us to pil(t) + q:I(t) =T or

{p~a}, ) + {Z"p},() = 7 (2.5)

fort € D,-1 N inl.
Next, assume that

{p"a-}, () + {d"p}, ()= (2.6)
holds true. Then, we have {pi ,q— } =7 {q, ,p} (t) from , and subsequently, we get ¢g_ ({pil,q,}k(t))
=q_ (7 - {qil,p}k(t)) or {q_,p~ }k+1 = ({q, ,p} (t)) = {p.q_"}us1(t) by noting that g— (7 — @) = p(a). Taking
one more step as pil({q, P 1}k+1 ) = ({p7 q_ }k+1(t))7 we get

{(r"a-}, (0 = {aZh phe(®). (2.7)

On the other hand, writing as {q:l,p}k(t) =T — {pfl’qi} (t) and noting that p(r — @) = ¢—(a), we
get p({a=",p}, (1) = p(r — {pia=}, (@) or {p.a='}, (&) = a-({p™",q-},(®)) = {a-,p'},, (t). Then, we get

:1({177 q:l}kJrl(t)) = qjl({qﬂpil}kﬂ(t)) or
{a="p}, (0 ={p " a-},(0) (2.8)

From (2.6)—(2.8), we have

{r e}, 0+ {2t b O = {aZ  ph@® + {p7 -}, () = 7. (2.9)

The result (2.9) from (2.6), together with (2.5), proves that (2.1)) holds true when n =1,3,---
(2) From (1.1), we first have
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{p~ta-},(t) ={q=" p},(t (2.10)
Next, from q_(t) = p(t —t), we get p~'(q—(t)) = p~' (p(r —t)) = 7 —t for q_(t) € D,—:. Similarly, noting that

p(t) = q_ (17 —t), we get ¢_*(p(t)) = ( _(r— ))—T—tforp( ) € D, -1. Thus,
{p™"q },0) ={aZ ), () =7 —t (2.11)

fort e {z:q (z) € Dy-1}N {x :p(x) € Dy

Now, assume that l} holds true when n = 0,2, -+« k. Then, from 1.) with n = k, we get ¢_ ({p_l,q_}k(t))

¢-({a=" 2}, 1) or {a—p7"}, () = {p.a="},_,( . Subsequently, we get - ({Q—’p‘l}m(t)):p‘l({mil}k_l(t;)

{p™ " a- 3,0 ={a="p}, ,( (2.12)
On the other hand, from with n = k, we also get p({p‘l,q_}k(t)) = p({qil,p}k(t)) or {q—,p7'}, () =
{p, _1}k+1 Subsequently, we get q_ ({q,,pfl}kil(t)) = qjl({p7 q:l}k+1(t)) or

{rt e}, (0 ={aZ"p}, (). (2.13)

In essence, we have {pi ,q }n(t) = {q:l,p}n(t) = ¢t when n = 0,4,8,--- from (IQ.IOD7 (]2.12[)7 and 42.13[); and
{p—".q-}, @) ={q"",p}, (t) =7 —t when n =2,6,10,--- from (2.11)-(2.13).

(3) First, we get

{p.a='}, () ={q-.p7 '}, (t) =t (2.14)
from (1.1). Next, let g () = v. Then by noting that p(v) = q— (7 — v), we get p (¢_'(t)) = p(v) = g—(7 —v). On the
other hand, g— ( ) q— ( ) =q_ (p Yp(r — v))) = q—(7 — v). Thus,

{p.a='}, ) ={a—.p"'},(®) (2.15)

fort € {w: q:l(;c) €Dy yN{z:p '(z) € Dy_}.

Assume holds true when n =0,2,--- , k. We get qil({p, q:l}k(t)) = q:l({q77p71}k(t)) or {q:l,p},CJrl
{p q— }k ,(t) from with n = k. Subsequently, p({qil,p}kﬂ(t)) :p({pfl,q,}kil(t)) or

{pa='}, (0 ={a-p '}, , (). (2.16)
From with n = k, we can get pil({p, q:l}k(t)) = pil({qﬂpfl}k(t)) or {q:l,p},%l ={p ' q- }k+1 ) alterna-
tively. Thus, g— ({qfl,p}kil(t)) =q- ({pil, q,}kﬂ(t)) or

{p,a='}, () ={a-p 7'}, ,,(0) (2.17)
In short, z[) holds true when n = 0,4,8,--- from (2.14]), (2.16)), and ; and holds true when n = 2,6,10,---
from 12.15: 7. In addition, the value of the equality @ is t when n =0,4,8,---. O

