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Introduction

Yesterday, when my teacher gave me a mechanics class, they 
told me that the difference in shear stress defined in the textbooks 
of material mechanics and elasticity is a plus or minus sign, and 
the difference in shear strain defined in material mechanics and 
elasticity is twice. So, I firmly remembered this sentence as a truth. 
Decades later today, I stand on the podium and impart this sentence 
to my students in its original form. Will my students pass down this 
sentence from generation to generation intact tomorrow? The pur-
pose of this article is to explore how to unify the definitions of shear 
stress and shear strain in mechanics course teaching.

 

History and Current Situation

Definition of shear stress in elasticity and material me-
chanics

As shown in Figure 1, the definition of the stress component 
in elasticity [1-2] is the projection of the surface force acting on a 
cross-section in the normal direction along the positive (negative) 
direction of the coordinate axis along the positive (negative) direc-
tion of each coordinate axis.
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Figure 1: Definition of stress component in elastic mechanics.

The normal direction of the section where the surface force is 
located is used as the first indicator of the corresponding stress 
component subscript, and the component of the surface force along 
which coordinate axis direction is used as the second indicator of 
the corresponding stress component subscript. The stress state de-
fined in this way can be represented by a matrix as shown in Eq. (1).
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According to the shear stress reciprocity theorem, the matrix 
in Eq (1) is a symmetric matrix, meaning that the stress tensor is a 
symmetric tensor. The stress state can be represented by the trans-
posed matrix of the matrix in Eq (2).
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In fact, the stress in Eq (2) is a second-order tensor. The stress 

state of two coordinate systems O-(e1, e2, e3) and O-( *
1e , *

2e , *
3e ) can 

be expressed as Eq. (2) and (3).
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The coordinate systems (x, y, z) can be marked as (1, 2, 3) using 
the subscript notation. Therefore, the two coordinate systems con-
vert as shown in Eq. (4).
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Thus, the relationship between these two stress components 

satisfies the following transformation as shown in Eq. (5).
*      (5)TM Mσ σ=

If the beam in Figure 2 is in a pure bending state. When the 
stress components defined by elasticity mechanics are used to 
study the bending state of the beam in Figure 2, the stress state in 
the material unit taken from the beam is shown in Figure 3.
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Figure 2: The bending of the beam.

Figure 3: According to the definition of elasticity mechanics, the stress state of the bending beam. 

Figure 4: Definition of shear force in materials mechanics.

However, in the textbook of materials mechanics [3-4], when 
teaching beam bending, the definition of shear force in strength of 
materials is that the shear force that makes the beam rotate clock-
wise is positive, and the direction of shear stress is the same as that 
of shear force. According to this regulation, the stress state in the 

material unit taken from the beam is shown in Figure 4.

The shear stress defined in Figure 5 and Figure 3 differs exactly 
by a positive or negative sign. If shear stress is defined according to 
material mechanics, the matrix formed by the overall stress compo-
nent is not a second-order tensor, which means it does not meet the 
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coordinate transformation rule in Eq. (5). Therefore, defining shear 
stress according to material mechanics is not scientific. However, 
from the development history of mechanics, material mechanics 

emerged before elastic mechanics. The regulation of shear force 
signs is deeply rooted in material mechanics and difficult to change.

Figure 5: According to the definition of materials mechanics, the stress state of the bending beam.

Definition of shear strain in elasticity and material me-
chanics

In textbooks on material mechanics, the definition of shear 
strain is the decrease in the right angle of two perpendicular line 
segments during deformation. In elasticity mechanics, the displace-
ment vector u is a function of the spatial position vector r, using the 
subscript labeling method as shown in Eq. (6).

( )
( )
( )

1 1 2 3

2 1 2 3

3 1 2 3

, ,

u = u(r) = , ,          (6)

, ,

u x x x

u x x x

u x x x

 
 
 
 
 

Thus, the deformation gradient can be expressed as Eq. (7).
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Thus, the strain tensor can be defined as the symmetric part of 
the deformation gradient using Eq. (8).

( )1=        (8)
2

Tu uε  ∇ + ∇ 

It can be proven that the strain components defined in equation 
(8) are exactly two mutually perpendicular line segments, and their 
right angles decrease by half during the deformation process, which 
showed that the strain defined in material mechanics is twice that 
of elasticity mechanics. It is not difficult to verify that the strain 
defined by equation (8) is a second-order tensor. The coordinate 
system transformation rule is expressed in Eq. (9).

*  = M M        (9)Tε ε
It illustrated that defining shear strain according to equation 

(8) is scientific, while defining it according to material mechanics is 
unscientific. The different definitions of shear strain also can affect 
the definition of shear modulus.

Solution

Can we unify the definition of shear stress in elasticity and 
material mechanics? The answer is yes, and this contradiction can 
be solved by selecting an appropriate coordinate system when 
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teaching beam bending. When the coordinate system in Figure 3 
is rotated around the x-axis by 180°, or the coordinate system is 
established according to Figure 6, the definition of shear stress in 
material mechanics is perfectly unified with that in elastic mechan-
ics, without changing the original definitions and habits of material 
mechanics and elastic mechanics. Therefore, the author proposes 

that the coordinate systems should be established uniformly ac-
cording to Figure 6 in future textbooks and courseware on mate-
rial mechanics, emphasizing the definition of shear stress in elastic 
mechanics, that is, the projection of the surface force vector on the 
front side in the positive direction of the coordinate axis. As shown 
in Figure 6, O-xyz is the right-hand coordinate system.

Figure 6: The coordinate system for bending beam state

When teaching shear stress on oblique sections, a normal direc-
tion n and a tangent direction t should also be defined, so that the 
coordinate system O-ntz forms a right-hand coordinate system, as 
shown in Figure 7. Therefore, the shear stress on the inclined sec-

tion can also be defined as the projection of the surface force vector 
on the inclined section along the positive direction of the coordi-
nate axis t. It means that the definition of shear stress in elasticity 
mechanics is universal.

Figure 7: Stress on an inclined section.
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The only way to unify the differences between shear strains 
defined in elasticity and material mechanics is take unified action 
and change the definition of shear strain in material mechanics to 
half the amount of change at right angles. Therefore, the author 
of this article proposes that from now on, the material mechanics 
textbooks and courseware in the future be changed to be consistent 
with elastic mechanics.

Conclusion

When a unified standard is formed worldwide: (1) use the coor-
dinate system shown in Figure 6 in material mechanics; (2) In ma-
terial mechanics, the definition of shear strain is changed to half the 
reduction in right angles. As a result, in the teaching of mechanics 
courses, the contradiction of inconsistent definitions can be avoid-
ed. Convenient for teachers to teach, but also beneficial for students 
to learn.
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