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Abstract

The coherent quantum dynamics of a single bosonic spin variable, subject to a constraint derived from the quantum spherical model of a ferromagnet,
and coupled to an external heat bath, are studied through the Lindblad equation for the reduced density matrix. We derive the governing equations
of the system and solve them for several quantum observable. We analyze the interplay between quantum fluctuation and dissipation and the effect

on the relaxation of the time-dependent magnetization.
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Introduction

We explore the critical dynamical properties of single boson-
ic spin variables, subject to constraints derived from the quantum
spherical model of a ferromagnet and coupled to an external heat
bath. Our work promotes an understanding of nonequilibrium
physics in open many-body systems within finite range interac-
tions.

The Model

We consider N continuous spins S, wherei=1,2, ..., N. In a
2D-simple cubic lattice of lattice constant 1, the spins interact by
nearest neighbor “exchange forces,” moreover we assume that.
S,- S (—00, 00) . Note that if S,- =21 for all i then we have the Ising
model. If we require their total length to be proportional to or equal

to N, the number of lattice sites is [1]

N

@ @ This work is licensed under Creative Commons Attribution 4.0 License | GJES.MS.ID.000725

We call Eq(1) the spherical condition. From Eq(1) the spherical
model must satisfy the relation

¢ 2

NZS,. =<8} >=1 )

i=1

This describes an N-dimensional sphere with radius N'/2, and
the points in the sphere are given by Eq(1). In the thermodynamic
limit, the microcanonical and grand canonical treatment of condi-
tion Eq(2) are equivalents [4]. We choose the grand canonical en-
semble by introducing parameter 4, thus the Hamiltonian:

H=-1)" 88 +u). S} 3)

<i,j> i

Dynamics introduced into Eq(3) by assigning inertia to the
spins. We add kinetic energy term to the Hamiltonian Eq(3)

L2
H:%ZS,- I SS,+uY. ST (4

<i,j> i
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where [ is the moment of inertia. Eq(25) represents a d-dimen-
sional system of coupled linear oscillators. This standard classical

mechanics problem that can be rewritten as

=—pp Zq faa

where @ =X,y is the direction in which coupling is taken, and
S 5
=[S, | P=| S, ©)

fis the force matrix constant which is given by

u 30 0 0 0100 0
Jop 10 0 1010 0

£=/0 - g -1 - 0l=pl-J[0 1 01 0|=ur-Jr (1)
0 - . 0« 110

where T is defined by the preceding formula and I is the identity

matrix.
We transform the coordinates as follows:
QL' ¢LQ ()
For the momenta we get
P=L'p, p=L')'P ()

We know that g, =L, (Q,). For coordinate Q the conjugate mo-
mentum is (we use the Einstein’s summation convention and chain

rule)

1o 1049 0

! ian J aQ, oq,
1 0

==L 0, — 10
et (10)
1 0

:;ija k/pk (L )jkpk

Substitution of the new coordinates and momenta into H yields:

H= %PTL*(L*)TP%ZQTLTQLQ (11)

Let us choose L such that it is real and:
o' =1 (12

Taking the inverse, it follows that:
UL=1 (13)

And for non-singular L is also follows that:

U=C' (14)

which means that L is an orthogonal ( and unitary, since it is

real) matrix.

We may choose L such that :

YLfL=n (15)

A 0

where A= ' is a diagonal matrix. Multiplying by L
gives 0 A

D fL=Ln

a

(16)

For i column of L, denoted by L, we have

foLi =LA, (17)
2

which shows that Li is an eigenvector of f with eigenvalue 4,
. Thus, to find L we have the eigenvectors and the eigenvalues of f.
Substitution of these results into H yields:

1 o 1 7 P s £
H=—P P+EQ AQ=Z(E+/1,.Q,.} 2[21+2wQJ (18)

21

where In other words the transformation q = Q, p — P gave
us d uncoupled harmonic oscillators. The frequencies. The frequen-

cies are where ﬂi are the eigenvalues of the force matrix constant
which is given by Eq(7). Clearly fand T have the same eigenvectors
and their respective eigenvalues are related by

A=u-Je, (19

Where e, are the eigenvalues of matrix T and given by

kx
e, =2cos [m]’ 1<k<N, Thus, the eigenvalues of ~
A= u—JY cos L2 I
= n+l

The Q, are called normal coordinates :

S
Q=L ¢= LTq 21
Looking at the Hamiltonian in Eq(18) we see the result of quan-

tizing spin S,

5| P 1
2 20 2%

i

00, =Z[n,- +%}w @)

i

where n, is the Boson occupation number. Therefore, by analo-
gy we can write the Hamiltonian of a quantum spherical model [2],
where the dynamical variables are the spherical spin-operators S,
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(at each sitei € D where

D < R", with i € D sites).

g u S
H= 2(5 P +3sz _ZJS,.S,.MJJ (23)

Jj=1
Where g isacoupling constant, # isthe Lagrange multiplier that

can be found self-consistently from the constraint < ZiSiz =N>,
and e is the j cartesian unit vector.