One of the implications of the equalities (2.2f) and is that the composite functions {p_l, q— }n and {p, qil}n are

self-inverting when n is an even integer: that is, ({p ,q— }n)71 = {p_l,q_ }n and ({p, q:l}n)71 = {P, q:l}n when n is
an even integer. It is also noteworthy that

a- (7 (¢-(#))) = (1) (2.18)
and
p(a="(p(1)) = a-(t) (2.19)
from , and
' (p(a='®)) =p~"(t) (2.20)
and
p (e (') =a=' () (2.21)

from (2.4). The equalities (2.18)—(2.21]) can be employed as useful tools in the reduction of calculations.
Theorem 2.2. When n =0,1,---, we have

{p™ar}, () — {&z"p}, (1) = nr (2.22)

forte{ Aqr,p” } )eD,- } {x:{p,q;l}n_l(llf)qull}.
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From Theorem [2.2] we have

Pl =ait () + 7, (2.23)
p (g (t) = a5 (p(t)) + 27 (2.24)
P e+ (7 (1) = a5 (play ' (1)) + 37, (2:25)
for instance.
Theorem 2.3. When k =0,1,---, we have
t, n = 4k,
(o ar) (1) = '), n=4k+1, (226
q9- 59+75, - —t, n:4k+27 .
-~ t), n=4k+3
forte {x : {q+,q:1}n_l(x) € qul} and
t, n =4k,
-1
-1 q+ (t)7 ’I’L:4k+1,
g} () = 2.27
{q+ q }n() ¢, n=dk+2, ( )

qu_l(t), n=4k+3

) —1
for t € {x {a-,ai'}, (@) € qu

Theorems [2.2] and [2.3] can be proved by following steps similar to those in the proof of Theorem Details are
described in Appendix.

Examples and Applications

Exzample 3.1. Consider the two functions p(t) = cost and g (t) = p (5 — t) = cos (§ — t) = sint [2[11}/13]. Then, we have
the following results.

1) Let sin™'¢t = a. We have sin"'t =a = cos ' vV1—12, cos 't =% —a =sin"'v1—¢2, sina =t = cos (£ —a),
2 2
and cosa = V1 — 12 =sin (3 —a).
(2) Next, cos(sin”'t) = cosa = V1I—t2 = sin(3 —a) = sin(cos™'t) and sin~'(cosa) = sin™' (cos (sin™"
t)) =% —a=cos 't =cos '(sina).
cos '(cosa) = a = sin"'t, sin”' (cos (sin"

(3) In addition, cos™' (sin(cos™'t)) = cos™' (sin (% —a))
= —a) = cosa, and cos (sin”"(cosa)) = cos (sin™"

t)) Z —a = cos 't, sin(cos™!(sina)) = sin (cos™'¢)) = sin (

V1 ,tz) = cos (g fa) =sina.

[NIE] I

Example 3.2. Consider p(t) = t?u(t), the ‘right’ branch of the square function ps(t) = t*, on D, = [0,00). Then, q_(t) =
p(r—t) = (1 —t)’u(r —t), and we have the inverses p~'(t) = v/t and ¢_'(t) = 7— Vvt on D,-1 = D1 =10,00). Note that
D, = (—o0, 7] in the current case because Dy_ = (7—b, 7—a) when p is a one-to-one function and D, = (a,b). Now, we have
{z:q-(x) €Dy-1} ={z: (r—z)°u(r —z) € [0,00)} = (—o0, 7] and {x :p(z) € Dq:1} = {z: 2’u(z) € [0,00)} = [0, 00).
We also easily get
{z: ¢ '(z) e Dy} ={z:7—vz € (0,00)}
[077—2]7 T Z 07 (31)
0, T<0

and

{= plz) e Dy} ={z:Vz € (—0,7)}
B {[0,72], >0, (3.2)

B 0, T<0

(1) We easily have p~'(t) + ¢—'(t) = Vt+7—Vt=rfort € D,-1 N D -1 or, equivalently, for ¢ > 0.
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(2) Next, we get p~'(g—(t)) = p ' ((r = t)’u(r — 1)) = /(T —t)%u(r —t) = (r —t)u(r —t) = 7 — t for ¢_(t) > 0
or, equivalently, for ¢t < 7. Similarly, we get ¢_"(p(t)) = ¢=' (£*u(t)) = 7 — /u(t) = 7 — tu(t) = 7 — t for p(t) > 0 or,

equivalently, for ¢t > 0. Thus, p~*(g—(t)) = ¢~ (p(t)) for 0 <t < 7 when 7 > 0.

(3) In addition, p(q:l(t)) = p(T — \/ff) = (T — \ﬁ)Qu(T — \/f) when 0 < ¢t < 72 when 7 > 0. In the meantime, we

similarly get q— (pil(t)) =q- (\/Z) = (T - \/Z)Qu(T — \/Z) for 0 < t < 72 when 7 > 0. Thus, p(q:l(t)) =q- (pil(t)) for
0<t<72whenr>0.

