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Abstract

In this paper, the boundedness of the Toeplitz type operator associated to the singular integral operator with variable Calder’on-Zygmund
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Introduction

Let b be a locally integrable function on R” and T be an
integral operator. For a suitable function f, the commutator
generated by b and 7 is defined by [b,T]f =bT(f)—T(bf). The
investigation of the commutator begins with Coifman-Rochberg-
Weiss pioneering study and classical result (see [3]). There are
two major reasons for considering the problem of commutators.
The first one is that the boundedness of commutator can produces
some characterizations of function spaces (see [3,9,23]). The other
one is that the theory of commutator plays an important role in the
study of the regularity of solutions to elliptic and parabolic partial
differential equations (PDEs) of the second order (see [5,22]).
The well-posedness problem of solutions to many PDEs can be
attributed to the corresponding boundedness of commutators of
integral operators. Now, with the development of singular integral
operators (see [7,27]), their commutators have been well studied.
In [3,25,26], the authors prove that the commutators generated by
the singular integral operators and BMO functions are bounded
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on [? (R”) for 1< p<oo. In [9,23], the boundedness for the
commutators generated by the singular integral operators and
Lipschitz functions on 7 (R”)(1<p <o) and Triebel-Lizorkin
spaces are obtained. In [1,8], the boundedness for the commutators
generated by the singular integral operators and the weighted
BMO and Lipschitz functions on jr(p» (1<p<00) spaces are
obtained. In [11,12,17,18], some Toeplitz type operators related
to the singular integral operators and strongly singular integral
operators are introduced, and the boundedness for the operators
generated by BMO and Lipschitz functions are obtained. In [2],
Calder'on and Zygmund introduce certain singular integral
operator with variable kernel and discuss its boundedness. In [14-
16,28], the authors obtain the boundedness for the commutator
generated by the singular integral operator with variable kernel
and BMO function. In [19], the authors prove the boundedness for
the multilinear oscillatory singular integral operator generated by
the operator and BMO function.
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On the other hand, the classical Morrey space was introduced
by Morrey in [21] to investigate the local behaviour of solutions
to second order elliptic partial differential equations (also see
[22]). As the Morrey space may be considered as an extension
of the Lebesgue space, it is natural and important to study the
boundedness of operator on the Morrey spaces. The boundedness of
the maximal operator, the singular integral operator, the fractional
integral operator and their commutators on Morrey spaces have
been studied by many authors (see [4,5,13,20]). In [10], Komori
and Shirai studied the boundedness of these operators on weighted
Morrey spaces.

Motivated by these, in this paper, we will study the Toeplitz type
operator generated by the singular integral operator with variable

kernel and the weighted Lipschitz and BMO functions on weighted
Morrey spaces.

Preliminaries

First, let us introduce some notations. Throughout this paper,
0= Q(xa 7’) will denote a cube of R” with sides parallel to the axes
and centered at x and edge length is r, and 2kQ denote a cube with
same center as Q and edge length is 27 for k> 0. For any locally
integrable function £, the sharp maximal function of S is defined

by
M (f)(x =sup |j|f )= foldy,

where, and in what follows, f, = |Q|_1 .[f(x)dx and f(Q)= J-f(x)dx. It is well-known that (see [7,27])
Q Qo
M#(f)( NSQupchelg |I|f Cldy.
Let
M(f)(x)=supr al L)

For >0, 1t M ()(x) = M ((fT') () and o, (1)

O<p<n,1<p<oo

For and the non-negative weight function
M, (f)(x)=sup
n.p, ( )( ) 0>x W(Q)
Wewrite M, (f)=M,,(f) if n=0and M, (f)=M,

The Ap weight is defined by (see [7]), for 1< p < oo,

A ={0<wel

loc

A={0<weL‘

and

Aoo

") 1 w(x)dx 1 w
p loc(R )-Sgp{|Q|I ( )d ][|Q|£

Q

(V”w

w, set

T N/ _”f y)dy

L) if p=1.