Therefore, the Hamiltonian of a single spherical quantum spin,

in an external magnetic field M, reads [3]

H=5pP %0 m0

2 2 @4

AN

with canonical commutation relation | &> £ | = Where g is

the quantum coupling of the system. Thus, we can write the opera-

A A
tors @ and P in terms creation and annihilation operators as:

=+

S’z h—g(a*+a), IAD:i —w(aT—a) (25)

g

N

T . e
where a ', a are the create ion and annihilation operators, and

®=0(t) =/ u(t)g . Thus, the Hamiltonian Eq(3) can be rewritten
as:

H= hm(r)(a*a +%)—M\/§(a* +a)  (26)

The constraint Eq(2) introduces a relationship between the

time dependent frequency and the two-particle-expectation values:

<’ >=1=< h—g(aT + a)2 >
20(t)
:h_g(< da' >+<aa>+2<ala>+1) (27)
20(t)

co(t)=h7g(< ala' >+<aa>+2<a'a>+1)

Eq(28) and Eq(26) defines the closed system. Our system of
interest is a collection of bosonic spins interacting with a thermal
bath. Lindblad’s theory for open quantum systems is the mathe-
matical framework to describe such a system. A coherent quantum
(Density matrix) dynamics is formulated by Schrodinger picture

., 0
lh—pz[H,p] (28)
ot

This is Liouville’s equation that describes isolated systems.
Coherent dynamics typically last only over short timescales. The
coupling to the thermal bath creates dissipation in the quantum
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systems before the dynamics become dominated by coupling of the
open system [3] to its environment, leading to decoherence. Liou-
ville’s equation cannot describe the combination of dissipative and
coherent dynamics. To generalize the Liouville Eq(28) to the case of

Markovian but unitary evolution, such that £ = L[P] . Here L gener-
ates a finite super operator in the same sense that a Hamiltonian
H generates unitary time evolution, which will be called the Lind-
bladian [3,5]. The Lindblad master equation for an N-dimensional

system’s reduced density matrix £ can

be written:

Py e S [L L, -1 (pLiL, + I )) 9
8t % s P ~ n,m np ‘m 2 P m—n 'm np

for quantum harmonic oscillator we have L, = a; L, = aT

%(nw+l),n=m=1

h,, = an,n=m=2
2

0, else

Here 7, is the mean number of excitations in the reservoir
damping the oscillator and is the decay rate. Thus, we can write
Eq(29) as:

%f=—é[H,p]www+1)(apa*—%(a'ampa*a»+ynm(a'pa—%(aa*p)+paa*) (30)

where the bath, at certain temperature T, is defined by the

1
Bose-Einstein statistics "o = o7 _ and 7 is coupling constant.

Eq(26), Eq(28) and Eq(30) define our model. It is a time-depen-
dent, open quantum model system of a single. The system depends

on temperature T, magnetic field M, and dissipation coupling } .

Analysis of the Model
Our goal is to study their time evolution. Therefore, we make

use of the Eq(28) and the commutation relation [ai,aj] =3J; to

deduce the closed set of equations of motion for the following av-

erages:
d<aa> i
7 ——£<[H,aa]> 31)
4288> _ yim<aas+i /z—gM <a> (32)
dt ho

We consider this equation as phenomenological ansatz; thus,
by adding the dissipation term —y < aa > to the equation of mo-

tion, we get

2g

—=M<a>
ho

d<aa>:_2(y 33)

—+iw |<aa>+i
dt 2
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Similarly, we get

:
d<3_t“>=—}/<a*a>+}/n,g+i4/%M(<a+>_<‘1>) (34)
d<a>__ Liio|<a>+i|-5— (3%5)

In the vanishing Field M = 0 and T = 0 the system described by
Eq( 33), Eq(35) and Eq(35) decoupled such that the single particle
operators can be treated individually, then we can write:

d<a'a>

I (36)