Example 3.3. Consider the functions p(t) = t*u(t) and ¢+(t) = p(r +t) = (7 4+ t)>u(r + t). Then, we have the inverses
p ' (t)=+tand ¢;'(t) = —T++Vton D,-1 =D o= (0, 00).

q
(1) We easily get p~*(t) —q;'(t) =Vt — (— 7+ Vt) =7 for t > 0.

(2) Next, for g (t) > 0 or, equivalently, for t > —7, we get p~ (g4 (t)) = /(T + t)2u(r +t) = (1 + t)u(r +t) = 7 + t.
Similarly, for p(t) > 0 or, equivalently, for ¢ > 0, we get ¢ ' (p(t)) = —7 + /t2u(t) = —7 + tu(t) = —7 + t.

Exzample 3.4. Let us choose the functions p(t) = t*u(—t), ¢—(t) = p(r —t) = (t — 7)%u(t — 7), and ¢4 (t) = p(r + t) =
(t+7)2u(7t77). Then, we have pil(t) = -, q:l(t) = 74+/t, and q;l(t) = —7+4++/t with D,1=D -1=D 1= (0, 00).

q a;
Theorems [2.1] and [2:2] can be confirmed similarly as in Examples [3.2] and [3:3]
Ezample 3.5. For a(z) = cosz and b(z) = sinz, obtain
b(t)
Fi(t) = / {a (67 (") +b(a~ ()} dr (3.3)
a(t)
and the derivative fi(t) = £ Fy(t) of Fi(t).
Solution. Using (2.4) with n = 2, or with (2.15)), we can rewrite (3.3) as
b(t) sint
() = 2/ a(d(r))dr = 2/ cos (sin™' r) dr (3.4)
a(t) cost

™ 1

by noting that cost = sin(7 — ¢t) and sint = cos(r — t) with 7 = 5. Now, letting v = sin™

dr = cosvdv: in addition, v = sin~'(cost) = Z —t from (2.11) when r = cost, and v = ¢ when r = sint. In other words,
we have Fy(t) = 2 f;it cos® vdv or
2

r, we have r = sinv and

Fi(t) = /t (1 + cos2v) dv

Tt
1
=t— (g - t) +3 {sin 2t — sin(7 — 2t)}
T
=2t— — 3.5
27 35

where we used sin(m — 2t) = sin 2¢. Thus, the derivative is

fl(t):%F ) = 2. (3.6)

In the meantime, the result f1(¢f) = 2 can be obtained also from the fundamental theorem of calculus (FTC) [15]
directly as

f1(t) = 2cos (sin~ ' 7)| b'(t) — 2cos (sin” ' r) |T:am a'(t)

r=b(t)
= 2cos (sin~ ' (sint)) cost + 2cos (sin” ' (cost)) sint
= 2cos’ t + 2sin’ ¢
=2, (3.7)
where 1’ can be used in obtaining cos (sinfl(cos t)) =sint.
Example 3.6. For a(z) = cosz and b(z) = sinz, obtain

b1 ()
Fo(t) = / {a™" (b(r)) + b7 (a(r)} dr (3.8)

1)

and its derivative f2(t) = & Fa(t).
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Solution. First, due to (2.11), we have

a ' (b(r)) + b " (a(r)) = 2sin"(cosT) = 7 —2r. (3.9)

d sin~1¢
Then, from the FTC, we get f2(t) =

dt Jeos—1t

(m — 2r)dr as

’

fo(t) = (m=2r)|, -1, (sinf1 t)/ — (T —=27r)], es—1 (cos*l t)
1 _ 1
ﬁi(’]riQCOS 1t) <*ﬁ)

{2 -2 (sin_1 t+cos™ ! t)}

= (7 —2sin ¢
(

1
V1o
s

= 3.10
—F (3.10)
using sin~' ¢t +cos™' t = 5 from 1] with n = 1.
so—1
In the meantime, we can obtain Fa(t) = [Z" | (7 — 2r)dr also as
E{t)=mx (sin71 t—cos ! t) — {(sin71 t)2 — (cosf1 t)z}
s -1 ™ s -1 -1 so—1 -1
=7 (2SID t— 5) - (sm t + cos t) (sm t — cos t)
= (QSinflt — g) — g (QSinflt — g)
1 n?
=7sin” t— —, (3.11)

4
where sin”" t 4+ cos™' ¢t = 7 is used again. The result (3.10) can be obtained from (3.11) also.

