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Abstruct

This monograph is devoted to the study of some boundary value problems for the
polyharmonic equation in the unit ball § ¢ R”, having high-order normal derivatives
or Laplacians in the boundary conditions. First, the formulation of a general boundary
value problem for the polyharmonic equation in § with high-order normal derivatives
on the boundary is presented and conditions for its solvability are obtained. For fur-
ther research, based on the method of normalized systems of functions, a complete
system of orthogonal harmonic polynomials {H lgi) (x) :i=1,...,h} is constructed
and its properties are investigated.

Further in the book, specific problems of Dirichlet, Neumann (the formulation of
the problem is proposed by A.V. Bitsadze), problems of the Neumann type, the Navier
problem and the Riquier-Neumann problem are considered. In addition, in the last
chapter boundary value problems for a nonlocal biharmonic equation with involution
are studied and eigenfunctions of the nonlocal Laplace operator with double involu-
tion are also investigated.

To find the solvability conditions for the homogeneous boundary value problems
of Neumann type, various number triangles are introduced and studied. For example,
the Neumann triangle P, triangles B and H are presented as well as related integral
identities on the unit sphere for normal derivatives of polyharmonic functions are ob-
tained. These identities are important for the solvability of Neumann-type problems.
Here, using rows of matrices of a special form H,, the values at the origin of the
Laplacians of m-harmonic in S functions are found.

To find solutions to the inhomogeneous polyharmonic equation, the concept of an
elementary solution to the polyharmonic equation is introduced, as well as a special
form of the fundamental solution &,,,(x, &), with the help of which an explicit repre-
sentation of the Green’s function of the Dirichlet problem G,,,(x, ¢) for the polyhar-
monic equation in the unit ball is obtained. In addition, an explicit representation of
the solution to the Dirichlet problem for the homogeneous polyharmonic equation in
the unit ball is found, without using the Green’s function of the problem. This solu-
tion to the Dirichlet problem is represented as an operator polynomial acting on the
solutions of various Dirichlet problems for the Laplace equation related to the bound-
ary functions of the original Dirichlet problem. Solutions to a class of Neumann type
problems N are presented through the solution of the auxiliary Dirichlet problem.
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In addition, the solvability of two types of problems for the biharmonic equation are
studied: the generalized Dirichlet-Riquier problem and one Neumann type problem
not included in N;.

For the Navier and Riquier-Neumann boundary value problems for the m-harmonic
equation in a ball, an integral representation of functions from C>"(D) N C*"~1(D)
is found and Green’s functions are constructed. Using Green’s functions, an explicit
form of solution to the problems under consideration is obtained. In a particular case,
the Green’s function of the Robin problem for the Poisson equation in the unit ball S
is presented.

Much attention in the work is paid to the construction of polynomial solutions of
the problems under study with polynomial boundary data and the right-hand side of
the equation. This includes the construction of polynomial solutions to Dirichlet,
Neumann, Navier, Riquier-Neumann and Neumann type problems.

MSC: 31A30, 31B25, 31B30, 31B35, 35J05, 35J08, 35J40, 35J60, 35P10, 35R10
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Preface

This monograph contains a presentation of some author’s results obtained in the field
of boundary value problems for polyharmonic equation in the unit ball, having high-
order normal derivatives or Laplacians in the boundary conditions. The results ob-
tained over the past 8 years are mainly presented. The Dirichlet and Neumann prob-
lems, Neumann type problems, the Navier problem and the Riquier-Neumann prob-
lem are considered. Both conditions for the solvability of boundary value problems
and methods for constructing solutions to these problems in explicit form are pre-
sented. For this purpose, the method of finding the Green’s functions of the problem
is used, as well as another method based on the operator representation of solutions.
For boundary value problems with polynomial boundary data and the right side of
the equation, formulas are given for finding polynomial solutions.

In addition, the last chapter of the monograph presents two results on the study of
nonlocal boundary value problems. Four problems for a nonlocal biharmonic equa-
tion with involution and the problem of finding and studying the eigenfunctions of
the nonlocal Laplace operator with double involution are considered.

