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Abstract
We derive a Taylor’s expansion with an explicit remainder for the spherical average over the unit sphere in ,n



  which is a generalization of 
the famous Pizzetti formula. Furthermore, we introduce an innovative technique applicable for examining the boundedness of specific integral 
operators. We illustrate our method by implementing it to furnish an intuitive proof of the boundedness of the well-known spherical maximal 
operator on ( )p nL 

  using the neutrix calculus due to Van Der Corput, delta sequences as well as the Hardy–Littlewood maximal inequality.
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Background and Preliminaries

For 2,n ≥  let n


 be the n-dimensional Euclidean space and 
1n−  be the unit sphere of n

  equipped with the surface measure 
dσ. Stein’s spherical maximal operator [2] is defined by

( ) ( ) ( )
10

sup ,
nr

f x f x r dθ σ θ
−>

= −∫




for ( ) , 1 .p nf L p∈ ≤ ≤ ∞

 The operator f  is shown to be pL
-bounded for 1

np
n

>
−  and 2.n ≥  The case 3n ≥  was established 

by Stein, and Bourgain [4] demonstrated the case n = 2 with a 
complicated proof.

Let ( )n
  be the Schwartz space of infinitely differentiable 

functions [1] (or so-called the Schwartz space of test functions) 
with compact support in .n

  The distribution δ(x−y) is defined 
over the space ( )n

  as

( ) ( ) ( ) , ,
n

nx x y dx y yφ δ φ− = ∈∫




where ( ).nφ ∈ 

It follows from [3, 5] that
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( ) 2

1
2

, ,kx
k

kx e xδ
π

− = ∈ 
 



is a delta sequence of ,  which implies that

( ) ( ) ( )lim 0 ,
n

kk
x x dxφ δ φ

→∞
=∫



for ( ).nφ ∈ 

The Hardy-Littlewood maximal operator M used in analysis is 
defined as

( )( ) ( ) ( )
( )0 ,

1sup ,
,r B x r

Mf x f y dy
B x r>

= ∫

where f is a locally integrable function of n
  and ( ),B x r  denotes 

the volume of the ball ( ),B x r  of any radius r at x. Let nV  be the 
volume of the unit ball. Then

( )

( )

2

1

, ,
1

2
1 ,

n
n n

n

n
n

B x r V r r
n

V
n

π

σ −

= =
 Γ + 
 

= 

where ( ) ( )
2

1 2
2

n
n

n
πσ − =

Γ
  is the surface area of the unit 

sphere in .n


 

Theorem 1. (Hardy-Littlewood’s inequality see [6]) For 
1, 1 ,n p≥ < ≤ ∞  and ( ) ,p nf L∈   there is a constant ,p nC  such 

that

( ) ( ), .p n p np nL L
Mf C f≤

 

In the following, we deduce a Taylor expansion with respect to 
r for the operator

( ) ( ) ( ) ( ) ( ) ( )
1

1 1

1 1 , (1.1)
n

r rn n
A f x f x r d f xθ σ θ

σ σ−
− −

= − =∫
 



where nx∈  and

( ) ( ) ( )
1

.
n

r f x f x r dθ σ θ
−

= −∫




Clearly, ( )rA f x  denotes the average value of ( )f x  over the 
surface of ball ( ),B x r  in .n

  In particular, we obtain the well-
known Pizzetti formula by setting x = 0. The neutrix limit due to 
Van Der Corput [7] is a method for discarding of unwanted infinite 
quantities from asymptotic expansions with wide applications 
in nonlinear operations of distributions and extending special 
functions [8]. Motivated by the generalization of Pizzetti formula, 
we shall prove the boundedness of the spherical maximal operator 
  on ( )p nL   using the neutrix limit and a distributional 
argument.

