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Abstract

We derive a Taylor’s expansion with an explicit remainder for the spherical average over the unit sphere in R”, which is a generalization of
the famous Pizzetti formula. Furthermore, we introduce an innovative technique applicable for examining the boundedness of specific integral
operators. We illustrate our method by implementing it to furnish an intuitive proof of the boundedness of the well-known spherical maximal
operator on [/ (]R”) using the neutrix calculus due to Van Der Corput, delta sequences as well as the Hardy-Littlewood maximal inequality.
Mathematics Subject Classification: 46F10
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Background and Preliminaries

Let D(R") be the Schwartz space of infinitely differentiable
functions [1] (or so-called the Schwartz space of test functions)
with compact support in R". The distribution §(x-y) is defined
over the space D(]R”) as

For n22, let R" be the n-dimensional Euclidean space and
S"" be the unit sphere of R" equipped with the surface measure
do. Stein’s spherical maximal operator [2] is defined by

/\/lf(x):sup I f(x—ré’)da(ﬁ), .
>0 |G J¢(x)5(x—y)dx=¢(y), yeR",
b
for fel” (R”), 1< p <co. The operator My is shown to be [” .\
-bounded for 7 >ﬁ and n>2. The case n >3 was established where § € D(R )
by Stein, and Bourgain [4] demonstrated the case n = 2 with a It follows from [3, 5] that
complicated proof.
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is a delta sequence of R, which implies that

11mj¢ x)dx=¢(0),

for #€D(R").

The Hardy-Littlewood maximal operator M used in analysis is
defined as

)= [ IO

where fis a locally integrable function of R" and |B(x,r)| denotes
the volume of the ball B(x.7) of any radius r at x. Let V. be the
volume of the unit ball. Then

Arf(x) (Sn 1 J

where x e R" and

M.f(x jf x-r0)do(6).

Clearly, 4,f (x) denotes the average value of 7(x) over the
surface of ball B(x,r) in R". In particular, we obtain the well-
known Pizzetti formula by setting x = 0. The neutrix limit due to
Van Der Corput [7] is a method for discarding of unwanted infinite
quantities from asymptotic expansions with wide applications
in nonlinear operations of distributions and extending special
functions [8]. Motivated by the generalization of Pizzetti formula,
we shall prove the boundedness of the spherical maximal operator
M on L’ (R") using the neutrix limit and a distributional
argument.

Taylor’s expansion for 4, f (x)

Theorem 2. Let fbe a Schwartz function and r 2 0. Then

k
1 . )
A/ 2j
JZOZ !n n+2) (n+2j—2) f(x)r
1
+ 22 — O f(x—yr0)0'do(0
\i\:2k+2l' (Snl S;!.l f V ) ( )

In particular, Aof(x) = f(x)
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[ f(x-r0)do(0)=

v :lO_(Sn—l),

n
27z_n/2

I'(n/2)

-1 . .
where O'(Sn )= is the surface area of the unit

sphere in R”".

Theorem 1. (Hardy-Littlewood’s inequality see [6]) For
nzl, 1<p<oo, gnd fel” (R" ), there is a constant C,,, such
that

"Mf”L”(R”) <C

L”(R") :

In the following, we deduce a Taylor expansion with respect to
r for the operator

SEe A

Proof. Let i:(i19i29-~-,in) be an n-tuple of nonnegative

integers. We define

=i i+t =00,

i b i,
X' =x'x3.X),

a\i\f

= 8i1 ai"f =
Lo - —.
! Ox,'...0X."

of

Using Taylor’s formula for e Sn_l , we have

aif(x) (—r@)i

iy 1

Flx=r0)= 1)+ Y L) Ly s

(=R

6f( )( r6’)

=2+ i!
forj=0,1,---andy€ (0, 1).

Clearly,

2j+1
7 J

> S [ (o) ao(o)=0

=241 1 ! ol

due to the cancellations over the unit sphere S""'. Therefore,
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Arf(x)=f(x)+rz;ai];(x) a(gln—l) J‘_l(_g)i a0 (6)
ot r aif(x) 1 oV de
.. = i O'(Sn_l) ‘[1( 0) d (6’)
2/42 1 i
o 3 L e o ao
x)=f(x)+r? 0"/ (x) N
4.1 (x)=f(x) Z:, ) (S"l jed (0)

azif(x) ! .
= (20)! O'(S"‘I)S!le do (6)

+o+r

i+ 1 1 i i
+ 2 Z'Zl Giio(s ) j 8" f (x—yr0)6¥do ().
il=j+ . g

Applying the following formulas from [9]

2 2 47 |
L (@ oY jr (&Y (&)
Nelagt e “2nlar) e
X, X i i L, 1 Ox; ox;
we arrive at
0 ,
oy &S 1 [ 67dc(6)

. I .
5 asz(x) | 2F(2+11)...F(2+1nj
= () o(s) r(|,-|+”j
2
n/2
- A f (x)r
22’j!0(S"‘1)F(j+2)
= L (n/2) A f(x)r?.
22fj!1"(j+r22)

=r
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This implies that

=0 2¥IT

A7 (x)=T(n/2)Y N ()
-

4 22 Z l' n1 I@f xX— 7}’9)49616(9)
li=2+2 1" (S g+

In particular, we derive that for x = 0

A7(0)=T(n2) Y ——— ATp(0)r
@

=0 2%IT

+r Y 1'7 I 0 f(x—yr6)0'do(0).
lij=2j+2 1. (S g

which is the well-known Pizzetti formula [1] by noting that
r(n2) 1
el ) 2% in(n+2)..(n+2i-2)
22’1!F(1+2j ( ) )