In order not to refer the reader to the author’s earlier results used in the monograph,
these results are also presented in the text with proof.

Statements of specific problems, the state of research and literature on the prob-
lems considered, as well as an overview of the results obtained in the monograph are
described at the beginning of the corresponding chapters and sections.
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Chapter 1

Boundary value problems with high order nor-
mal derivatives in boundary conditions

The first chapter is in the nature of an introduction to the results obtained by the author
on the study of a class of boundary value problems for the polyharmonic equation,
mainly in the unit ball § = {x € R" : |x| < 1}. First, in Section 1.1 a class of bound-
ary value problems for the polyharmonic equation in the unit ball, which can contain
in the boundary conditions normal derivatives of a higher order than the order of the
equation is defined. We call such problems as problems of type H. In Section 1.1.1
the necessary conditions for the solvability of the problem 7 for the harmonic equa-
tion are obtained. Example 1.1 is given. Then, in Section 1.1.2, basing on Lemmas
1.1-1.5, in Theorem 1.2 the necessary and sufficient conditions for the existence and
uniqueness of a solution to the problem #,, for homogeneous m-harmonic equation
are presented. The class of considered problems is quite wide, since the well-known
Dirichlet and Neumann problems are included in it. The first results known to the
author on such problems are the papers [19,59, 163]. As the most general results on
the study of the index of a boundary value problem for the polyharmonic equation on
a plane containing normal derivatives and Laplacians in the boundary conditions, we
note the papers [132, 164].

Section 1.2 gives a brief description of the method of normalized systems of func-
tions [89] and presents the properties of such systems. Theorem 1.3 demonstrates
a normalized system of functions with respect to the Laplace operator A. Example
1.2 is given. Based on the obtained system, Theorem 1.4 investigates the solvabil-
ity of the Navier problem for the polyharmonic equation. It is worth mentioning the
paper [189], where solutions to the super-Poisson and super-polyharmonic equations
are obtained using normalized systems of functions.

In Section 1.3, based on the method of normalized systems of functions, some spe-
cial polynomials and functions are constructed that are used in the study of boundary
value problems for the polyharmonic equation. Here, a complete system of homoge-
neous harmonic polynomials in n variables {G(,)(x)} is constructed (Theorem 1.5),

www.irispublishers.com 11
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which is orthogonal in L,(9S) (Theorem 1.6) and in # (Theorem 1.7). In Section
1.3.2 the concept of a G-function is introduced. Connections between G-functions
and the Legendre polynomials (Theorem 1.11), and G-functions and the Chebyshev
polynomials (Theorem 1.12) are established. Rodrigue’s formula is also given (The-
orem 1.13). In Section 1.3.3 the orthogonality of G-functions Gi’” (7) on the interval
[-1,1] with weight p(r) = (1 — 2)*3)/2 is proved (Theorem 1.14). Illustrative
examples 1.3-1.5 are given. The results of Chapter 1 are given in more detail in pa-
pers [60-62,64—-69,72].

1.1 Problem H,, for the m-harmonic equation in the unit ball

In order to clarify the solvability conditions for the problem H,, for the m-harmonic
equation, let us first consider a simpler problem for the Laplace equation containing
high-order normal derivatives in boundary conditions. It is the problem H;.

1.1.1 Problem H; for the Laplace equation

Problem . Find a function u € C*(S) such that |x|*0*u/dv* € C(§) for0 < k <
m, satisfying in the unit ball S = {x € R" : |x| < 1} the conditions

Au(x) =0,x€S; Py, (ai) ups = f(s), s €4S, (1.1.1)
v

where f € C(0S), du/dv is the derivative with respect to the direction of the outer
normal to the sphere of radius |x|, and P,,(t) is an arbitrary polynomial of degree m
over R.

