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Introduction
In recent years, rail transport has experienced a great expansion 

throughout the world, becoming an efficient and competitive 
transportation system for countries that have thousands of 
kilometers of tracks. In the coming decades, we contemplate that 
new and ambitious railway projects will be developed, and the 
technical difficulties in the interaction with the environment, 
through which the track aims to circulate and reach greater speeds, 
make these projects a real challenge for civil engineering. Such are 
the cases of the expansion of the High-Speed network in China [1] 
and the expected development of high-speed lines in the United 
States [2]. 

With respect to high-speed networks, the demographic and 
economic growth of many of the countries that have a rail network 
with these characteristics with optimal exploitation conditions and  

 
study experience has forced the networks to reach higher speeds 
to meet the demand and/or economic objectives that are required 
of this transportation system. The increase in speed could gener-
ate an increase in the values of the loads that are transmitted to 
the railway platform, since the speed is proportional to the value 
of the loads. This proportion is related to the effect of the weight 
of the nonsuspense masses of the train, since if this weight does 
not change but the value of the speed increases, the dynamic effects 
that occur in the vehicle-track interaction cause this interaction to 
generate a dynamic overload that increases the value of the loads to 
be supported by the track. In terms of railway freight transport, the 
future commercial expansion of several countries can lead to trains 
having to increase their load and/or transport capacity, either by 
increasing the number of cars or the axle load that is transmitted 
to the railway platform [3], thus considering the adaptation of this 
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Abstract 

The need to build efficiently and sustainably in recent years has changed the trends in the design and exploitation of infrastructure, which 
is essential for the social and economic development of each country. This change is being seen more frequently in the field of transportation 
infrastructure and other types of construction of special interest, since it is important to know the long-term behavior and deterioration of certain 
materials to verify their functionality and security. The study of behavior and deterioration over time is motivating the development of new and 
innovative design methodologies that evolve from purely numerical methods that allow us to predict the long-term response to new experimental 
work that serves as a guide and reference in this engineering field. This review of the state of the art shows a set of deterioration models, collected in 
the literature, that quantify the deterioration of materials, with special interest in the railway field. These models have been classified and analyzed 
according to criteria that may be useful for railway infrastructure designers.
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type of traffic to a demanding design infrastructure such as high 
speed. When preparing a line for mixed traffic of passengers and 
freight, these possible increases in the magnitude of the loads show 
that, if it is desired that this combined mode of transport fulfills 
its function correctly, the train must travel over an infrastructure 
that guarantees safety, stability and comfort for both passengers 
and freight. 

Awareness of the economic and landscape impact generated 
by the design and construction of a track with these characteristics 
has led to an awareness of the need to assess and treat local trace 
materials by avoiding the massive waste of these materials, as this 
waste may raise consideration of the possibility of subjecting them 
to a treatment that improves their geomechanically behavior and 
makes these wastes suitable to be used in the construction of the 
railway platform. 

The design of railway platforms has been performed, from the 
point of view of experience in the case of high speed, from a very 
conservative approach for subgrades that form the track. In the cur-
rent context of economic crisis, it is necessary, both in the fields of 

exploitation and design, to introduce certain design criteria that en-
sure the cross section of the railway platform, for any type of traffic, 
is defined according to efficiency criteria, rationalization of these 
criteria and long-term sustainability. 

These three aspects-increased loads on the railway platform, 
geotechnical characterization of the materials available in the 
trace materials, and the efficient and sustainable design of the in-
frastructure-make it necessary to elaborate a new paradigm of de-
sign methodology that can include these aspects when designing 
a railway network with different traffic configurations, typologies 
of structural sections and exploitation criteria. In recent years, the 
continuous development of new numerical tools and more sophis-
ticated designs has allowed integrating, in a comprehensive man-
ner, some of these criteria that intervene in certain infrastructure 
projects. However, one of the least-considered criteria in this whole 
process is evaluating the deterioration over time of the infrastruc-
ture as a whole or of some of the materials that compose the infra-
structure, since these materials can condition the overall long-term 
behavior throughout the useful life. 

Figure 1: Examples of foundations subjected to cyclic load.

In civil engineering projects, the materials that make up a struc-
ture or a transport infrastructure are subject to different types of 
stresses, such as traffic loads, natural phenomena, or major forc-
es caused by other external agents, throughout their useful life. All 
these stresses cause wear and the appearance of damage to the in-
frastructure that are usually translated into the appearance of pa-
thologies, such as excessive deformations and the deterioration or 
loss of quality and properties of the materials that constitute it. In 
the case of transport infrastructure, the materials that make up the 
structural section are affected by a continuous deterioration due 
to their own weight, together with the high traffic loads that they 
receive throughout their useful life, translated into a set of cyclic 
loads with different frequency of application, particularly for gran-
ular materials that are more affected due to a possible lower resis-

tance with respect to other usable materials. Along with the trans-
port infrastructure (Figure 1(a)), the problem of deterioration in 
granular materials has become relevant in other scenarios such as 
the foundations of structures subject to cyclic loads due to dynamic 
or seismic loads (Figure 1(b)), the soils that support the reservoirs, 
water tanks and other hydraulic infrastructures due to variations 
in the level of these soils (Figure 1(c)), onshore and offshore struc-
tures subjected to wind and wave loads (Figure 1(d)), etc. In the 
field of ocean engineering, the development of new models for de-
terioration prediction in recent years is due to the great interest in 
knowing the long-term behavior of soils that can be used for foun-
dations of offshore structures. Such models are based on those used 
for transport infrastructure, especially those applied to rail traffic 
[4]. However, even if one refers to rail traffic for the development 
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of these models, it is precisely in this area where, in recent years, 
several studies have been conducted to obtain a model of more ef-
fective prediction due to the geotechnical complexity involved in 
the study and behavior of a railway cross section. 