(R" ) : M(w)(x) < Cw(x),a.e}

=J4,.

p1

For ( < 3 <1 and the non-negative weight function w, the weighted Lipschitz space

LipB(w) is the space of functions b such that

1

”b ||Lipﬂ(w) = sgp
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0

1
w(0)"" | w(Q)

Vp

w(x)lfp dy| <o

b
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and the weighted BMO space BMO(w) is the space of functions b such that

1/p

sup Hb | 1 Pdy | <o

L

Remark. (1) It has been known that (see [6]), for b € Lipﬂ(w), we A4 and xeQ,

by Y.

bz"Q s Ck”b”u;;ﬁ(w) w(x)w(2kQ

(2) It has been known that (see [6]), for » € BMO(w), we 4, and x € Q,

o=t

< Bl ().

(3) Let be Lipﬂ(w) orbe BMO(W) and we 4. By [6,7], we know that spaces Lipf(w) or BMO(w) coincide and the norms

or (b are equivalent with respect to different values 1< p <o,
"b"Lipﬂ(w) " "BMO(W) a p p

Definitionnl. Let 1 < p <o, O0<k< 1’ u and v be two non-negative weight functions on R" and f be a locally integrable
function on * Set

/p

1 p
2% () =sgp V(Q)k I|f(y)| u(y)dy

Q

|7

Lp'lc (u,v)

The generalized weighted Morrey space is defined by

2 (u,v) = {f eL, (R"):|f

Lp'k(u,v) < OO} :

4

oy

Remark. (4) We write [/ (u,v) =[Pk (u) if u=v.
=L <.
°(R"xx)

. . max
As the Morrey space may be considered as an extension <2n

of the Lebesgue space, it is natural and important to study the (e)
boundedness of the operator on the Morrey spaces (see [3,24]).

Q(x,y)

. . S ; . Moreover, let b be a locally integrable function on R" and T
In this paper, we will study certain singular integral operator with be the sineular int 1 ¢ ith variable Calder’on-Z d
variable Calder’on- Zygmund kernel as following (see [2]). © the singuial integral operator with vanable Lalder ofi-2ygmun

kernel as
Definition 2. Denote a multi-indices by a = (a,,...an)with
a; is a nonnegative integer for 1< ;j<n and |a|=2;zlaj.Let T(f)(x)= J.K(x,x—y)f(y)dy,
K(x) - X :R”/{O} s R. Kis said to be a Calder’on-Zygmund R
kernel if ) Q(X X— y)

where K(x’x -y)= and that Q(X y)/lyl

variable Calder’on-Zygmund kernel.
g QeC”(R'/{0});

b)  Q is homogeneous of degree zero;

The Toeplitz type operator associated to T is defined by

] T =S THM, T
IQ "do- =0 for all multi-indices ae(Nu{O}) jZ:‘ b ’

with |a| =*N, where Z = {x eR": x| = 1} is the unit sphere of R".

where 77! are the singular integral operator with variable
Calder’on-Zygmund kernel T or #/ (the identity operator), T’? are
Definition3.LetK(x,y) = Q(x,y)/|y|n :R" X(R"/{O}) — R.  thelinear operators, j =1,...,m, M, (f) =bf.

Kis said to b iable Calder’on-Z dk 1if
s saic o be a variable Lalder on-aygmund kernet Remark. (5) Note that the commutator

(d) K(x,.) is a Calder’on-Zygmund kernel for a.e. x € R"; [b,T](f) = bT(f) —T(bf) is a particular operator of the
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Toeplitz type operator Tb. The Toeplitz type operator Tb is the purpose of this paper is to prove the sharp maximal inequalities
non-trivial generalizations of the commutator. It is well known for the Toeplitz type operator Th. As the application, we obtain
that commutators are of great interest in harmonic analysis and the weighted boundedness on Morrey space for the Toeplitz type
have been widely studied by many authors (see [25,26]). The main  operator Tb.

Theorems and Lemmas
We shall prove the following theorems.