To study this problem, we introduce the following differential operator

N0
A= inﬁ_xi’

i=1
which will also be used extensively in all the chapters below. It has the property: if

u(x) is a harmonic function, then Au(x) is also a harmonic function. This immedi-
ately follows from the equality

n

AAu(x) = Z A(xjuy,) = inAuxi + ZZ Uyy; = (A +2)Au(x).
i=1

i:] l:1

www.irispublishers.com 12
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Definition 1.1. Let the polynomial P, (1) = X7, pxt* be given, then the polynomial

Py () = > pat™),
k=0

which is obtained from the polynomial P,,(¢) by replacing the monomials of the kth
order — ¥ with the factorial powers of these monomials — Il = 7(r—=1) - -- (t =k +1),
we call the factorial polynomial corresponding to P,,(?).

For brevity, we also sometimes use the notation 5! = %/ k1.

Stirling numbers of the first kind s(n, k) are associated with the monomials tlnl,
They are found from equality

n

= Z s(n, k)t*.

k=0
For Stirling numbers of the first kind s(#n, k) the recurrence relation holds
s(in,k)=s(n—-1,k-1)-(n—-1)s(n—-1,k), 0<k<n,

provided s(0,0) = 1, s(n,0) = 0. Stirling numbers of the first kind s(n, k) can be
arranged in the form of a number triangle

1
01
0 -1 1
02 -3 1 (1.1.2)
0 -6 11 -6 1
0 24 -50 35 -10 1
s(nk)=s(n-1,k—-1)—(n-1)s(n—-1,k)

Along with Stirling numbers of the first kind, there are also Stirling numbers of the
second kind S(n, k), which are found from the equality

n
" = Z S(n, k)rkl,
=0

For Stirling numbers of the second kind S(n, k) the recurrence relation holds

S(n,k)=Sn-1,k-1)+kS(n-1,k), O0<k<n

www.irispublishers.com 13
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provided S(0,0) = 1, S(n,0) = 0. Stirling numbers of the second kind S(n, k) can
be arranged in the form of a number triangle

1
0 1
011
0131 (1.1.3)
01761
01 15 25 10 1
S(n,k) =S(n—1,k=1)+kS(n—1,k)

We denote the Poisson kernel of the Dirichlet problem in S by D(x, £), and its
derivatives with respect to variable x through D )(Ca) (x,8).

Let Ay, ..., 4; be the roots of the polynomial P, (), and ky, .. ., k; be their mul-
tiplicities and 4 = max; {[Re 4;]}, where [.] is an integer part of a number. Let
Hj (x) denote homogeneous harmonic polynomials of kth degree. Let us introduce
the function

Rﬁ(x,g):/() ZZ( /71y

i=1 j=

x (D(rx,€) - Z(rx)“'D(“)(o 5)) ey

|a|=0
in which the constants C;; satisfy the equality

1

[ ki
m](t) ZZC,](I—/I)_

i=1l j=

and a polynomial

A
ua(x) = Z |a|) ,

such that |
w=— [ DO0.oE de
Wn Jos
for || ¢ {A1,...,4;} and a, = 0 otherwise. Here w,, is the area of the unit sphere in
R™.

www.irispublishers.com 14
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Let us introduce the set I = {44, ..., 4;} N Ny consisting of non-negative integer
zeros of the polynomial Py, (7).

Theorem 1.1. A solution to problem (1.1.1) exists if and only if the following orthog-
onality condition is satisfied

el =V, [ Hi@)e d =0
S
If a solution to problem H exists, then it can be represented in the form
1
o) =)+ o [ Rie)f(0) e

n

and this solution is unique up to homogeneous harmonic polynomials, the degrees of
which belong to the set 1.

Proof. The proof of the theorem repeats the proof of the more general Theorem 1.2
for a more general problem and therefore we do not present it completely. To clarify
the essence of the conditions for the existence of a solution to the problem #;, we
present only a proof of the necessity of these conditions.