The purpose of this paper is to describe the state of the art 
relative to the development and application of the different math-
ematical models that allow quantification of the prediction of de-
terioration of granular materials in railway platforms under low 
cyclic load situations by reviewing the different aspects that must 
be considered in the characterization of the behavior of materials 
under long-term cyclic loading. First, a review of the concepts and 
parameters that intervene in the characterization of the dynamic 
behavior of granular materials and that may be useful for numer-
ical or experimental studies is made, involving the application of 
numerous load cycles. Then, a detailed and comparative descrip-
tion will be made of the different analytical and numerical models 
developed to be applied in the prediction of the deterioration of the 
granular materials that form the railway platform. Finally, a series 
of recommendations obtained from the analysis of the described 
models will be presented. 

Behavior of the Materials that form the Railway 
Cross Section Under Numerous Load Cycles

In recent years, the concepts of quality and sustainability in en-
gineering projects have been acquiring special relevance, initially 
due to a period of economic crisis that conditioned the best use of 
available natural resources and the high governmental and social 
pressures that demand that the designed infrastructure fulfill sus-
tainability and guarantee criteria in terms of their duration for the 
next generations. In the field of transport infrastructure, the de-
sign methods have presented continuous innovation to guarantee 
proper functionality and service provision in future periods, condi-
tioned possibly by greater demands of the population, higher traf-
fic intensity and the possibility of coupling them in an intermodal 
system with other transport modes that could require a new con-
ception in their design. 

Within these criteria of quality and long-term sustainability, the 
concept of deterioration is particularly relevant. Deterioration can 
be defined as the wear, worsening or loss of value of a certain good 
due to its continuous use, exposure to certain natural agents, etc. It 
is also important to indicate that this deterioration may also con-
dition the loss of certain properties of the material and its configu-
ration over time, mainly due to its behavior model in light of these 
previous situations. 

The study of the deterioration of a material or a system can use 
two different approaches: short or medium term, and that which 
will be produced in the long term. The first approach is usually re-
lated to problems that involve the application of larger loads but 
with a shorter duration (i. e. , earthquakes, impact loads, etc. ), gen-
erating large deformations in small time intervals and for which 
the theoretical developments and numerical tools have allowed 

the resolution of soil-structure interaction problems efficiently and 
without too many computational problems. 

For problems involving long-term deterioration, these occur 
when the materials are subjected to low load-discharge cycles for 
numerous times, on the order of 105-106. In the case of transport 
infrastructure, this number of cycles indicates the number of axles 
of vehicles that are going to pass over it, an equivalent way of rep-
resenting the total load to which the materials are going to be sub-
jected. Unlike the previous approach, applying certain calculation 
methods is no longer viable and should be used to formulate new 
models, which is key for defining a numerical resolution strategy 
and a constitutive model capable of modeling the long-term dynam-
ic behavior of materials. 

Evolution of long-term deformation due to the number 
of cycles

In transport infrastructure, the design criteria and geometric 
tolerances play a fundamental role in the quality and functional-
ity of the infrastructure throughout the useful life, knowing that to 
guarantee the latter, it is necessary to know the state of deforma-
tion with respect to the original state due to the passage of the suc-
cessive vehicles over it. The knowledge of the resultant settlement 
resulting from the deterioration of the materials that make up the 
infrastructure is key when deciding the periodicity of conservation 
and maintenance plans, as well as the economic and technical re-
sources necessary to return to the quality required in its design. 

One of the alternatives for evaluating the deterioration state in 
a given infrastructure is by quantifying the deformation that can 
accumulate in the different materials that constitute the infrastruc-
ture during its useful life, as a consequence of the total number of 
load cycles applied, proportional to the number of vehicle axles that 
pass over it [5,6]. This deterioration in the materials can be reflect-
ed in the curves of settlement or strain evolution versus time, with 
the time variable represented by the number of load cycles applied 
in the useful life. 

In principle, studies that evaluate the deterioration were of 
greater interest in the field of roads, since they were oriented for 
the sizing of pavements and cross sections. [7] differentiated, by 
conducting tests, three types of behavior in granular materials 
when these were subjected to numerous load cycles. Such behavior 
can be seen in Figure 2, separated by the plastic shakedown and 
creep limits [8]:

•	 Plastic Shakedown (Line 1): The response of the soil is 
completely resilient, and there is no accumulated strain for high 
load cycles, whose ratio decreases rapidly until reaching the state 
of equilibrium and, therefore, does not reach the failure. 

•	 Plastic creep (Line 2): The response is not completely 
resilient, but there are tolerable permanent strains that can reach 
the failure after a high number of load cycles. The strain ratio can be 
of constant or decreasing growth. 
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•	 Incremental collapse (Line 3): Permanent reachable 
strain is not desirable, and the ratio increases rapidly and is able to 
reach the failure with the application of few load cycles. 

Figure 2 shows how the continuous application of loads leads 
to the generation of a succession of strain “micro-increments” that 
accumulate over time and can reach an excessive plastic deforma-

tion that can become the primary concern of designers and tech-
nicians, seeing the possibility that the materials reach different 
service limit states. Depending on the properties of the material to 
be studied (morphological properties, strength, etc.), its deforma-
tional response to the application of successive loads will be similar 
to those shown. 

Figure 2: Typical permanent deformation behaviour under repeated cyclic load [63].