Summary

In this paper we investigated translated functions together with their inverse mappings. By introducing the concept of
alternating composition, several useful identities relating translated functions and their inverses were established. These
identities provide a convenient framework for simplifying repeated function compositions and inverse transformations. Sev-
eral mathematical examples demonstrated the applicability of the proposed formulas. Future work may include extending
these identities to broader classes of nonlinear functions and investigating additional applications in signal processing,
functional analysis, and communications.
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Appendix

Proofs of Theorems [2.2| and [2.3

Proof of Theorem 2.2
From (1.1), we have {pil,qu}O(t) =t and {qu,p}O(t) = t. Thus,

{7 ar}, () — {ai",p},(t) = 0. (A.1)

Next, let ¢ '(t) = v, where t € D, 1. Then, t = q(v) = p(r 4+ v). Thus, when ¢ € D,-: in addition, we have
+
p () =p (p(r +v)) =7+, leading to p~(t) — g ' (t) =T or

{p e}, () — {&z"p},(1) = 7 (A.2)
fort € D,-1 N Dq;l. Now, assume that
{p ™ ar}, ) — {aitp}, (1) = kT (A.3)

holds true. Rewriting , we have {pil,qu}k(t) {q+ ,p} ) + k7, from which we get {q+,p }k+1 =
qu({q+ ,p} ) + kT) = p({q p} )+ (k+ 1)7'), where we have used ¢4 (—7 + «) = p(«). Then, {p ,q+}k+2 t) =

(e} O + (k4 1)7)) or

{p " as ), () = {ai" P}, () + (k+ D)m. (A.4)
Rewriting again, we have {q_‘__l,p}k(t) = {pil,qu}k( — k7, from which we get {p, q+1}k+1 p({pil,qu}k(t) -
k) = ar({p~ " a+},(t) = (k + 1)7) by noting that p(T + a) = g+(a). Then, {¢7"p}, () = a5 (a+({p™" as}, (1)
—(k+ 1)7')) or

{a:"p}, () ={p " a+}, () = (k+ D)m. (A.5)

From 77 we get {p715q+}k+2(t) - {q«|_»17p}k+2(t) = {qilvp}k( {p 7q+} + 2(k+ 1) = _kT+ Q(k + 1)7—

(P g () = {ai ) () = (k+2)r, (A.6)

In short, (2.22)) holds true for n = 0,2,4,--- from (A.1)) and (A.6)); and for n =1,3,5,--- from and (| -

Proof of Theorem [2.3]
Let us first recollect that ¢4 (¢t) = g (—t).

From (1.1), we have {¢"",q+},(t) = ¢, {a;"q-},(8) =t {¢"", a4+ },(8) = ¢='(8), and {q;',q-},(t) = ¢;'(t).

We also have {q”',q+},(t) = ¢ '(¢+(t)) = ¢ '(¢-(—t)) = —t and {q7'q-},(t) = q;'(¢-(t) =
q;l (¢g+(—=t)) = —t noting that qy(t) = q-(-¢). Subsequently, we get {q:l,q+}3(t) = q:l(q+(q:1
®)) = ¢ (¢-(—q='(®)) = —¢='(t) and {q7",q-},(t) = ¢7' (a-(¢7'®)) = a7 (a+(— ¢;'(®)) = —¢;'(t). In

other words, (2.26) and (2.27) hold true for n = 0,1, 2, 3.

Now, assume that holds true for n = 0,1,--- ,4k — 1 with k& a positive integer. Then, {q:l,q+}4k (%)
q_! (q+({qil7q+}4k,2(t))) = ¢ (g+(—t) = ¢ (-(1) = t, {aTl a+}, () = o (q+({q7 7q+}4,€ . )
' (g+(—a2'®)) = aZ' (a-(a2'®)) = aZ' (1), {aZar} () = 2" (e+({aZh a4}, (1)) = oZ' (a+(1) =
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q_' (g-(=t)) = —t, and {qZ',q+},, () = ¢ (q+({qi1,q+}4k+1(t))) =q¢ " (a1 (a='®)) = ¢~ (- (—a=' () =
—q~*(t). That is, holds true also for n = k + 1 when it holds true for n = k.

Similarly, assume that (2.27) holds true for n = 0,17--- 4k — 1 with k a positive integer.  Then, we
have {q;',q-}, (1) = qll( (a7t a-},, 0 ) - (=t) = ;' (+®) = t {ai'a-},,, @)
' (e (e}, ) = @@ (') = @@ 0) = GO0 {5t dupL0
0 (¢-({ai'a-1,0) = &'@-@) = ¢'(e(=t) = —t, and {ai',q-}, () = qll(q—({qll,
q,}4k+1(t))> = ¢ (- (7' ®)) = a7' (a+(—a;'(®)) = —q;'(t), That is, (2.27) holds true also for n = k + 1

when it holds true for n = k.
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