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Abstract

In this article, we review some aspects of gravitational field and cosmology based on Finsler and Finsler-like generalized metric structures.
The geometrical framework of these spaces allows further investigation of locally anisotropic phenomena related to the gravitational field and
cosmological considerations, e.g., the extracted geodesics, deflection of light, Finsler-Einstein gravitational field equations, the Friedmann equations
and the Raychaudhuri equations include extra anisotropic terms that in the Riemannian framework of General Relativity (GR) are not interpreted.
This approach gives us the opportunity to extend the research with more degrees of freedom on the tangent bundle of a spacetime manifold. In
the above-mentioned generalizations omitting the extra anisotropic terms we recover the framework of GR. In addition, we study the gravitational
Magnus effect in a generalized metric framework. Based on this approach, we describe further properties of Finsler-Randers (FR) and Schwarzschild
Finsler Randers (SFR) cosmological models which are useful for the description and evolution of the universe.

PACS numbers: 04.50.-h, 04.50. Kd
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Locally Anisotropic Structure of the Gravitational
Field and Finsler Cosmology

In the framework of General Relativity, the gravitational field
is described by the Riemannian geometry. The theory of general
relativity describes with high accuracy the observed gravitational
effects between masses resulting from their warping of spacetime
and it also predicts novel effects of gravity, such as gravitational
waves, deflection of light, black holes, and an effect of gravity on
time known as gravitational time dilation [1,2]. Many of these pre-
dictions have been confirmed by experiments or observation, most
recently the gravitational waves in a framework of a homogeneous
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and isotropic space-time. However, considering the abundance
and nature of dark energy and dark matter, the nature of inflation,
cosmological tensions such as the H and S, the possible values
of local anisotropy in the evolution of the universe, as well as the
theoretical problems of the cosmological constant [3-7] the validity
range of general relativity might be restricted. There is plethora of
cosmological models in the literature, only some of them are via-
ble for the description and the dynamical evolution of the universe.
Particular emphasis is placed on studying models that are different
in nature of geometry, in terms of introducing new fields and hence
more degrees of freedom, and in terms of modifying the cosmolog-
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ical constant so that it can evolve over time [8,9]. These models are
studied in terms of their dynamical behavior through the critical
point analysis, in which the different points refer to different cos-
mological eras, through the growth of matter perturbation analy-
sis where one can compare the model’s clustering of matter to that
that we observe today and finally where it is possible by reaching
exact solutions for the models for specific potentials [10,11].

Modified theories of gravity extend the form of general relativi-
ty through various methods, leading to different field equations and
thus to different cosmological consequences. They play an essential
role and contribute to modern cosmology, providing a foundation
for the current understanding of physical phenomena of the Uni-
verse. Models of alternative gravity are extremely useful to provide
information on whether these models can be consistent with the
observed universe in terms of dynamical behavior, cosmic history
as well as matter content. Furthermore, the combination of these
tools can significantly constrain valid models or model scenarios
that are consistent with a description of the universe. In a more ex-
tended framework, the gravitational field can be interpreted as the
metric of spacetime, determining a force-field which contains the
motion of elementary particles of spacetime [12]. GR predicts that
curvature is produced not only by the distribution of mass-ener-
gy but also by its motion. This consideration reveals the Finslerian
geometrical character of spacetime. In this framework, Relativity
violations are arising from breaking the Lorentz symmetry caused
by hypothetical backround fields that influence the metric, curva-
ture, geodesics, and the causal null cone [13-15]. This consider-
ation is related to the local anisotropy which affects any gravita-
tional phenomena and is incorporated in the total structure of the
universe depending on the era of cosmological evolution. Different
types of cosmological models can describe the time evolution of
the universe. Modified gravitational theories with additional terms
on the Friedmann equations can result in the appearance of dark
matter and effective dark energy sectors. Finsler and Finsler-like
geometries are used to describe field equations, FRW and Ray-
chaudhuri equations, geodesics and dark matter and dark energy
effects. These types of geometry depend on position and velocity
(direction/scalar) coordinates [16-20,22]. In the framework of ap-
plications of Finsler geometry, many works in different directions
of geometrical and physical structures have contributed to the
extension of research for theoretical and observational approach-
es during the last years. We cite some recent references from the
literature of the applications of Finsler geometry [13,17,19,23-42].