The satisfactory contribution made by the knowledge of the 
deterioration in roads and other similar infrastructure meant that, 
little by little, it was being applied and used for materials of differ-
ent rheology and locatable in other fields, such as those found in 
railway cross sections. The interest to be applicable in this field was 
motivated by the detection of problems caused on railway tracks 
due to the appearance of pathologies related to the appearance of 

plastic deformations, which could lead to the failure of the mate-
rial or of the whole of the infrastructure if not properly controlled 
[6,9]. The failure of the railway cross section, caused by excessive 
permanent strain, may be because the behavior of a single material 
is not entirely safe for the application of a certain number of loads, 
resulting in affecting the entire section due to the joint interaction 
of all the materials. 

Figure 3: Two commons problems associated with plastic deformation on railway tracks: Subgrade progressive failure (a); Excessive subgrade 
plastic deformation (b) [36].

Some of the most common failures detected are the subgrade 
progressive shear failure (see Figure 3(a)), associated mainly with 
fine-grained soils containing clays that usually configure the em-
bankment or foundation of the track and that generate a plastici-
zation and a horizontal and vertical mobilization of the soil (ORE, 
1970); and the excessive subgrade plastic deformation (see Figure 
3(b)), associated with the combination of the joint action of the 
self-weight by consolidation and the application of the railway 
load, which generates large deformations in areas where the great-
est stresses are applied and, therefore, differential settlements in 

the track and subsidence of the ballast and sub-ballast in the lower 
layers [10]. 

Models and parameters that characterize the behavior 
of granular materials under cyclic loads

Since there is evidence that soil or granular media show a 
different behavior in a saturated, semi saturated or dry state, the 
complexity in the study of their behavior increases when consider-
ing their response to dynamic stresses [11]. Throughout the years, 
the realization of infrastructure and other types of construction on 
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different granular media, which could be affected by dynamic de-
mands, led to the performance of investigations and studies to an-
alyze and characterize the mechanical behavior of soils before dif-
ferent physical states and loads [12], particularly if these physical 
states and loads were cyclic. These studies allowed the definition of 
behavior models based on the definition of constitutive equations 
of a complex nature, based on those used by models that consid-
ered the elastoplastic behavior of materials for monotonous loads 
and that could easily be implemented in the numerical tools used 
until that moment. 

In general, a succession of applications of isotropic loads with 
subsequent discharge generates a progressive compaction of the 
particles that make up the medium, causing the soil to experi-
ence two types of deformations in each cycle, one elastic 𝜀𝑒 ,and
the other plastic 𝜀𝑝 (see Figure 4), the latter being the irreversible 
deformation that accumulates as more load cycles are applied. If 
this process is repeated over time, we can say that the soil is being 
subjected to a state of cyclic loading, generating these two types 
of deformations in different proportions according to the behavior 
model of the material itself. 

Figure 4: Hysteresis diagram during cyclic loading.

The appearance of plastic strains during the successive 
charge-discharge cycles causes the stress- strain diagram to acquire 
the hysterical form shown in Figure 4, with the shear stress in the 
ordinate and the shear strain in the abscissa. In the diagram, sev-
eral trajectories can be observed: a “noval” path (OA) [11] of appli-
cation of the load, where the material offers a nonlinear response; 
and an unloading path (AB) in which plastic strains begin to occur 
with a zero stress. One path corresponds to a reverse stress taking 
a maximum value in C, symmetrical with A; and a new loading that 
would lead back to point A and then to a new different cycle. The 
area enclosed by the diagram indicates the damping capacity of the 
system, that is, its capacity to dissipate energy in the loading-un-
loading processes, whether damping of a viscous or hysterical type. 

The complexity of combining the phenomenon of elastoplasti-
city with the dynamic behavior of soils under cyclic loads, especial-
ly for large deformations (γ) of the order of 10-4 to 10-2, favored the 
development of equivalent linear models into which it was intend-
ed to incorporate the nonlinear behavior of the material through a 
modulus of secant strain 𝐺𝑠 (see Figure 4), in a way similar to what 
would be assumed to be a linear-type behavior. In addition, the use 
of this type of model allows the consideration of the effect where an 
increase of the deformation would lead to a decrease in the rigidity 
and to the increase of the damping capacity of the material [13]. 

For the definition of this type of model, two parameters were 
necessary [14,15]: (i) the elastic properties of the material for small 
deformations, obtained by propagation tests of waves of S cutting, 

which induces cyclic shear stresses, and (ii) the functions that gov-
ern material degradation and increased damping with increased 
strain. With respect to the functions that control the degradation 
and damping of the materials, different alternatives have been pro-
posed to characterize the deterioration of material characteristics. 
On the one hand, different researchers have defined empirical an-
alytical relationships, calibrated with experimental studies, that 
consider the effect of soil type, its strength, etc. Some of the most 
widely used relationships are those proposed by [16], which have 
had satisfactory applications for different problems and numerical 
studies [14,17] (see Figure 5). Otherwise, resonant column testing 
with the different materials also allows obtaining the degradation 
curves [18] (see Figure 6) to introduce them in a numerical tool 
that models the deterioration with the application of the successive 
loads [19,20]. When studying the cyclic behavior of a granular ma-
terial, it is important to visualize the different phenomena of plas-
ticity associated with each individual loading process. If we subject 
the granular material to a constant load amplitude, depending on 
its strength and morphological properties, some of the cyclic behav-
iors represented in Figure 7 will occur (Cambou and Hicher, 2010): 
a phenomenon of “adaptation” occurs, in which part of the process 
of successive cycles where there is dissipation of energy and which 
is converging to closed cycles, not dissipative, where the behavior 
is purely resilient. The phenomenon of “accommodation” corre-
sponds to an open cycle with dissipation of energy and an accumu-
lated irreversible deformation that evolves to a stabilized cycle. The 
“ratcheting” phenomenon corresponds to a set of open cycles with 
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accumulated irreversible deformations and which maintains the 
same shape. Different researchers have shown that the reach of the 
elastic state by the granular materials is closely linked to the value 
with the “resilient module”, an essential parameter for the study 
of their behavior under a state of cyclic loads, as their value char-

acterizes the elastic stiffness in each individual cycle of load. [21] 
quantified the value of the resilient modulus 𝑀𝑟 for triaxial tests 
with constant cyclic loading as the ratio of the cyclic deviator stress 
in each load cycle with the recoverable (resilient) strain in the axial 
direction that maintains a constant confining pressure:

Figure 5: Degradation curves (a), and damping ratio curves (b) of railway section materials obtained analytically [15].

Figure 6: Degradation curves of railway section materials obtained experimentally [18].

Figure 7: Behaviour models of granular materials maintaining a constant cyclic amplitude [64].
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where 𝜎𝑑 is the cyclic deviator stress, 𝜎1 and 𝜎3 are the first and 
third principal stresses in each load cycle, and 𝜀𝑟 is the resilient 
strain in the direction of the axial stress (𝜎1) with a constant con-
fining pressure (𝜎3). 

Depending on the physical and mechanical characteristics of 
soils, the variation of the resilient module with respect to the num-
ber of total cycles applied will be different, possibly linear or non-
linear. [22], through cyclic triaxial tests with saturated soft clays, 
showed that the variation of 𝑀𝑟 was decreasing, with a higher ratio 
for the first 1000 cycles, and that after these cycles, it tended to 
a lower variation towards quasi-constant values (see Figure 8(a)), 
probably due to an increase in pore pressure. Conversely, other re-
searchers [23,24] could verify that, in the case of induced compac-

tion of larger particles (i. e., ballast), the variation of Mr is usually 
increased if the number of load cycles applied increases (see Fig-
ure 8(b)). To better understand the physical meaning of the resil-
ient module and its best application to study the cyclic behavior of 
granular materials, different researchers began to identify factors 
to which this parameter could be sensitive [25]. For example, with 
the increase in the cyclic deviator stress 𝜎𝑑, the resilient modulus 
could tend toward increasing or decreasing variations [26-28], or 
the moisture content could affect its tendency toward variation 
[29,30]. All this research was represented in mathematical expres-
sions that could reflect such tendencies for each material studied. 
[31] surmised, from previous studies, that the value of 𝑀𝑟 was sig-
nificantly influenced by three factors: (i) initial state of tension and 
load conditions, (ii) type of soil and (iii) physical state of the soil (i. 
e. , wet, dry density, etc. ), which were introduced implicitly in some 
of the following empirical models of reference:

Figure 8: Variation of resilient modulus with number of cycles for: (a) saturated soft clays [22]; (b) ballast particles [23].

• Bilineal model [32]:

𝑀𝑟 = 𝐾1 + 𝐾2 · 𝜎𝑑 when 𝜎𝑑 < 𝜎𝑑𝑖 (2)

 𝑀𝑟 = 𝐾3 + 𝐾4 · 𝜎𝑑 when 𝜎𝑑 > 𝜎𝑑𝑖

where 𝜎𝑑𝑖 is the deviator stress for which the slope of 𝑀𝑟 chang-
es with respect to 𝜎𝑑; 𝐾1, 𝐾2, 𝐾3, and 𝐾4 are parameters dependent 
on the type and physical state of the soil. 

• Power model [33]:

𝑀𝑟 = 𝑘 · 𝜎𝑑𝑛 (3)

where 𝑘 y and 𝑛 are parameters dependent on the type and
physical state of the soil. 

• Semilog [34]:

𝑀𝑟 = 10(𝑘 −𝑛𝜎𝑑)

log (𝑀𝑟) = 𝑘 − 𝑛𝜎𝑑 (4)

• Hyperbolic model [28]:

. d
r

d

k nM σ
σ
+

=  (5)

• Octahedral model [35]:

oct
r

oct

nM k
m

σ
τ

=  (6)

where 𝑚 is a parameter dependent on the type and physical
state of the soil, and 𝜎𝑜𝑐𝑡 and 𝜏𝑜𝑐𝑡 are the normal and tangential oc-
tahedral stresses.

In Figure 9, some analytical representations of the previous 
models are shown, with observations of the existing differences in 
choosing each of them. The forms of the previous expressions can 
also be used as a reference since, depending on the experimental 
results obtained for each material, the form of one or the other ex-
pression will be advisable.
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Figure 9: Variation of resilient modulus with respect to deviator stress according to the expressions shown in the section 2.2 [31].

Main Prediction Models for Tracking Deterioration

In the previous section, a review of the concept and importance 
of deterioration has been performed for the materials that form a 
transport infrastructure, since the observation of the material’s be-
havior throughout its life is essential for its correct functionality. 
For a given material, such deterioration can be observed through its 
strain number of axles applied to the curve or through the tendency 
of variation of its geomechanical properties.

Most authors considered the joint study of the evolution of the 
strain and the value of the resilient module essential with respect 
to the number of cycles applied, which is the first parameter most 
commonly used for this study. Its choice may be due to greater in-
terest and because of the available tools capable of quantifying, in 
a simple or more complex way, its value with respect to the type of 
material and the number of cycles applied. 