So, let a solution to problem ) exist. Since the conditions |x|*d*u/dv* € C(S),
0 < k < m are satisfied, then using the following equality for the normal v to a sphere
of radius |x| (see equality (2.1.10) from Lemma 2.1 on page 72)

ok X
= x| kALK

from which it immediately follows that (see Corollary 2.1 on page 73)

9
(Pm (5) u(x) = Pp (A)u(x)) |aS =0,

we can easily find that the function v(x) = Py, (A)u(x) is harmonic in S, continuous
in § and v|ss = f. Let us use the system of harmonic polynomials {H ]El)(x) D=
1,..., hi} from Definition 1.5. These polynomials are normalized so that fa S(H,Ei) (x))% ds, =

Wy,

The function v(x) in some neighborhood of zero can be represented as a series

oo hy
v(x) = Z Z RHD (), K = wi /6 S H (&) f(€) dsg, x| <a <1

k=0 i=1
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(see Theorem 1.8 on page 50). Substituting into the equality P, (A)u(x) = v(x) the
function u(x), also taken as a series

oo hy

1 i) (i
u(x) = _ZZUIE)HIE)(X)’ x| <a <1,

k=0 i=1

and then multiplying the resulting equality by H l(j ) (x) and integrating over a sphere
of radius a < 1, taking advantage of the uniform convergence of the series and the
orthogonality of the polynomials H,(;) (x) on the sphere, we get

U P =1 = [ HP@f ) de.

In fact, the polynomials H](f) (x) are differently designated harmonic polynomials
G (y)(x) from Theorem 1.5 on page 44. An equation is obtained for unknown coeffi-

cients U l(j ). Tt is solvable only if the condition is met

Piy(D) = 0= Vj =TI, /8 1@ dg =0

which coincides with the conditions of the theorem. Therefore, the solution u(x) can
be written in the form

_k 2 aShf,i”(f)f(é) dé, |x|<a<1

=< Pim (k)
and transformed to the form given in the theorem (see Theorem 1.2 below). The
necessity of the conditions of the theorem is proved. O

Remark 1.1. The problem H; for the Poisson equation in a ball is considered in [62],
in the half-space is given in [66], and for the Helmholtz equation contains in [61].

Example 1.1. Let us give an example of using Theorem 1.1 for a problem of the form

0"u
A = : R =
u(x) =0,x€S; T f(s), s € 08,

which can be called the generalized Neumann problem [30, 66, 163].

In this case P,,(t) = t™, m € Ny. Since I = {0, 1,...,m—1}, from Theorem 1.1 it
follows that a solution to such a problem H exists if and only if, for any polynomial
Hj (x) of degree k < m the equality holds

/ H(6) £ (&) dé = 0.
oS
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The solution to the problem is unique up to polynomials of (m — 1)th degree and
presented in the form

u(x) = up_1(x) + L/ Ry-1(x, &) f (&) dé.
as

n

The unknowns C} included in the function R,,_;(x,¢) are determined from the

condition
m Ck
Pl — =1
/; A-—k+1
and look like .
—1)ym-
Cy = (-1 )
(k=1)!(m—-k)!
Therefore we have
1 m dr
Ru.8) = [ (1= D) - Y (0Dl 0.0 5.
0 la|=0 T

In addition, according to the definition of the polynomial u, (x), the equality u,,—; (x)
0 is true. For m = 1 we come to the result obtained by A.V. Bitsadze in [30].

1.1.2 Problem H,, for polyharmonic equation

Consider the following non-classical problem for the polyharmonic equation, which
naturally generalizes the 9H; problem from the previous section and Sections 2.1, 3.3
and 3.4. Let now m denote the order of polyharmonicity of the equation.

Problem H,,. Find a function u € C?"(S), satisfying in the unit ball § = {x €
R : |x| < 1} the conditions

A"u(x) =0, x € S;

0

_ (1.1.4)
Py, | —ulos = fi(s), s €S, i=1,m,

ov

where f; € C%(0S), s; € Ny, du/dv is the derivative in the direction of the outer
normal to the sphere of radius |x|, P, (¢) are arbitrary polynomials of degrees m;
over R, and such that |x|/07u/dv/ € C(S) for j < max;{m;}. The numbers s; will be
specified below.
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Let us investigate the existence and uniqueness of the posed problem H,,, and also
try to construct its solution. In the simplest case, when P, (t) = ™, s; = m — i and
for m; = i — 1 the problem H,, turns into the Dirichlet problem (see Chapter 2), when
m; = 1 becomes a Neumann problem, and when m; = k +i (k € N) turns into a
Neumann type problem (see Chapter 3).