In the first period of development of applications of Finsler
geometry to Physics, especially to General Relativity, remarkable
works were given by G Randers [43] and ] Horvath [44]. Later, Ein-
stein’s field equations are formulated by ] Horvath, Y Takano [45]
and S Ikeda [46] in the Finslerian framework. In these studies, the
field equations had been considered without calculus of variations.
GS Asanov researched the Finslerian gravitational field by using
Riemannian osculating methods and derived Einstein field equa-
tions with variational principle [47]. By introducing a vector field
in the metric structure of spacetime the geometry can be changed.
The gravitational field is attributed to a Sasaki-type metric on the
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tangent bundle of pseudo-Finsler or Finsler-like geometries which
is imprinted in the context of locally anisotropic energy-momen-
tum tensor [48]. Because of dynamical coordinates, additional de-
grees of freedom are considered which can contribute to further
understanding of the evolution and acceleration of the universe. In
this approach Lorentz invariant violation (LV) can appear and the
local anisotropy can be represented by a vector field [49]. The pro-
duction of LV can be diluted to thermal energy and a large amount
of entropy. A basic kind of Finler space is the Finsler-Randers (FR)
metric space. This type of space and the induced cosmological
asymmetric model is of special interest since the field equations in-
clude an extra geometrical-dynamical term that acts as an anisotro-
pic dark energy-fluid playing the role of the varying cosmological
constant A [8].

This model can also describe an asymmetry between past and
future which comes from matter collapses [50] under gravitation
which is the source of very weak radiation which is called Hawk-
ing radiation. The FR cosmological model contains in each point
two metric structures, the Riemannian and the Finslerian one so
it can be considered as a direction-depended motion of the Rie-
mannian FRW-model. Studying the dynamics in varying vaccuum
Finsler-Randers cosmology where we have considered also inter-
actions, we find new eras in the cosmological history provided by
the geometrodynamical terms [8]. Schwarzschild Finsler Randers
(SFR) spacetime shows a motion of the Schwarzschild model with
a produced work which comes from the second (one-form) [28,51].
This consideration gives interactions between a force field F and
the vector field y which is incorporated in the metric structure of
Finsler space. This type of metric provides like as in the case of FR
model, a dynamical effective structure in the spacetime and simul-
taneously produces a bimetric gravity field theory that encompass-
es SFR-model generalizing the classic Schwarzschild spacetime by
introducing a timelike covector in the metric structure which is
specified by the solution of the generalized Einstein equations of
the SFR model. It produces local anisotropy and may introduce
Lorentz violating effects. In addition, we provide the S-anisotropic
curvature which plays a significant role extending the framework
of Kretschmann curvature invariant K, giving the dependence with
S-curvature. By this relation we get more information for the singu-
larities than of K, horizontal Kretschmann curvature invariant in
which KgGR) =K 12 . We calculate the gravitational redshift and
the photonsphere in our case [28,51]. We prove that the gravita-
tional redshift predicted by our model remains invariant compared
to the one of GR. In the case of photonsphere, we find infinitesimal
deviations from GR which may be attributed to the small anisotro-
pic perturbations coming from Lorentz violation effects giving an
extension to the results of general relativity including locally aniso-
tropic extensions to the observable phenomena [12].

Varying Metrics in the Universe

There is not a unique metric investigating the structure of the
evolution of the universe since different cosmological regions de-
pend on the distribution of matter and energy as well as the fluc-
tuation of CMB. In addition, considering a primordial magnetic
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field on the metric structure of the tangent bundle spacetime, the
description requires an anisotropic character including additional
curvatures in the geometric structure. For instance, near a black
hole strong magnetic fields play an important role, a case is the
super massive black hole M 87* [52]. The description of the uni-
verse is based on the metrics which can be changed in different eras
during its expansion, e.g., in empty space, the de-Sitter model or
Minkowski metric for the description of a part of spacetime without
the presence of matter. The Riemannian metric is closely related
to the standard General Relativity and the isotropic evolution. On
the other hand, locally anisotropic descriptions and time-asymme-
try of cosmological phenomena can be studied in the framework
of Finsler and Finsler-like geometries of spacetime which consti-
tute a natural metric generalization of the Riemannian geometry.
In this framework, a cosmological model in the FR space has been
introduced in [20,53]. In FR space, the energy-momentum tensor
describes the structure of spacetime, and it measures the curvature
in an anisotropic space where the horizontal and vertical energy
momentum tensors describe how the energy and momentum are
distributed in the direction/velocity of spacetime [20, 53, 54].