Taylor’s expansion for ( )rA f x

Theorem 2. Let f be a Schwartz function and r ≥ 0. Then

( ) ( ) ( ) ( )

( ) ( ) ( )
1

2

0

2 2
1

2 2

1
2 ! 2 ... 2 2

1 1 .
! n

k
j j

r j
j

k i i
n

i k

A f x f x r
j n n n j

r f x r d
i

γ θ θ σ θ
σ −

=

+
−

= +

= ∆
+ + −

+ ∂ −

∑

∑ ∫


In particular, ( ) ( )0 .A f x f x=

Proof. Let ( )1 2, ,..., ni i i i=  be an n-tuple of nonnegative 
integers. We define

 

Using Taylor’s formula for 1,nθ −∈  we have

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2

2 1 2 2

...
! !

! !

i i
i i

i i j

i i
i i

i j i j

f x f x
f x r f x r r

i i

f x f x r
r r

i i

θ θ θ

γ θ
θ θ

= =

= + = +

∂ ∂
− = + − + + −

∂ ∂ −
− + −

∑ ∑

∑ ∑

for j = 0, 1, · · · and γ ∈ (0, 1).

Clearly,

( ) ( ) ( )
1

2 1

2 1
0

! n

i
ij

i j

f x
r d

i
θ σ θ

−

+

= +

∂
− =∑ ∫



due to the cancellations over the unit sphere 1n− . Therefore,

 

1 2

1

1

1 2 1 2

1 2

1
1

... , ! ! !... !,

... ,

... .
...

n

n

n

n n

ii ii
n

i
iii
n ii

n

i i i i i i i i

x x x x

ff f
x x

= + + + =

=

∂
∂ = ∂ ∂ =

∂ ∂
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( ) ( ) ( )
( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( )( ) ( )

1

1

1

2
1

2

2
1

2

2 2
1

2 2

1
!

1...
!

1 1 .
!

n

n

n

i
i

r n
i

i
ij

n
i j

ij i
n

i j

f x
A f x f x r d

i

f x
r d

i

r f x r d
i

θ σ θ
σ

θ σ θ
σ

γ θ θ σ θ
σ

−

−

−

−
=

−
=

+
−

= +

∂
= + −

∂
+ + −

+ ∂ − −

∑ ∫

∑ ∫

∑ ∫













Thus,

 
( ) ( ) ( )

( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

1

1

1

2
2 2

1
1

2
2 2

1

2 2 2 2
1

1

1
2 !

1...
2 !

1 1 .
2 !

n

n

n

i
i

r n
i

i
j i

n
i j

j i i
n

i j

f x
A f x f x r d

i

f x
r d

i

r f x r d
i

θ σ θ
σ

θ σ θ
σ

γ θ θ σ θ
σ

−

−

−

−
=

−
=

+
−

= +

∂
= +

∂
+ +

+ ∂ −

∑ ∫

∑ ∫

∑ ∫













Applying the following formulas from [9]

( )

( ) ( ) ( )

1

1 2

1

1 2
2

1 2
1 2

1 2

2 2 2

2 2 2
1 1 1

1 1 12 ...
2 2 2 ,

2

2 ! 2 ! 2 !1 1 1, ,...,
2 4 ! 2 4 ! 2 4 !

!... .
!... !

n

n

n
i

n
n ii i

n
j i

j

i jn n

i i i
d

ni

i i i
i i i

i i i

j
x x i i x

θ σ θ

π π π

−

=

     Γ + Γ + Γ +     
     =

 Γ + 
 

     Γ + = Γ + = Γ + =     
     

   ∂ ∂ ∂
∆ = + + =   ∂ ∂ ∂  

∫

∑



2

2.. ,
ni

nx
 ∂
 ∂ 

we arrive at

( )
( ) ( ) ( )

( )
( ) ( )

( )
( )

( ) ( )

1

2
2 2

1

2 1
2

1

2
2

2 1

2

2

1
2 !

1 12 ...
1 2 2

2 !
2

2

2 !
2

2
.