Suppose that the system of polynomials {P,, () : i = 1, m} is linearly independent.
As for the Laplace equation, let us denote by P () the polynomial, obtained from
the polynomial P(f) by replacing the monomials ¢ at i € Ny with Il = ¢(r —
I)---(t—=i+1).

Lemma 1.1. Let u(x) be a solution to problem H,,, then

m

u() =y (1 - |x|2)i_1 (%), (1.1.5)

i=1

where the harmonic functions u;(x) in S are such that the function U(x) = (u1(x),
..o, Uy (X)) satisfies the matrix equation

P(tD,)U(tx) = V(tx), |t| <1, (1.1.6)

in which x € S, the coordinates of the vector V(x) are solutions to the Dirichlet
boundary value problems

Avi(x) =0,x €S8; vilags = fi(s), s € S,
i=1,...,m, and the matrix
P(1)=Q(1) xC (1.1.7)

has coefficients

’

Q) = (Pim) (A +2) =2)); 7 C = (<—1)"(]:))

i ]/i,j=0,m-1

where (}) = 0 when j < i.

Proof. In accordance with the Almansi formula [5], every k-harmonic function u(x)
in S can be written in the form (1.1.5) whence

u(x) = Z:(—l)j_1 Z (;__11)|X|2j_2ui(X).
=1 1

i=
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Let v(x) be some function harmonic in S. Using the equality (see Lemma 2.1 on
page 72 and proof of Theorem 3.1 on page 156)

k
() = A+ D),
-

where, as before, A = x10/dx| + - - - + x,0/0x,, v is the outer normal to the sphere
of radius |x| and bearing in mind that the function g (A + ¢)v(x) is harmonic in $ for
any polynomial g, (x) and ¢ € C, we can verify that the function

V(x) = P(A)U(x)

_ (i(_l)k—l(i : 1)P[mi] (A + 2k — 2))

__U(x), (1.1.8)
= I,m

i,j=1,
x € S due to the conditions (1.1.4) must be a solution to the Dirichlet problem
AV(x)=0,x€S8; Vl]gs= f(s), s €S,

where f = (f1,..., fi). So, the function U(x) is a solution to the equation (1.1.8).
Further, it is easy to verify that if U(x) is a solution to the equation (1.1.8), then U (zx)
satisfies the equation (1.1.6) for |¢| < 1. The lemma is proved. O

Remark 1.2. If the function U(tx) satisfies the equation (1.1.6) with || < 1, x €
S, then U(x) satisfies the equation (1.1.8), which means that u(x) from (1.1.5) is a
solution to problem H,,.

Let P’(¢) denote a matrix having the property
P(t)P’'(t) = diag(det P(t)),
and let P*(¢) be the conjugate matrix with P(¢). We introduce the numbers

w; = max max(deg p i (¢) + deg p; (1)), (1.1.9)
J

where p; ;(t) and p; j(t) are elements of the matrices P(¢) and P’(¢), respectively,
K =tk

Lemma 1.2. Ler det P(1) # 0 and functions ¢;(t), where i = 1,m be such that
det P(k) = 0 = Vi, gogk)(O) = 0. Let also equations

det P(tD)w;(t) = ¢;(t), i=1,m (1.1.10)
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have analytical solutions in (—1,1). Then, any analytic solution in (-1, 1) of the
matrix equation

P(tD)U(t) = D(1), (1.1.11)
in which ® = (@1, ..., o) is denoted, can be written as
U(t) = P'(tD;)W(t). (1.1.12)

Moreover, if wi(t) € C¥(|t| £ 1), then the solution (1.1.12) satisfies the equation
(1.1.11) for t — +1.