Generalized Einstein-Finsler-Like Field Equations

Different investigations of generalized Einstein field equations
were derived for the aforementioned spaces in the framework of a
tangent bundle. Additionally, Lorentz invariance violation in Fins-
ler/Finslerlike spacetime and in Finsler cosmology in very special
relativity has been studied in the works [13,49,55]. Generalized
Einstein field equations have been explored on the Lorentz tan-
gent bundle of the Finsler, and Finsler- like spacetimes as well as
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for an osculating gravitational approach in the Finsler cosmology
in which the second variable y(x) is a tangent vector/ field [20,48].
These equations constitute the base for deriving generalized Fried-
mann equations which can include dark matter or dark energy
terms [14,29]. Investigations of the extended Friedmann equations
in Finsler spaces with extra internal degrees of freedom and dy-
namical analysis (critical points) provide a better understanding
of the dynamical properties of the Finsler-Randers cosmological
models. To this end, articles in the framework of the weak field and
pp-waves in Finsler spacetime can be found in [13,51,54,56,57]
and potentially they can be used in order to test the performance
of the Finslerian gravitational theory against current observations
of gravitational waves. In the generalized framework of a Lorentz
tangent bundle, the field equations for the metric can be derived
from a Hilbert-like action [51]:

K = [d*u\|GIR+2k [ d"u\|GIL,,
N N (1)

for some closed subspace N < TM , where |G]| is the absolute
value of the metric determinant, LM is the Lagrangian of the matter
fields, k is a constant and
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where the 8-parallelepiped d"uis considered an oriented
compact element of volume. The solution for a stationary action is
given by the field equations:
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and k constant. The concepts of generalized Ricci curvature ﬁﬂv

) . a H . . .
,Saﬂ, R, S R, torsion Tyﬁ ) C,,y covariant derivative D, , energy mo-

mentum T, Y5, Z and metric &,., Vss, G contained in relations

uvr

(1-8) are elaborated in [51, 54].

The Cosmological Models FR and SFR

We will give some additional remarks for the models of FR and
SFR that can reveal further properties. As we mentioned before, the
introduction of a vector field in the metric structure of spacetime
anisotropically affects all the geometrical and physical concepts as
the geodesics, curvature, gravitational filed equations, energy mo-
mentum tensor, Friedmann equations etc., including anisotropic
terms which further extend the investigation with more degrees
of freedom in the evolution and acceleration of the universe. In
addition, in the dynamical analysis of FR cosmological model we
have found solutions which accommodate cosmic acceleration and
under specific conditions they provide de-Sitter points as stable
late-time attractors [8,60]. The FR cosmological model is based on
the Finslerian geometry on the total space of the tangent bundle
of spacetime, it is a natural generalization of the standard Rieman-
nian space. In this framework, the density and the pressure p of
a cosmological perfect fluid are reduced on the tangent bundle of
spacetime because of increasing of the volume in more dimensions
[58]. The relation between densities and pressures of the fluid on
the background spacetime and its Finslerian tangent bundle 7,

p(f) are given in the following forms,

2
n_@
P =05P

F )

n_“
p =P
F (10)
where a, F represent the arc lengths of Riemann and FR spaces

respectively, with |a| < |F|.