The infrastructure must be designed according to safety and 
efficiency thresholds. Since the end of the 1970s, different authors 
began to consider that any material, in a certain situation, could not 
exceed allowable values of strain in certain transport infrastructure 
so as not to compromise its functionality and the safety of the users. 
Therefore, the criterion that had to be considered for the design 
and stability of the soils that form the infrastructure or that serve as 
a foundation for any type of structure is the following:

𝜀𝑝 ≤ 𝜀𝑝𝑎 (7)

where 𝜀𝑝 is the accumulated plastic strain, and 𝜀𝑝𝑎 is the allow-
able plastic strain for a design period ([36]. Since then, the value of 
𝜀𝑝 has been quantified in different ways for different types of soils 
and in different sets of infrastructures, since the heterogeneity of 
the materials present in the traces of the same materials requires 
knowing the behavior of all of them for the quantity of applied ax-
les.

The quantification of the accumulated plastic strain has been 
evolving according to the tools present in each situation, with the 

use of mathematical models most common in obtaining, a priori, 
a value of strain for a certain number of axles applied. Literature 
today classifies the mathematical models used in these problems 
into two major groups: the empirical-experimental and theoretical 
methods. In addition, recent developments in numerical tools and 
calculation strategies have enabled a possible and advantageous in-
tegration of these methods into a single method that encompasses 
them.

Next, the different prediction models of the deterioration of 
granular materials collected in the state of the art, expressed in Ta-
bles 1, 2 and 3 and applied mostly in the railway field, will be briefly 
described.

Empirical-experimental cumulative models

Mathematical developments and the application of analytical 
expressions that could predict soil deterioration began with greater 
interest in roads [5] and, since then, have continued to develop with 
more interest in the current era due to the interest in build new in-
frastructure and buildings that are located in soils that experience 
unstable behavior in the medium to long term [4,8].

Initially, these expressions were too general and not applicable 
to specific geotechnical problems present in certain types of infra-
structure. This lack of applicability motivated different engineers 
and researchers from different places to deepen the study and 
search for expressions that, with the support of experimental tests, 
allowed them to predict the behavior of materials in different en-
vironments, load conditions and types of infrastructure. The main 
advantage of this type of model is the direct application in prob-
lems without the need to carry out excessive calculations, but due 
to their great empirical load, it is possible that they may not obtain 
very precise results compared to those observed in experimental 
tests or real cases studies, thus, before its application, it is essential 
to know if the values of the different variables involved in the for-
mulation are available.
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Table 1: Empirical-experimental models for prediction of deterioration.

Reference Permanent Strain ( pε ) or Settlement (δ ) 
Equation

Applied Material
Consid-
eration 
in 𝑵 =1

Consider-
ation of N

Constants 
of the 

Material: 
Empirical 
or Experi-

mental

Parame-
ters of the 

Stress State

Other Vari-
ables

Shenton MJ 
[37]

_ 1.(1 log )p b Nε ε= +  

Coarse noncohesive 
granular material 

(ballast)
Yes log 𝑁 - - -

Alva Hurta-
do JED [38] ( ) ( )2

_ 1 1. 0.85 0.38.log 0.05 0.09.logp b N Nε ε ε= + −  

Coarse noncohesive 
granular material 

(ballast)
Yes log 𝑁 - - -

Li D et al. 
[5]

 

. .
m

bd
p

s

a Nσε
σ

 
=  

 

Cohesive (clays) and 
noncohesive (sands) 

granular
No N a,m,b

Cyclic 
deviator 

stress (𝜎𝑑); 
compressive

-

RTRI [39] ( )

76.

4 51. 2 3. .

aa N

d
p a a

s

SR
a a a SR N

ε
 
 =
 − 

 

Coarse noncohesive 
granular material 

(ballast)
No 𝑁 𝑎1 to 𝑎7

Initial shear 
stress ratio 
(𝑆𝑅𝑠); Dy-

namic shear 
stress ratio 

(𝑆𝑅𝑑)

-

Gidel G [44]

1
0 max max

max max

. 1 . .
100

uB
acc

a

L qN sm
p p p

ε ε
−−      = − + −             

 

Cohesive (clays) and 
noncohesive (sands) 
granular materials

Yes 𝑁 𝐵, 𝑢
𝑝𝑚 𝑎𝑥, 𝑞𝑚 𝑎𝑥 

, 𝐿𝑚 𝑎𝑥 = 2 2
max maxp q+

Slope (𝑚 ) and
intersection 

(𝑠) of the
Mohr- Cou-

lomb surface 
in space p-q

Chai JC [43]

 

. . 1
m n

bd id
p

s s

a Nσ σε
σ σ

   
= +   

   

Cohesive (clays) and 
noncohesive (sands) 
granular materials

No 𝑁 𝑎, 𝑚 , 𝑛, 𝑏

Cyclic 
deviator 

stress (𝜎𝑑); 
Initial cyclic 

deviator 
stress (𝜎𝑖𝑑); 

compressive 
strength 

(𝜎𝑠)

-

Niemunis A 
[45] . . . . . .

acc

ampl N e p Yf f f f f f mπε
• •

=
 

Noncohesive granu-
lar material (sands) -

Nf
•

: 
Influence 
function 

of the 
number of 

cycles

𝑓𝑒 : 
Influence 
function 

of the void 
ratio

𝑓𝑝: Influence 
function of 
mean effec-
tive stress; 

𝑓𝑌: Influence 
function of 

mean stress

𝑓𝑎𝑚 𝑝𝑙: Influence 
function 
of strain 

amplitude; 𝑓𝜋: 
Polarization 

function

Indraratna 
B [41] .