Proof. LetU(t) = (uy(t),...,u,(t)) be an analytical solution in (-1, 1) to the equa-
tion (1.1.11). Then, by virtue of equality

P(tD;) (Uktk) = *P(k)U,, (1.1.13)

in which Uy is a constant vector and k € Ny, from the equation (1.1.11), taking into
account the Taylor formula and the conditions of the lemma, for small # we obtain

U(t) = ZP (k) ®® (0) ——— d v ( o

Using again the equality (1.1.13) for the matrix P’(¢), we have
k !
™

U(t) _P(rD)Zcb(k)(O)d Y20 (1.1.14)

From the equations (1.1.10), for small r we find

W(t) = Z o (0)———~

which means, taking into account (1.1.14), the equality (1.1.12) for small 7 is proved.
Due to the fact that the function U (¢) obtained from (1.1.12) is a solution to the system
(1.1.11) for all t € (-1, 1), then the equality (1.1.12) can be considered valid for all
tre(-1,1).

It is easy to see that for the equation (1.1.11) to be satisfied in [—1, 1] it is enough
to require that u; € C*/(|t| < 1), where s; = max deg pi,j(4). From (1.1.12) we can

de tP(k)

conclude that the condition on u () are satisfied if p; ;(tD;)w;(t) € C% (|t| < 1) for
any i = 1, m. The last condition obviously holds true if w; € C“i(|¢t| < 1) with the
exponent w; found by the equality (1.1.9). The lemma is proved. O
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Lemma 1.3. Let Ay, . . ., A; be different roots of the polynomial Qi (), and their mul-
tiplicities be ki, ..., k;, and let qx # 0 be the leading coefficient of Qi (A). Let us
assume that there is at least one system of functions v; ; € C/(|t| < 1) that satisfies
the condition

(tD; = ;) vi j(2) = vij-1(1), vio(t) = (1), (1.1.15)
where 1 <i <1, 1< j < k;. Then, any solution to the equation
Qr(tD)W (1) = (1), (1.1.16)
in which |t| <1, ¢ € C(|t| £ 1) can be represented as
I ki
W(t) = ZZCi,jui,j(z), (1.1.17)
i=1 j=1

where the constants C; ;j are unique and satisfy the equality

I ki
0k() Y > Ciya=-a)7 =1, (1.1.18)

i=1 j=1
and the functions u; ;(t) obey the conditions (1.1.15).

Proof. Itis enough to prove that at least one particular solution of the equation (1.1.16)
can be represented in the form (1.1.17).

19, Let us choose u;, j(t) = v; (). Taking into account the condition (1.1.15), we
find
(tDt - /l) I/t,',j(l) = (/11' - /l) I/t,',j([) + I/tl"j_l(l‘). (1119)

Acting on the function W(¢) from (1.1.17) k; times with the operator (1D; — 1;),
then applying the operator (1D — A;) to the result k; times, etc. ., using (1.1.15) and
(1.1.19), we equate to zero all coefficients arising for the function ¢(t), except for the
last one, which we equate to q;l.

As a result of executing the described algorithm, a linear system of equations for
C; j arises. If we now choose C; ; to satisfy this system, then the function W(#) from
(1.1.17) will be k times continuously differentiable in [—1, 1] and will satisfy the
equation (1.1.16).

20, Multiplying the expression
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ki times on (1 — A;), then k; times on (A — A3), etc., using the equalities
A=)A =) = =)A= 2) + (A -)", (1.1.20)

we equate to zero all terms that do not contain powers (1 — 4;), except for the last one,
which we equate to q;l.

Comparing the algorithms described in 1° and 2°, we are convinced that the sys-
tems of equations obtained from them for C; ; are identical. It is known that C; ;
satisfying the system obtained by algorithm from 2° exist and are unique for any
polynomial Q(A). The lemma is proved. O

Let us denote X (1) = d%p/0%z, and as usual O(-1, 1) is the set of analytic in
(=1, 1) functions. Let [/] be the integer part of the number /.