=—y<a'a>

d<aa>

o =—[y+2io(t)] < aa >

(37

The particle number expectation values decay exponentially

<a'a>=Ne”', NeR, (39)

Thus, by using this solution and the spherical constraint Eq(28)
the expectation value of the pair annihilation operators obeys the
equation

d<d‘;a>:{;/+2i;‘l?g(<afaT >+<aa>+2<a*a+l):|<aa> (40)

d <dlza Z_ —|:;/ <aa> +z'hg(\< aa >’ +<aa>> +Q2Ne ™ +1<aa >)} (41)

We can separate the amplitude and complex phase by using the

substitution < gq >= X (t)ei"/ . Thus, we can rewrite Eq(41) as

444> _ 3 v 4 ixe" y
dt
= _[7/ <aa> +ihg(|< aa >|2 +<aa>’ +(2Ne‘” +1) <aa >)

= [y Xe" +ing (X + X?e™ +2NeT W X + Xe¥ )| (42)

X+iXy == yX +ihg(Xe™ + X" +2Ne "X+ X)|  (43)
Equating the real parts yields
X=—yX= X(0)=de” (44

where A4 is real constant. The imaginary parts yield

-hl =2X cos(y)+2Ne " +1=24e7" cos(y)+2Ne " +1 (45)
g

let y(t) =¢" then cos(y) =%y(’)4, substitute in Eq(22)
we get
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hl J(t) = p(0)e” +2Np(0) + Av((Y +1  (46)
g

We will make a change of independent variable of the form

(change the time scale according to) 7 =¢™”*, Y(7)=y(t), then

dY(@) _dy@yde _ 1 _ ()
dr  dt dr y(t)ﬂ —ye” @7
dt

substitute in Eq(24) we get
Y (6)+(C, + C,r)Y (2)+ C,r(Y2 +1)=0  (48)

and C; = th
Ly y

h 2hgN
where C, =f, c, =%

A standard technique to solve this type of equations is by map-
ping it to a second-order linear differential equation, by changing

. . )
variables AY:%and AY = uu 2”
u

and choosing A= C, one can
obtain

tii +(Cr +C)i+Clru=0  (49)

We can simplify Eq(49) to a standard hyper geometric equation
by using the substitution u(z) =e " @(z), where K is constant
chosen to reduce to the differential equation to the desire form. We
get

w+(C,—(26-C,) 7)o+ (7 (1K C, +C} ) =xC )@ =0 (50)

2
Taken K=%+ﬂc%—c3 .Eq(50) becomes
m‘;+(q -Jc —4cfr)a')+%(c2 N TS )a) =0 (51
This is a hypergeometric equation that has two distinguish cas-
es [6,7],
C,/2 = C3 then Eq(51) turn into

@+ Co+ GG =0

(52)

We can rewrite Eq(52) as

e 2 (ri+ q]d—w (53)
co,\dr )de
— CICZ
let 2= 7 ,Eq(53) becomes
W= (zi+ cljd—w (54)
dz dz

Eq(54) is the confluent hypergeometric limit functions and the
solution is given by,

w=,F(C;2)
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When « is not positive integer the substitution

gives linearly independent solution
w=z"% F(;2-C;z)
ERRY 1’
therefore, the general solution is

w=K, F(;C;2)+ K,z F(;2-C;z)  (55)

The confluent hypergeometric limit functions are closely relat-
ed to Bessel functions. The relationship is

X
G
——— K| ;a+]l;,——

Ja(X):F((Z+1) ol

Thus

WFGCiD) =, (x/—4z)l“(Cl)( 2 )q “1=J, (ch,czr)r(c,)(%J(l —C)/2.(1-C)/2

4z 2

=Jg (VA2 )r@-C)=2)" V= (JZCICZT)FQ—C,)[C'ZCZ J(lfc,)/zrafc,)/z
r (C) and r (2-C,) can be absorbed in the integration con-
stants K, and K, respectively, and Eq(55) becomes therefore the
general solution is

w=KJ, ([JZClCZT)(C'ZCZ ](Fq)/z,(l7c,)/2+1<2.1,,q (iJZCICzr)[C‘ZCZ )(pc, )/2.-C) /2 (56)