_
BBI

p b eβε α=  

Coarse noncohesive 
granular material 

(ballast)
No - 𝛼, 𝛽 -

Ballast break-
age index 

(𝐵𝐵𝐼)

Li Q [50]
1 2 3.ln(1 . ) .p c c N c Nε = + +  

Noncohesive granu-
lar material (sands) No 𝑁 𝑐1, 𝑐2, 𝑐2 - -

Abu Sayeed 
M [1] _ . .(1 ln ) /100

y
zd

p b
s

x Nσε
σ

 
= + 

   

Coarse noncohesive 
granular material 

(ballast)
No ln 𝑁 𝑥, 𝑦, 𝑧

Cyclic 
deviator 

stress (𝜎𝑑); 
compressive 

strength 
(𝜎𝑠)

-

Estaire J 
[42] ( ) . bmm a Nδ =  

Coarse noncohesive 
granular material 

(ballast)
No 𝑁 - -

𝑎 = 4 · 10−4 · 
𝑄 where 𝑄 is

axle load (kN); 
𝑏 = 0.13-0.18
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In the field of railway engineering, based on studies in roads, 
engineers and researchers have reached informed empirical ana-
lytical models in observing the behavior of granular materials con-
stituting the railway platform by considering the different physi-
cal characteristics of the materials and design parameters. Table 1 
shows some of the most common prediction models applied to rail-
way platforms. From these models, ordered by date of publication, 
the different criteria considered in each expression can be observed 
in terms of material characteristics, the stress state of the materials 
(either by strength or under loading conditions) or other variables 
not related to the previous variables. In the table, one can also see 
the different applicability of each of the expressions for the differ-
ent materials that make up the railway platform.

With respect to ballast, the expressions of [37,38] are easy to 
apply since they do not depend on the soil characteristics and stress 
state, instead depending only on the number of cycles applied. The 
purely empirical character and the absence of characteristic param-
eters of the soil, together with the age of the expressions, can gen-
erate uncertainty when using them, and these expressions should 
be used to obtain a first reference deformation that can serve to 
enhance other expressions. More elaborate expressions include 
those published by [39,40], which already take into consideration 
different constants of the material and values of the stress state in 
the ballast. With respect to the second reference deformation, the 
values of the constants are tabulated according to the type of bal-
last used in the track, which facilitates its application. Other expres-
sions, such as those of [41,42], consider other variables such as the 
breakage index of the ballast particles, the type of infrastructure, 
the circulation speed and the load per axle applied to the track.

If we refer to fine-grained soils used for the foundation or em-
bankment of the railway platform, we have a greater variety of for-
mulas of different complexity according to the number of variables 
to be disposed. [5] developed, from tests in different track types, 
an expression to predict deterioration in fine-grained soils that 
has been widely used and validated by different studies developed 
on railway tracks in the United States and whose constants can be 
found in tables and other publications. [43] proposed an improve-
ment of the previous expression of [5] considering the influence of 
the initial deviator stress. The other expressions shown, such as by 
[44], are more complex than the other two previous expressions, 
either because they require more complex stress parameters or 
because an additional calibration is required according to the type 
and behavior of the soil to be used. Among the remaining expres-
sions, we can highlight the high-cycle accumulation model (HCA) 
achieved by [45], a more complex expression obtained experimen-
tally and based on the rate of variation of the strain with respect to 
time, defined as a product of six functions whose development can 
be found in detail in [46-47].

The above expressions do not consider the degradation of the 
mechanical characteristics of materials with the application of 

each cycle, something that is seen in section 2.2. It is important to 
quantify the behavior of these mechanical characteristics of mate-
rials under continuous dynamic loads and examine the extent of 
the deterioration. Currently, the need to understand and improve 
the knowledge of the deterioration of granular materials in certain 
infrastructure means that some of the previous expressions are 
continuously developing so that they can consider new factors that 
influence such predictions. Recently, [48] considered introducing 
the effect that the variation of matric suction would have on the 
deterioration of unsaturated granular soils in a combined equation 
between the expressions of [45,49], arriving at numerical and ex-
perimental results that have shown that an increase in the value 
of the matric suction would lead to a reduction of the accumulated 
strain under cyclic load states.

Constitutive models

Most of the expressions described in Table 1 were proposed to 
predict the cumulative axial strain assuming a constant cyclic ten-
sion throughout the process. These expressions, in addition to not 
considering the degradation of the material, do not consider the re-
distribution of stresses in the materials as a consequence of the ac-
cumulated strain. For more complex and boundary-value problems, 
there was a need to determine the distribution of stress through the 
use of constitutive models before predicting cumulative or residual 
deformation [50], leading to the alternative of using constitutive or 
“theoretical” models for the resolution of problems involving small 
load amplitudes with a high number of cycles.

Unlike empirical models, based on direct application equations, 
the so-called theoretical models are based on physical laws or the 
definition of constitutive laws that make use (or not) of concepts 
belonging to the theory of elasticity or plasticity. In addition to 
the models commonly used in solving geotechnical problems (i.e., 
Mohr-Coulomb, Drucker-Pager, Cam-Clay, etc.), different authors 
have developed constitutive models that seek to adapt to the search 
for these types of solutions, reaching values more precise than 
those that would be obtained with only the application of an em-
pirical- experimental equation. Table 2 summarizes some of these 
theoretical models, whose application has obtained acceptable re-
sults in comparison to those obtained through experimental tests. 
Some of the theoretical models initiate from the concepts of the 
classic theories of plasticity to formulate one or several constitutive 
equations.