Lemma 1.4. The equation
(tD; = DX w(r) = (1), 1] <1 (1.1.21)
forw, ¢ € O(—1, 1) is solvable if and only if
1eNy= oY) =0

The only solution to the equation (1.1.21), for A € Ny up to monomials of powers
A € Ny, can be represented in the form

[Re 1] (l)(O) l'
w(r) = Z ("j_ﬂ)k

[Re 1]

+tﬂ/0tlnk_;#( (1) - Z o (0)7" )dT (1.1.22)

Proof. Let t be small enough. If 1 ¢ Ny, then, using the equality (rD; — )t* =
(s — A)t*, we easily arrive at the statement

o(t) = Z oit! = w(t) = Z /l)k (1.1.23)

If A € Ny, then the necessary condition for the existence of a solution to the equa-
tion (1.1.21) is immediately obtained in the form ¢, = 0, and the solution can be
written as

(o)

win =y LA (1.1.24)

Y
i=0, i#AE€N (i-2)
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It is easy to verify that for i > Re A the equality
L dr t
A i1..k—1,!
t TIn"" " (t/T = ,
/0 0T = T

holds true and therefore for small 7, in accordance with (1.1.23) and (1.1.24), the
solution of (1.1.21) can be written in the form (1.1.22).

Let now ¢t € [—1, 1]. The function on the right side of (1.1.22) is defined if

LeNy= ¢, = W (0)/21 = 0.

Due to the analyticity of w(#) in a neighborhood of zero (1.1.24), the analyticity
of w(t) in (-1, 1) follows from the analyticity in (—1,0) U (0, 1) the function

v,

for which Re o < 1, j € Ny, and () is analytic in (—1,0) U (0, 1).

To prove the uniqueness of the solution (1.1.22) it is enough to note that a solution
of the form w(z) + tCIn’'r (component of the general solution) is analytical in
(=1, 1) solution of the equation (1.1.21) if and only if 4 € Ny and j = 0. The lemma
is proved. O

Corollary 1.1. If ¢ € C!(Jt| < 1) N O(-1, 1) and there exists an analytical solution
to the equation (1.1.16) in (=1, 1), then w € C**(J¢t| < 1).

Proof. From Lemma 1.4, using the form of solution to the equation (1.1.21) for & =
1, ¢ =, we deduce that

yelClil<Dno-1,1)=welC*(Jt| <) NnO(-1,1). (1.1.25)

Let us represent the equation (1.1.16) in the form
(tD; = A1) @, (tD)w(1) = ().

Denoting
Q1 (tD)w (1) = wi(2),
by (1.1.25) and the conditions of the corollary, we obtain w; € C*I(|f] < 1) n
O(-1, 1). By doing the same with the polynomial Q7 (1), and then continuing this
process further, we arrive at the statement of the corollary. O
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Lemma 1.5. The system of polynomials pi(A), ..., pi(A) is linearly independent if
and only if the determinant of the matrix

Ae(D) = (pi(A+ (j = Do), ;17
with some Ay # 0 is identically zero.
Proof. The necessity of the lemma’s conditions is obvious, since the matrix Az (1),

in the case of the linearly dependent system of polynomials pi(A), ..., px(1), have
linearly dependent rows.

Let us prove the sufficiency. Let k£ = 2. Let us assume that

_ p1(A) pi(A+29)\ _
det Ag() = det P! 41 P14 T =0, (1.1.26)

We introduce a strict order on C

<o (Re/ll < Re/b) \Y ((Re/ll = Re/lz) A (Im/ll < Im/lz)).

Let us denote the roots of the polynomial p{(1) by u; < --- < u,, where s is
obviously not greater than deg p(1). From a simple statement

A#0= (YAeC, A<+ V (VA C, 21> 2+ )

it follows that for the validity of (1.1.26) it is necessary either p;(us;) = O when
Ao > 0, or pa(uy) = 0 otherwise. Designating

pi() = pi(D)/(A - py),

if 1o > 0, and replacing u; in this notation with w1, if 19 < 0, we find that the identity
(1.1.26) is equivalent to the identity

det (p} (A + (j — 1)A0) )Ii,j=ﬁ = 0.

Continuing this process, we conclude that the equality (1.1.26) is also equivalent
to the following identity

1 1 ~
det(r(/l) r(/l+/10)) =0, (1.1.27)

where the notation (A1) = p»(1)/p1(A) is introduced. The identity (1.1.27) is valid
only when (A1) = const. This means that the identity (1.1.26) is satisfied only in the
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case when p(1d) = Cpa(Q), i.e. for linear dependence of the polynomials p; (A1) and
p2(d).