Theorem 1. Let T be the singular integral operator as Definition 3, W€ 4, 0<n <1, I<s <o, 0<f<1 and beLipB(w). If
T' (g) =0 forany g€ L (R” )(1 <r< 00), then there exists a constant C >0 such that, for any f € C; (Rn) and X € R",

M (T (1)) < C Lol 0y w(2) XMy (772 (1)),

J=1

Theorem 2. Let T be the singular integral operator as Definition 3, W€ 4,, 0 <1 <1, 1<s5 <0 anq be BMO(w). 1f T' (g) =0
forany g€ L (Rn )(1 <r< 00), then there exists a constant C > 0 such that, for any f € C; (R") and X € R",

M7 (1)) (F) < C Pl (f)éMs,w(Tfﬂ(f))(f)-

Theorem 3. Let T be the singular integral operator as Definition 3, wed, 0<f<l, belipf(w). 1<p<n/f. 1q=1p~p/n and
0<k<p/q. If T (g) =0 forany & ELr<Rn)(1 <r<o) and 7’2 are bounded on I”* (w) for 1< j <m, then T’ is bounded from

£ (w) |

Theorem 4. Let T be the singular integral operator as Definition3, we 4, 1< p <o, be BMO( ) and 0<k <bvl/f(w (
forany g € Lr(R")(l <r<o) and T’* are bounded on L"’k( ) for 1< j <m, then T is bounded from L"k

[okalp (wl—p , w) )

(0]

Corollary. Let [b,T](f) = bT(f)—T(bf) be the commutator generated by the singular integral operator T as Definition 3 and b.
Then Theorems 1-4 hold for [b, T].

To prove the theorems, we need the following lemmas.

Lemma 1. (see [7]) Let 0 < p < g < o0 and for any function f = 0. We define that, for 1/1’ = l/p —l/q s

(Walzs =iu£)i|{xeR” :f(x)>/1}|l/q, N,, (f):sgp”ﬂ(Q”[j’

where the sup is taken for all measurable sets Q with 0 < |Q| < 0o, Then

e <N, (£)<(af(a-p)" Ll

Lemma 2. (see [2,19]) Let T be the singular integral operator as Definition 3 and 1 < p < o. Then T is bounded on L” (R”,w) for
we Ap with 1 < p < o, and weak (LI,LZ) bounded.

Lemma 3. Let 1 < p <o, 0< n<ow, O<k<landu,ve Aw. Then, for any smooth function f for which the left-hand side
is finite,

”MU (f)”Lp’k (u,v) < C”M: (f)”Lp’k (u,v).

In particular,

|1, (1) () = Claay (1)) 2% (a
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Proof. By [7,27], we have the following weighted version of the local good inequality, for all cube Q and 4,6 >0,

w({xeQ: M, (£)(x)>4,M] (f)(x)<54}) < Cow({xeQ: M, (f)(x)>4}).

Thus, the conclusion is obtained by using the standard argument of Whitney decomposition theorem (see [7,27]). This finishes the
proof.

Lemma4.Let 0<k <1, 1<s< p<ooand we A4,. Then

o, (O (wy <l (w

Proof. By [10], we know ‘ ‘
[, ()2 (w) = €l (w)

s 1/s
)) , we get

[, ()| (o) = o (117

Notice that MS,W (f) = (Mw(

=cls

7ls k /s k ka

This completes the proof.

Lemma5.Let 0<p<n, 1<r<p<n/n, /r=1/p-n/n, 0<k<p/qand WE A4,.
Then

||M77 r,w f) qkq/P C”f ka
Proof. By using a similar argument as in the proof of [10, Theorem 3.5], we get
||M77 Lw f) Viz kq/p C”f 7% (w

. 1/r
)) , thus,for /g =r/p—rn/n,

.

It is observe that Mr],r,w (f) = (qu,l,w (

M. (1)

oy = Mo Wl

a/7 /«p/q(w Yz ”(w)

This completes the proof.
Proofs of Theorems

Proof of Theorem 1. It suffices to prove for f e C5° ( R”) and some constant C,, the following inequality holds:

In
(@IT%f)(x)—col”d’C] < Clpl i #(3) My (772 (1)) ().

J=1

Without loss of generality, we may assume T/ are T(j = 1,...,m). Let X€ Q. Fixa cube Q = Q(xo,d) and X € Q Write

T (£)(x)=T"" () (x) =12 (1) (@) 4 TP () () = 1, () + 1, ().