Aspects on the FR model

The Finsler-Randers (FR) spacetime was first proposed by
Randers [43] and constitutes a significant class of Finslerian space-
time. The metric function in this space for a spinning particle takes
the form

F(x,y)= (_aﬂv (x)y”yv)m + £,y (11)

where Fa = d)a + Ma is considered to be small, i.e. « 1,xj.s
a weak anisptropic field and is a weak Magnus force field, y* = =
and ¢, (x) is a Riemannian metric with a Lorentzian signature (—,
+,+,+) and the indices g, v, a take the values 0, 1, 2, 3. The geodesics
of this space are produced by (11) by means of the Euler-Lagrange
equations. If we assume that represents a force field f,, and Yis
the 4 velocity dx“ then fadxa can represent the spacetime analog
of infinitesimal work produced by the anisotropic force field Ja,
therefore we write equation (11) as
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F (x,dx) :(—a/w (x)dx"dx ) + f, dx a2

b
The integral _[F (X, dx) represents the total spacetime work of
the force field fa“along a particle’s path. The length of a curve c in
the FR space is given by

l(c) = jF(x,fc)dT
0 (13)

. dx
where x = d_ and t is an affine parameter.
T

An FR cosmological model has been introduced and studied in
the literature, in [20,53]. In this model, the

Riemannian metric 4, (x) in (12) is substituted with the clas-
sic FRW metric:

a2
2.2 2.2 - 2
l—z,ar,ar sin” @

=diag| -1
a,, (x) iag| -1, —

(14)

Therefore, rel. (12) is an extension of the classic FRW cosmol-
ogy with the anisotropy-inducing term f’ dx” . The resulting mod-
el is Finsler-Randers cosmology. An interpretation of rel. (12) can
be that the FR spacetime shows a motion of the FRW model with
a produced work which comes from the second term (one-form).
Anisotropy in the distribution of matter means a gravitational po-
tential and can be connected to the dark energy. The interaction of
the gravitational field with matter can be characterized by poten-
tial energy which can be ‘work’, that means it can be converted to
kinetic energy. In addition, the gravitational field in a FR space in-
cludes by virtue of the second term, angular momentum which is
imprinted on the geodesics of a FR space. This consideration leads
to rotational geodesics that are useful to describe cosmological
phenomena related to black holes or accretion disks in which ma-
terial of gas or dust affect the original geodesics of an astronomical
object [59]. The FR cosmological model is a viable model arising
from the results of dynamical analysis of the model [8, 60]. Inves-
tigating the gravitational field on a FR spacetime we notice that it
carries energy and momentum in the form of gravitational waves
that would also be kinetic energy since it encompasses the motion.
The energy comes from the metric of FR, dt / dA =E = y,P . For
a photon, we get U, =dt/dA =®,/a,where denotes the time
component of the second term of the metric and P, v, a, 4, w denote
the momentum, velocity, scale factor, an affine parameter and the
frequency respectively. The geodesic equation in the space after the
above-mentioned remarks takes the form

dP

L PP =0
where P* =dx* / dA and L’;Cr represent the connection co-

efficients of the FR space. From the Euler-Lagrange equations
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d oL aL
dr o ox"

(16)

we find the equations for the geodesics:

X+ R+ g¥ D i =0 a7

where I}, are the Christoffel symbols of Riemann geometry,
#==—and @, =0,A, —0,A, and is the solution rel.(22). We
IlOthg that from the deflmtlon of @,, we get a rotation form of
geodesics. If is a gradient of a scalar field, A, =—— then ®,_, =0
and the geodesics of our model are identified with the Riemannian
ones.

Elements of the SFR Model

A natural framework for the study of a SFR cosmological mod-
el is the Lorentz tangent bundle of a spacetime manifold with
Schwarzschild metric [28]. Solving the generalized field equations
for the perturbed metric, we get the dynamics of the convector A,
. The derived solution is called the Schwarzschild-Finsler-Randers
spacetime. The metric of this extended spacetime takes the form

G=g, (xy)d" @dx" +v,,(x,y)6y" @5y’ (18)

The horizontal part of the metric (18) is the classic

Schwarzschild metric:

dR +7r°d@* +r*sin® Od ¢’

1-—=
r (19)

g, dx"dx" = —(1 —RTJ ar’ +

where R_=2GM is the Schwarzschild radius (c = 1). We assume
a Finsler function F of Randers type:

F(x,p)==8a (x)y ¥ + A, (x)y

(20)

where is the Schwarzschild metric and is a covector which is
determined by the field equations of the generalized metric. The

metric tensor v, is given by:

b oo O’F’
of T 5 A an B
2 oy“oy 21)

Solving the field equations (3)-(5) gives the one-form A :

210‘1—5‘ ,0,0,0
' (22)

with 4, a constant. This is a timelike covector since to second
orderin A, we get
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~\2
af —
g’ 4,4,=—(4,) <0
Remark: Substituting the metric Uyp with an angular metric Do
[61], we can study spinning phenomena in a space of the form (18).

Gravitational Magnus Effect in FR-Space

The Magnus effect is the force exerted perpendicular to the mo-
tion of a spinning object and its rotation axis moving in a fluid. In
general relativity, an analogous effect exists for a spinning compact
object moving through the cosmological fluid as a result of gravi-
tational interactions [62-64]. The standard Magnus force M has a
direction in v x w, where U is the velocity of the fluid relative to
the body and @ the spin angular velocity of the body. Taking into
account the fluid density p the Magnus force can be defined by M
= kp (v x w), with k a factor that depends on the type of fluid. This
gravitational phenomenon can also be connected with a spinning
Kerr black hole moving at relativistic velocities [65]. The Magnus
phenomenon can be generalized in a FR spacetime in which the ex-
tracted geodesics are rotated, Figure 1, therefore, a spinning par-
ticle or body moving in a cosmological fluid or viscuus and dark
matter halo accepts a vertical force which is the Magnus force and
it and can be intrinsically incorporated in the metric structure of
the gravitational field as it is mentioned in rel. (11). The geodesics
on FR space when are influenced from the Magnus field, are given
in the form.

BT R+ g (D, + M, )Xt = o)

Where are the Christoffel symbols of Riemann geometry,
i =d— 7 is the proper time, @, = =0, A, 6 A_, represents
the stress tensor of anisotropy caused by the potentlal vector field
A, of anisotropy. In a similar way, the stress tensor M, of Magnus
force M can be defined. We can notice from the curl that we get
a rotzélgon form of geodesics. If Aﬂ is a gradient of a scalar field,
A, =a)7then CI)W =( and the geodesics of our model are identi-
fied with the Riemannian one. The term M, denotes the Magnus
force field which is caused when the path of the particle is rotated
during its motion, this phenomenon can be derived by extra dust
or clouds of fluids that affect the geodesic motion of a particle or of
a body. In the case we consider the dark energy with p = -p, with
p and p the density and the pressure of the cosmological fluid, the
Magnus effect is zero, M, = 0 [63] and the form of geodesics is re-
duced in the standard one of FR space [66]. It is obvious that when
the anisotropic terms ® and M are zero, Equation (23) represents
Riemannian geodesics. We can see that the geodesic equation (23)
encompasses more amount of anisotropy because of the Magnus
force M which exerts an additional vertical force on a spinning par-
ticle / body moving in the gravitational field of the FR space giving
further deviation in their form. In the original form of a FR space,
the convector 4, represents an electromagnetic potential [43] and
the space encompasses gravito-electromagnetic curvature which
consists of two parts, one of them is Riemannian and the second
one contains electromagnetic terms [21, 67]. In that case, the FR
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space can give a generalized physical background describing and
investigating gravitational and astrophysical phenomena connect-

ed with equations of motion for spinning bodies and Magnus effect.
This will be an object of further study in the near future.

( N
FR-SPACETIME
GEODESICS
MAGNUS FORCE ]
|
Figure 1: Spinning movement of a particle under the effect of Magnus force in FR space.
N )

Main Points

Based on the above-mentioned considerations, we conclude
that it is possible to extend gravitational and cosmological models
with isotropic and locally anisotropic phenomena. In addition,
we study the gravitational Magnus effect in a generalized metric
framework of an FR space. The geometrical extension of the
cosmological model of GR with the corresponding FR and SFR
models of Modified Gravity, opens up windows in this direction of
research for testing gravitational theories with generalized metric
structure through further experiments.
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