[51] formulated an expression that quantifies the accumulated 
plastic strain according to two mechanisms of deformation in solid 
particles, considering the history of load and changes of response 
in the material through the use of theory of plasticity laws. The dif-
ferential equation, shown in Table 2, is characterized by its consis-
tency, since it avoids introducing empirical concepts and laws in its 
set of parameters and equations. Its application is limited to two-di-
mensional or axisymmetric problems under static load conditions 
and without vehicle–track interactions.
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Table 2: Constitutive models developed for problems of granular materials subjected to cyclic loads.

Reference Constitutive 
Model Key Concepts General Equation Limitations

Kolymbas D [52] Elastoplastic

Consideration of theory of 
plasticity. Two mechanisms 

of deformation: frictional 
sliding, volumetric compac-

tion

,
p pp

ij vol cf c
ij ij

d ddk m m
dN dN dN
ε ε

= +
 

Only two-dimen-
sional or axisym-
metric problems. 
Not applicable to 
interaction of dy-
namic problems

Wu W et al. [53] Hypoplastic

Alternative model without 
using classic constitutive 

laws. Consideration of ma-
terial degradation due to 
particle rearrangement.

( , , )h D eσ σ
•

=  

Inconsistency in 
its use

Von Wolffersdoff PA 
[54] Hypoplastic

Division of the equation 
to consider the linearity 
and nonlinearity of the 

material.  ( ) : ( )L D N Dσ σ σ
•

= +

Not considering 
the void ratio and, 

therefore, the 
morphological 
variations and 

deterioration of the 
material

Niemunis AY et al. [55] Hypoplastic

Establishes the relation-
ships between the different 
constants of the materials: 
void ratio and stress state.  

2 2 2
2

1 ˆˆ ˆ ˆ( . ) ( )
ˆe p df f F D a tr D f aF S trD

te
σ σ σ σ

σ

•
 = + + 

Limited use in 
problems involving 
small-scale cyclical 

loads

Wichtmann T [56] Hypoplastic

Consideration of the defor-
mation in the intergranular 
interface layers and reso-
lution capacity for small 

amplitude cycles.
 ( , ) :M e Dσ σ
•

=
-

[52] formulated the “hypoplastic” model, a model alternative to 
classic models by not using fundamentals of the theory of plasticity 
and using a unique equation derived from empirical studies with 
trial and error, in which degradation of the material is considered 
through the rearrangement of the solid skeleton. Later, [53] pro-
posed correcting the deficiencies of the equation by considering its 
decomposition into two parts: one that considered the linear be-
havior of the material and another that considered the nonlinearity, 
reaching the expression shown in Table 2. Finally, [54] established 
the relationships between the different constants of the material, 
with the void ratio and the stress state being the two main factors 
considered. This model was improved so that it could be applied to 
problems with cyclic loads of small amplitude by introducing a new 
variable, the “intergranular deformation”, which could consider the 
history of charges [45,55].

The application of these constitutive models can use the finite 
element method, as has been implemented in recent years. The 
main advantage that would lead to its use in a deterioration predic-
tion problem is its possible greater precision in calculating the plas-
tic strains generated in each load cycle. However, its main disadvan-
tage lies in the excessive numerical errors that could be generated 
for a calculation involving a large number of load cycles [56,57].

Mixed or combined models

To solve the problems that can cause the use of the finite el-
ement method when performing a calculation involving high 
load-unload cycles, a work methodology was proposed that allowed 

taking advantage of each of the two methods above to obtain a more 
accurate prediction of the solution to the problem in question. This 
methodology consisted of the combination of both methods in the 
same calculation process [45], adopting for each model the terms 
of the “implicit” method with conventional numerical calculations 
to evaluate the strain amplitude and the “explicit “ method to study 
the accumulation strain for high values of 𝑁.

In the “implicit” method, each cycle is calculated by means of 
small increments in the finite element, being able to use a constitu-
tive model of the material with a case of pseudo-static or dynamic 
loading. Different authors differ in the number of cycles that are 
appropriate to use in the finite element method without having 
an accumulation of errors that could compromise the resolution. 
[56] clarifies that it would be advisable that this method does not 
exceed 𝑁 < 50, and [57] conclude that 3~4 cycles are appropriate
each time the method is applied efficiently. With respect to the “ex-
plicit” method, this requires the use of a prediction equation that 
allows the introduction of a certain number of load cycles 𝑁 into the
equation to evaluate the strain that would be generated for such a 
number of cycles, that is, as a consequence of the application of all 
these cycles. This approach could be implemented by using some 
of the expressions seen in section 3.1, which would introduce the 
initial values of the stress state, obtained by the implicit method, 
and the parameters corresponding to the type of soil together with 
𝑁 number of cycles.

Finally, Figure 10 shows a calculation method that allows the 
combination of the advantages of both methods in an integrated 
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manner. After the application of the “explicit” step, the character-
istic parameters of the soil along with the distribution of stresses 
and deformations in the elements should be updated through the 

“implicit” model using control cycles to control the numerical error 
caused by each of the calculation steps that are carried out.

Figure 10: Operating scheme of implicit-explicit method [57].

The application of this methodology is still limited because the 
methodology requires a thorough study of the different constitutive 
models in the literature, and depending on the type of problem, a 
calculation strategy will require a greater or lesser complexity de-
pending on the characteristics of the materials, loading conditions 
and results to be obtained. The support that experimental tests 
or already existing results can provide should not be overlooked 
when obtaining an adequate calibration of the possible parameters 
required for the “explicit” method, as well as being able to corrob-

orate the correct functioning of the numerical model. For example, 
the work of the “Institute of Foundation Engineering and Soil Me-
chanics” of Ruhr-University Bochum, where [45,46] defined the ba-
sic principles of application of this methodology in the modeling of 
problems that will involve the evolution of the settlement in differ-
ent types of foundations on the long-term in noncohesive soils, led 
to soil-structure interaction problems with geometries and more 
complex conditions [58,59].