Then, for C, =1, (xo),
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I/n

[ﬁ“Tb(f)(x)—lz(XO)rdx]v”SC(éyln(x)rde + [| |_H 2 (% | dewzlﬂLIr

For I, by the weak (L',Lz) boundedness of Tj’1 (see Lemma 2) and Kolmogoro’s inequality (see Lemma 1), we obtain

I/n
[|Q|I ”’x]
L’?

|Q|l/ﬂ -1 T”MwaZQsz(f)

ol o]
C

< —

) IQI
<_ M(b—bzg)xonj’z (f)(x)

il I o) =g ™ 7 (1) () e
1/s'
_|Q|[I|b 2Q| w 'd ] LJ.Q|T"’2(f)(x)|S w(x)dx]
S@Ilblll,-pﬂ(w)w(zQ) +BInw(20)" " M, (T7(1))(F)

w(20 2 -
SC"b"L,-pp(w) |(2Q| )Mp,s,w (T : (f))(x)

<Pl g WM (77 (1) (),

1, <Cm
,1[|Q|f

T My s T () ()

7'M T2 ( “WL‘

(b-b2p)¥20

dx

1/s

thus

"M bbzg)XZQsz(f)(x)

For 1,, by [2,19], we know that T(f)(x) = Z”:gz"aw I L_ny)f(y)dy,
R

a,, (x0 )| <Cu™,

a, (x)-a,(x, )| <Cu™!

x y)|<Cun/2 - for xe 0, y€(2Q) and

Where & S Cu"”, x— x0|/|x0

> (. Thus, notice we 4, © 4, we get, for X € 0,

for |x—y| > 2|x0

Y, (x=y) Y, (x,-»)
x_y|n _yn

S}Iuv(x_y)_},uv(xO y

! +| 1
R T

—Y,, (xo _J’)|

n+l

<Ccu"?

x = x|/ = ¥
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Tj,lM(b—bzg)X(ZQ)c Tj,z (f) (x) - Ti'lM(b—!aQ)X(zg)‘ T/~2 (f) (xo )

< I |by—bZQHK(x,x—y)—K(xO,xO —y)”Tj’2 (f)(y)|dy
(20)

= ZI 2k d<|y-xp|<2d |b(y) _bzg|2 V“

o o & Y
< CZIzws\yqﬂkzw|b(y)_bzg|zz a,(x)-a,(x) W(x—ny
k=1 u=1 v=1 |x—y|
» o & Y - Y — )
+CZI2‘ds\y-xU\<2k*‘d|b(y)_b2Q|zZ a, (x0)||| w (x y)l _| w (xo 3})”|T]’2(f)(y)|dy
k=1 u=l v=1 | |x0 _y |
< Ciu'z"*]”"/z_]“"_zij P dely-nf<2d |b 2Q| (f)(y)|dy
u=l k=1 0 yl
+C2u72nunﬂunizg;jZ‘ds\,v—xokz‘*'d|b ZQ|| |x xi” Tj,z (f)(y)|dy
O3 [ [0~y by =g () |72 (1) () (0)” e
"o

yr (2k+ld)n+] ,

B 1/s' s
sZWW{IM’WI ”ﬂ[ﬂwmmwmﬂ

i/s' Vs
N d “f(s-1 - s
bl 08w | [ o)
k=1{2 d) #g g
= d kel 1/s'+p[n kit 1/s=p/n 2 ~
ch(zknd)"“ "b"Lipﬂ(W) W(z Q)/ " W(2 Q)/ " M/J‘,syw(T (f))(x)
N d = K+l " K+l /5Pl 2 -
X g a2 0) (2 ()
Vs (s=1)/s
k+ Q| 1 | e
X— ——— d [E—— d
W(2k+]Q)1/S [ 2410 2‘:[QW(y) J’J [ 210 2"*['QW(y) y
<Pty ()M (P2 (D) T2
< C"b"Lipﬂ(w) w )’E)Mﬁ,:,w (ijz (f))(i)5
thus
1 2
J.ZTJ beQX(ZQ) Tj (f)( ) C dx
Q =l
S 2
- C”b”Ltpﬂ ZM,B S,W (Tj ))(x)'

Jj=1
These complete the proof of Theorem 1.