2 !
2

n

i
j i

n
i j

i n
j

n
i j

n
j j

j n

j j

j

f x
r d

i

i if x
r

ni i

f x r
nj j

n
f x r

nj j

θ σ θ
σ

σ

π

σ

−
−

=

−
=

−

∂

   Γ + Γ +   ∂    =
 Γ + 
 

= ∆
 Γ + 
 

Γ
= ∆

 Γ + 
 

∑ ∫

∑






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This implies that

( ) ( ) ( )

( ) ( ) ( )
1

2

20

2 2
1

2 2

12
2 !

2
1 1
! n

j
i i

r
ii

j i i
n

i j

A f x n f x r
ni i

r f x r d
i

γ θ θ σ θ
σ −

=

+
−

= +

= Γ ∆
 Γ + 
 

+ ∂ −

∑

∑ ∫


In particular, we derive that for x = 0

 ( ) ( ) ( )

( ) ( ) ( )
1

2

20

2 2
1

2 2

10 2 0
2 !

2
1 1 .
! n

j
i i

r
ii

j i i
n

i j

A f n f r
ni i

r f x r d
i

γ θ θ σ θ
σ −

=

+
−

= +

= Γ ∆
 Γ + 
 

+ ∂ −

∑

∑ ∫


which is the well-known Pizzetti formula [1] by noting that

( )
2

2

2 1 .
2 ! ( 2)...( 2 2)2 !

2

i
i

n
n i n n n ii i

Γ
=

+ + − Γ + 
 

This completes the proof.

Boundedness of the operator 

Theorem 3.Let f be a Schwartz function and 2.
1

np for n
n

> ≥
−

  
Then   is a bounded operator over the space ( )p nL   in the sense 
of neutrix limit, and

( ) ( ) ( ), ,p n p nL L
f C p n f≈

 



where the constant ( ), 0C p n >  depends on p and n.

Proof. Let ( )nf ∈   and r > 0. Then ( )r f x  defined in 

Equation (1.1) is a ( )C∞ +
  function of r with compact support 

for every .nx∈  Given a ( )2C∞
  function 2:ψ →   with 

( , ) 1x xψ =  for ,x∈  we have

( ) ( ) ( ) ( ) ( )
10

, , (3.1)
n

f x r t f x t d t r dtψ θ σ θ δ
−

∞  
= − −  

 
∫ ∫





by noting that ( ) ( ) ( )
1

,
n

r t f x t dψ θ σ θ
−

−∫


is a function of t in ( ).+
  In particular, we choose 

( ) [ ),, 1 ( ), 0,r rr t tηψ η== >  then equation (3.1) would take the 
form

( ) ( ) ( ) ( )
1

. (3.2)
n

r

r
r

f x f x t d t r dt
η

θ σ θ δ
−

+  
= − −  

 
∫ ∫





Using the delta sequence given above, we define

( ) ( ) ( ) ( )
1

. (3.3)
r

n

r
k

r

f x f x t d t r dt
η

θ σ θ δ
−

+  
= − −  

 
∫ ∫





for k = 1, 2, · · · .

Making the variable change y tθ=  with 
1,nθ −∈  we get

( ) ( ) ( )
1 . (3.4)

r

kk
n

r y r

y r
f x f x y dy

yη

δ
−

≤ < +

−
= −∫
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From H¨older’s inequality, we come to

( ) ( ) ( )
( )

( )

1

1

1

, (3.5)

r

pp

k
p n

r y r

q

q
k

r y r

f x y
f x f x y dy

y

y r dy

η

η

δ

−
≤ < +

≤ < +

 −
 ≤ −
 
 

 
 × −
 
 

∫

∫



where 1 1 1p q+ =  with p, q > 1.