We have used the substitution y=e¢ ™ w

u=(e* )(2“*l (v2ccr) © )(K]Jq_l tKJ ) (D)
(o) 2 (VBaEr) i (e (V2CER) 0 (V2T

u
Cu» Then we have

K
where K =?zand y
1

du ,K,(dw ]
—=e | ——kw
dr dr
thus
dw
_ i _dr "M Ldw ok
7 Cu Cw Cwdr C,

To calculate @ we make use of the Bessel function recurrence
relations

AxI.) (x7,0) =x"J,,(x) and 7‘1({””(}‘)) ==x"J,,(x)

dx dx

we can write,

dw _ dw d(\/;)_ [cc,  dw
dr d(Jr) dr V20 d4((20Cr)

and

%: _2C,—1( '—2C1C2‘r )I_Cl K, (Jc, ( IZCICZT)—KJ,Q (JZCICZT))
i Jq (V2cCr)-k7 o (26Cr)

Cat ¢y (J2GCor )+ kI, o (y2CCr)) G
. In case 1C,=K=C,/2

p ac,  KIG(\2GCr)-a (V20 Cr)

y=—=- —1

Cu T q(KJl,q(./2clczr))+Jq,l(chlczr)

since
2C1C21'=2ih—g Ae™”
V4
we get
~hg ~t hig —7t

. i :e%x KJ(ihygj[Zty\/Ae )_J[i"f](ZI y\/Ae ] L

Cu 4 KJ, (Zih—gWJ+J . (2ih—g\/ﬁ]

St o

put ¥ =€ (), cosy (=Re(y) .,

n  KJ " [Zih—g\/Ae’“j—J;Lg (Zih— Ae’”j
cosy(t)=—Re 1+% [”] ! [ly] !
[K](lhg] [Zih7g\/Ae’7‘ ]”[,Lg,l] (Zih7g Ae ]]
4 4

e Case2(C/27% C,
m+(cl—Jc;—4cgr)W+%(c2+,/c§—4c§)w=o

Let 7 =7~/C; —4C; which reduced Eq(51) the confluent hy-
pergeometric equation

Tm(C—T)W—Q[H%JW: 0 (58)
2 C? —4C:

The solution for this equation is given by Kummer’s

C B
functions 111 [7[”

g _a4 ]’C’TJ are called conflu-

ent hypergeometric functions of the first kind also known as
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MQ1+ G

2 Jci-ac?
Eq(58) is U(a,b,z) therefor the general solution is

G.T Another standard solution for

w=KU(7)+K,M(7)

where [—h—g(H;}—ih—g;Zh—gVAz ~N?e” |=(a,b,T)

7 Ja i roy
We have :
u 1 dw « dw dwdT 3 7 dw
y=== ————-using —=———=/C, —4C; —
Cu Cwdr C dr dT dr dT
We get
2
ey K g D dU@DT) o dM (b T)
cC " wdl ¢, dr dr dr

we make use of the recurrence relations

dM (a,b,T) =£M(a+1,b+l,T), M:-aU(g+l,b+l,T)
dr b T

We get
dw

=" KIU(a+1,b+1,T)+%K2M(a+l,b+1,T)

D k| U(as b 41.T)+ XM (ar1,6417)
T b
then,
2
2 %M(a+1,b+1,T)—U(a+1,b+l,T) %+ Tz—cf
Y e T _
e K G

K M (ap,1)+U(ab,T)
a

G

o EM(a+1,b+1,T)—U(a+1,b+1,T) Q‘F —2-C?
cosy =Re| ,[=2-4 b 2 4
Cf K C,

—M (a,b,T)+U(a,b,T)
a

From the analysis above, we see distinct phases of the system
originates from the coupling, g and w(t). The two regions of the
disordered phase are further illustrated through the relaxation of
the magnetization. Although the stationary magnetization always

vanishes in the disordered phase, the approach to this stationary

value depends on value of the quantum coupling g. The solutions
show that the approach towards to stationary value is monotonous.

Some magnetic oscillations are also seen for relaxations within the

ordered phase. In the solution of Eq(37) which is « 22 >= X(1)e™"
and the time dependent frequency w(t) can be reconstructed from

hg AT A
<a +a>| fol-
20(t)

Eq(38). The magnetization m(f) =<s(t) >=
lowed from integrating Eq(35).

Conclusion

We investigated a simple bosonic spin model behavior in an
external Magnetic field in a heat bath. We implemented the mean-
field approximation of the dynamics of a quantum spherical ferro-
magnetic, [t presents a quantum analog of well-established typical
examples of fluctuation-induced order. The quantum coupling g
plays for quantum phase transitions at T = 0 in d dimensions, a role
analogous to the temperature T > 0 in classical phase transitions.
These zero-temperature quantum phase transitions are stable un-
der a small thermal perturbation.
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