Proof of Theorem 2. It suffices to prove for f € C; (R”) and some constant C;, the following inequality holds:

1n
[ﬁilfb(f)u)—col”d’“} Pl (I M (T (1))

Without loss of generality, we may assume 7' are T(j =1,-~~,m). Fix a cube QO = Q(xo,d) and X € Q. Similar to the proof of
Theorem 1, we have
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T () () =T () () =T (1) () # TP () () = 1, (6) 4 4, ()

and

[ﬁyw) (f)(x)_lz (XO)|” dx]w < C(ré'-ﬂlz (x)|77 dx]l/ﬂ +C(ﬁ£|l4 (x)—CO|” del/n =I+1,.

0

By using the same argument as in the proof of Theorem 1, we get

I/n
n[IQII dx}

eyl TM T (1) (|2
Tl e

. C
<C§|Q|

TM T () ()

THM e, T (1)L

>5[ [Mi T (1
< Ci|£'[ |b(x) —b2Q|w(x)_l/s

1/s'
é(}g b(x)= s <x)“‘dx} (JQ 72 (1) () w

|2Q| ( .”b
< Clell o ZM AT (N)E),

T/ (f)(x)| w(x)l/s dx

1/s
x) de

d’“] [wé@ [l (1))

20

s
Sw(x)dx}
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( )—b2Q||K(x,x—y)—K(x0,xo —y)”Tj’2 (f)(y)|dydx

IYW (x—)

< - %ii.[ﬂwa |<2t1a b(y)_bzg|gg|aw (x)—aw (x0)| y|n |Tj,2 (f)(y)| dydx
Ay | xX— y | |Y x |
Z;‘Ei;jzkﬁy x<2*d 2Q|ZZ|‘I xo I |x—y|" |x0 0y| ||T]2 ( )|dydx

< iéji.[2kd<y— ol<2d b(y 2Q| |x il ; (f)(y)|dydx
j=1 0 k=1 X, y|

<Y S [ () by by =g () [T (1))

T
Jj=1 k=1 (2k+1d)n 2?*o

st |
29

1/s

Vs
(™" dy} [ [ =) W(y)dyJ

' s
[Jl w(y)—l/(s—l)dyJ {;[ 2 (1)) w(y)dyJ

Bl oy (271 Q)M (T2 (£))(5)

b(y)_bzlmgsw

1P oy W (E) (271 0)" M, (T2 (1)) ()

2k+lQ 1 Vs 1 (S—l)/s
“1f(s-1)

X Ry w(y)dy " w(y) " dy

W(2k+1Q)l/ [ 2k IQ 2k:[Q ( ) J [ 2k IQ Zk:.-lQ ( ) }

<Pl MOV LM (T (1) (DT
<Pl (D) LM, (T (1)) (),

This completes the proof of Theorem 2.

Proof of Theorem 3. Choose 1 <s < p in Theorem 1, we have, by Lemmas 3 and 5,

7 (N <4 (7 (1) <l (r (1))

Lq,kq/p(wl-q’w) 19/ kq/p<w -q w)

<Pl S (12 ()]

194alp (wl—q ,w)

= ClPlly g M (777 (1 )

19kalp (w)

<cl §|T“(f)||

1k (w)

Lipf(w

< Col,, i 1

Lr¥ (w)
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This completes the proof.

Proof of Theorem 4. Choose 1 < s < p in Theorem 2, we have, by Lemmas 3 and 4,

7" (/)

1w ) = ||M’7 (Tb (f))

< c||M;;,,7 (7°(1))

Lp,k(wl—p,w Lp,k(wlfp,w)
S Wl 20 (TN
Jj= PH (WP w
< C[Bl ) M (T2 (1))
Jj=1 L"’k(w)
< Clbl o 2T ()]

=

< C LBl 11

Pk (w)

L‘”’k(w) :

This completes the proof.
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