By switching to polar coordinates, we have

( ) ( )

( )( )

( )( )

1 1

1

1
1

0

1
1

0

.

q qr
q q n
k k

r y r r

q
nq

k

q
nq

k

y r dy t r t dt

t t r dt

t t r dt

η

η

η

δ δ

δ

δ

+
−

≤ < +

−

∞
−

   
 − = −      

 
= +  
 

 
= + 
 

∫ ∫

∫

∫

Noticing that

( )

( ) 2

1
1 1

0

1
2

1
,

,

n
n n i i

i

kt
k

n
t r r t and

i

kt e tδ
π

−
− − −

=

−

− 
+ =  

 

 = ∈ 
 

∑



we have

( )

2

2

1

1

1
11

2
1

0 2 02

1
1 11

1 2
1

0 2 02

1

1

, (3.6)

q

q
k

r y r

q

n i
q in

t i
i

i q

n i
q q in

q t i q
i

i q

y r dy

n
r

i
e t dt k

q

n
r

i
e t dt k

q

η

δ

π

π

≤ < +

− −
∞ − −−

−
+

=

− −
− −∞−

−
+

=

 
 −
 
 

  −  
        ≤           

 −  
      ≤      
 

∫

∑ ∫

∑ ∫

using the fact
( )1 2 1 2... ... ,m ma a a a a aα α α α+ + + ≤ + + +

where 1,..., 0ma a ≥  and 0 1.α< ≤
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Applying the neutrix limit to (3.6), we get, in the neutrix sense, that

( )

2

1

1
1 11

1 2
1

0 2 02

lim

1

lim ,

q

q
kk

r y r

n i
q q in

q t i q
ik i q

y r dy

n
r

i
e t dt k

q

η

δ

π

→∞
≤ < +

− −
− −∞−

−
+→∞

=

 
 − −
 
 

 −  
      −      
 

∫

∑ ∫





where   is the neutrix having domain N = {1, 2, · · · , } and range the real numbers, with negligible functions that are finite linear 
sums of functions

( )1ln , ln , 0, 1, 2,...m mk k k mλ λ− > =

and all functions of k that converge to zero in the normal sense as k tends to infinity [7].

Observe that the neutrix limit of the right-hand side (3.6) is zero unless { }2,3,..., .q n∈  Since p and q are conjugate numbers, we shall 
choose q so that p is minimized. By choosing q = n, we imply that

( )

( )2

1

1 11 1
1

2 202 2

lim

1 1 1 2 .
2

n

q
kk

r y r

n nn n
t n

n n
n n

y r dy

e t dt n
n n

η

δ

π π

→∞
≤ < +

∞
− −

 
 − −
 
 

         = Γ            

∫

∫



On the other hand,

( )
( ) ( ) ( )

( )

( ) ( ) ( )

( ) ( ) ( )

1 1

1 1

1
1

1

1

1
1

2

1

2
2

12 ,
2
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p

p n p n
r y r r y r

p
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p
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r y r

p
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f x y
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ry

f x y dy
r
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r

η η

η
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≤ < + ≤ < +

−

−
≤ < +

−
−

≤

   −
   ≤ −

     

 
 = −
 
 

 
 ≤ −
 
 

∫ ∫

∫

∫

where we choose η  such that 0 .rη< <

From ,
1

np
n

=
−

 we obtain that

( )
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( )
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12
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2
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npp nn
n n
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n
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V f x y dy
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η
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−
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≤

− −− −

   −
   ≤ −

     

 
 = −
 
 

 ≤  
 

∫ ∫

∫
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Thus,
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1
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n

n n
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r nf x C M f
−

−
 
 
 



where
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1
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1

2 2

1 12 2 .
2

n
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Considering that for 1
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−  and using Theorem 1, we get

This completes the proof.

Conclusion

We have established the boundedness of Stein’s spherical 
maximal function by employing the delta sequence via the method 
of negligible functions. The outcome in this new context aligns with 
the conventional result. It appears that the approach introduced 
here could potentially offer an initial estimate of the range of values 
for p where an operator is bounded, as it disregards any factors 
exhibiting infinite growth. In addition, we also have presented 
a Taylor’s expansion with an explicit integral remainder for the 
function over the unit sphere in Rn base on the surface integrals, 
Gamma functions and Laplace operators, which has never been 
investigated before.
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