Table 3: Examples of numerical models with “implicit-explicit” method applied to railway platforms.

Reference Studied Ma-
terial

Constitutive Model (Implic-
it Step) Accumulation Model (Explicit Step)

Material 
Degrada-

tion

Dimen-
sion

Number of 
Cycles

Gia Khanh N 
[61] Ballast Hypoplastic behavior . . . . . .

acc

ampl N e p Yf f f f f f mπε
• •

=  ; 
Niemunis et al. [45]

Yes 2D 50000

Ishikawa T 
[62] Ballast Elastic behavior

76.

4 5.
1.( 2 3. ).

aa N

d
p a a

s

SRa
a a a SR N

ε
 

=  − 
 ; 

RTRI [39]

Yes 2D 300000

Chiou JS [60] Subgrade Elastic behavior

. .
m

bd
p

s

a Nσε
σ

 
=  

 
 ; Li & Selig [5]

No 3D 1464600

Bi ZQ [57] Subgrade Modified Cambridge model
 . . . . . .

acc

ampl N e p Yf f f f f f mπε
• •

= ; 
Niemunis et al. [45]

Yes 2D 10000

Relative to railway platforms, some numerical models have 
been developed that seek to obtain the deterioration curve of the 
materials that form the platform. Table 3 shows some of the more 
recent models. Although all of them model the complete railway 

platform, each one of the models analyzes the deterioration in a 
single material, ballast or soil that forms the embankment or sub-
grade. The analysis of a single material can be due to the numerical 
complexity of implementing the constitutive model and the pre-
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diction equation for each of the materials. The rest of the charac-
teristics studied are related to this first characteristic. In the first 
place, all the models, except the one proposed by [60], consider the 
degradation of the studied material in question through the imple-
mentation of a constitutive model or equation that considers such 
an effect. With respect to the dimensions of the model, the same 
previous division is again present; the dimension of the model is es-
sential to obtain an accurate resolution and without involving high 
calculation times. When implementing a constitutive model, differ-
ent authors initially recommend the realization of two- dimension-
al models to observe the sensitivity that the adoption of certain pa-
rameters and the interaction of the different elements of the model 
would imply. This two-dimensionality of the model can be seen in 
[57,61], who implement a hypoplastic model that requires an up-
date and control of the tenso-deformational parameters in each 
calculation step, while [62-66] implement a constitutive equation 
in each “implicit-explicit” transition with a criterion of convergence 
of a certain requirement.

Application recommendations

The information contained in Tables 1-3 helps to quantify the 
accumulated strain in the materials that form the railway platform. 
Therefore, depending on the calculation tools that are available, 
as well as the available data about the materials under analysis, a 
model can be selected to perform the deformation calculations.

 The empirical-experimental models are easy to apply, but it 
is important to note that, depending on the material to be studied 
and the availability of the values of the implicit parameters of their 
characteristics and their tensional state, it is recommended to also 
use another expression. In addition, the high empirical content may 
lead to less accurate results than those observed in other situations.

Theoretical models require the definition of constitutive rela-
tionships for materials that can be implemented in current numer-
ical tools, such as the finite element method, which guarantees ac-
curate results if the model is used correctly. However, the designer 
must be aware of the problems associated with a calculation involv-
ing a high number of loading-unloading cycles, since this calcula-
tion may require a high computational cost and, as a consequence, 
produce a high accumulation of errors in the process. Some authors 
have recommended that this process should not exceed 50 cycles.

Finally, the advantage of using the combined method has been 
explained, since it seeks to solve the limitations of the two previ-
ous models. Its application is still in the development phase, having 
only been applied to two-dimensional models and for a single ma-
terial, and further study should continue.

Conclusion

An updated state of the art with respect to the modeling of long-
term deterioration in granular materials and their application to 
railway platform revision has been offered in this article. From this 
article, the following conclusions can be drawn.

•	 The deterioration can be defined with the capacity of loss 
of the mechanical properties of the granular material in the short or 
long term, depending on its response to the type of action to which 
it is subjected. This factor must also be considered as an additional 
design parameter to avoid reaching limit states that compromise 
the safety and functionality of the infrastructure. 

•	 The variation in time of the resilient module 𝑀𝑟 with the 
application of the successive load cycles can be essential when char-
acterizing the dynamic behavior of the materials. This variation will 
be different depending on the type of soil, its physical conditions 
and the type of load to which it will be subjected. 

•	 Different models have been detected to quantify the accu-
mulated plastic strain due to the high number of cyclic loads. These 
models have been grouped into three types according to the nature 
of the formulation used: empirical, theoretical and combined mod-
els. 

•	 The analytical models of deterioration prediction are use-
ful when calculating, as a first approximation, the strains that occur 
in the infrastructure, but the use of these models must be in accor-
dance with the case to be studied and with the available data of the 
characteristics of the material and its stress state. 

•	 The use of theoretical models that require the definition 
of constitutive laws for materials offers more accurate results than 
empirical expressions, but these theoretical models should be used 
with consideration of the possible computational problems that 
can occur during the calculation process. 

•	 To solve the limitations of the two previous models, the 
combination of both is proposed through the combined models. 
Its current use is scarce and should continue to be developed for 
future problems involving geometries and more complex loading 
conditions. 

•	 Three tables have been developed that can serve as a 
guide for designers and technicians of railway infrastructure so 
that, depending on the available data, different models can be se-
lected to quantify the deformation accumulated in the track.
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