This completes the proof. w(x,x)=1 for xeR, we have

Boundedness of the operator M

Theorem 3.Let fbe a Schwartz function andp>—— for n=2. 7 3 B
Then M is a bounded operator over the space L” (R) in the sense Mf(x) B .([!//(r,t)[g!l f(x t9)do-(9)Jé’(t r)dt, G.D
of neutrix limit, and
”Mf LP ]R") ~ C(p,n)”f LP(R") ’ by noting that l//(r,t) I f(x—t@)dO'(ﬁ)
where the constant C(p, n) >0 depends on p and n.
Proof. Let [ e D(Rn) and r > 0. Then M.f(x) defined in is a function of t in D(R+). In particular, we choose

Equation (1.1) is a C”(R*) function of r with compact support

form
for every x € R". Given a C” (]Rz) function ¥ :R*> -> R with

M f(x)= f[ | f(x—t@)da(@)jé(t—r)dt. (3.2)

r Sn—l

Using the delta sequence given above, we define

MEf(x)= jﬂ( | f(x—tH)da(H)Jﬁ(t—r)dt. (3.3)

7 Snfl
fork=1,2,---
_ n-1
Making the variable change y=10 with 0eS™, we get
k 5 ( B r)
Mf(x)= [ fx=y)dy. (3.4)
r<‘y‘<r+7]

‘/’(”at) =1[,,,:,,)(t)> 7>0, then equation (3.1) would take the
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From H older’s inequality, we come to

» /p
prtofs [ steeniihe
relyl<r+n y
1/q
X j 5,?(|y|—r)dy , (3.5

rS‘y‘<r+7]

where 1/p+1/g =1 withp, g > 1.

By switching to polar coordinates, we have

Noticing that - 1
- —(n— -
(t+r) =Z[ _ }"’1”1, and
=0\ !
1
kY
5.(t)=|— e, teR
T
we have
I/q
[ ot (yl-ray
rs‘y‘<r+77
y
n_l n—1-i '
r )
n—1 i 0 5 . g-i-1
<\ 2| || [ et |k
i=0 ﬂ.q/ZqT 0
n—1
n-l ( i j"n_l_l < Ya  g-i-1
2 .
<yl [V [ e | k2, (3.6
i=0 ﬂ.q/ZqT 0

using the fact .
(a,+a,+..+a,) <a +a; +..+a,

where g ,...,a, >0 and 0<a <I.
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Applying the neutrix limit to (3.6), we get, in the neutrix sense, that

1/q

Netim (bl

rS‘y‘<r+7]

k—o0 4 i+l
i=0 a/2 2 0

T q

n—1 )
= ( i Jrnll “ Vo g-i-1
~ N —lim Y| A V‘{ [ e’ztidtJ k2

where N is the neutrix having domain N = {1, 2, - - -, } and range the real numbers, with negligible functions that are finite linear

sums of functions A |
K"k, In"k, (A>0,m=1,2,..)
and all functions of k that converge to zero in the normal sense as k tends to infinity [7].

Observe that the neutrix limit of the right-hand side (3.6) is zero unless ¢ € {2,3,...,’!}. Since p and q are conjugate numbers, we shall

choose g so that p is minimized. By choosing q = n, we imply that

I/n
Ntiml [ s (ol
rs‘y‘<r+n
I/n . n 1/n "
| . J.e”zt”’ldt | ; (lf(nﬂ)j .
2 )\ 22 ) \2
On the other hand,
Vr I/p
f(x=y) { 1
| P(”—1)| Y < p(n-1) I |f(x_y)|pdy
rg‘)’k"”] |y| r rS‘y‘<r+7y
2 (n=1)p Ve

P
I —y\d
(Zr)p(n—l) r<y.[r+n|f(x y)| Y

/p

i 1 »
<2 —-y) d s
< (2r)p(n_1) y£2r|f(x y)| ly

where we choose 7 such that 0 <7 <r.

n
From p= —1 , we obtain that
n—

ol o e
reylern |y|p("_l) (2r) b2
n-l
S [ 1/ (x =)y

V,(2r)

n
o \n-1
n—1 .
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Thus, ot
L
|M,f(x)|~Cn M|fn—1 ,
where n—1 yn 1 Un
C,=2""v," | ——| |=I(n/2)
z"n? 2
Hence, n-1
o\ n
Mf(x)= su}))|/\/lf(x)| ~C,| M|f] |,
r>
which claims that
n-1
" \n
M7 () (e = Gl MU
(r")
Considering that for 7 > ﬁ and using Theorem 1, we get
This completes the proof.
Conclusion Data Availability

We have established the boundedness of Stein’s spherical
maximal function by employing the delta sequence via the method
of negligible functions. The outcome in this new context aligns with
the conventional result. It appears that the approach introduced
here could potentially offer an initial estimate of the range of values
for p where an operator is bounded, as it disregards any factors
exhibiting infinite growth. In addition, we also have presented
a Taylor’s expansion with an explicit integral remainder for the
function over the unit sphere in Rn base on the surface integrals,
Gamma functions and Laplace operators, which has never been
investigated before.
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