Let the conditions of the lemma be sufficient for k = s. Let us show their suffi-
ciency for k = s + 1. The equality takes place

s—1

[ 1p1(a+0) detAsar(a) =
j=1

(1.1.28)

_ det (d t(l?l(/l +(j = Do) pi1(4 +J'/10)))

pi(A+(j—DAo) pi(d+jo)]]i=25+1
i=1,s

J
Let us prove it. We denote the right-hand side of (1.1.28) by I;. It is obvious that

Iy = det (r;(A + (j — 1)0))

i=2,s+1
,:1—
where

ri(A) = p1(AQ)pi(A + A9) — pi()p1(A + A9).

Let us write /5 as a sum of determinants of order s, using the linearity property
of the determinant with respect to the columns. Let us associate each term in the
resulting sum with an integer vector @ = («aq, ..., @) in the following way: if in this
determinant in place of the column with number j there is a column of the form

(P1(A+ (j = DA)PiA + jA0)), 5577

then @; = 1, but @; = 2 otherwise. We denote each determinant of the sum under
consideration by A,. Then we get

Iy= " A (1.1.29)

It is easy to see that det A, = 0 for those a for which a; < a;4; for some number
[, (1 < < s), since the determinant A, contains linearly dependent columns with
numbers [ and [ + 1. Vectors « that do not satisfy the specified condition have the
form

CZ(())=(1,...,1), &(1)=(2,1,...,1),
o) = (2,2,1,...,1),...,a0 = (2,...,2).

www.irispublishers.com 25


www.irispublishers.com

Iris Journal of Mathematics Chapter 1, Section 1.1 V.V. Karachik

The vector «(;) corresponds to a determinant whose first / columns can be repre-
sented in the form

. . T .
p1(A+j20) (pi(A+ (j = DA0)), 55 J =101,

and the rest in the form

. . T .
1A+ (j = D) (pi(A+ jA0)), 55y T =1+ 1.5

If now, from each term of the sum (1.1.29) we take out the common factor [ | ;j pi1(A+

jAo), then the remaining sum is represent the expansion of the determinant Ay, (A1)
by elements of the first row. The equality (1.1.28) is proved.

Let us continue the induction. Let detAg41(A1) = 0. Then, using (1.1.28) and the
induction hypothesis, we conclude that there are ¢; € C, not all zero and such that
Zf:zl c;ri(4) = 0. Introducing the designation

s+1

g(A) = D cipi(A),

i=2

convert the resulting sum to the form

p1(A) pir(A+ )
det(qw qumo))

Il
S

Hence, due to the validity of the lemma for k = 2, there is a ¢; # 0 such that g(1) +
c1p1(4) = 0. Taking into account the form of g(A1), we conclude that the system
of polynomials p(A4),..., ps+1(A) is linearly dependent. Since s is arbitrary, the
sufficiency of the conditions of the lemma is established. The lemma is proved. O

Let us denote the Poisson kernel of the Dirichlet problem in S and its partial deriva-
tives of order a by D,(Ca) (x;y), where @ = (ay,...,a,) is multiindex. Let A1, ..., 4,
be the roots of the polynomial det P(¢), and k1, ..., k; be their multiplicities,

v =max[Re;], p=deg(detP(1)), I=Non{A,..., 4}
Let us denote harmonic polynomials of kth degree by Hy(x) and set f(x) =

(fix),..., fm(x)). Lets; = w; — u, where w; is taken from the equality (1.1.9).
Let us introduce the matrix
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ki

1
Rixi) = PaD) (1 [ ) Gyt a/n(Dirrig)

i=1 j=1

_ Z (x)*' DY (0; g)) (1.1.30)

|r|=0

(t/t)h +1)’

in which C;; satisfy the equality (1.1.18) with Q(1) = det P(1) and the vector

U,(x) = ZV: Agx ™',

|r[=0

defined by the vectors A,, which are some solutions of the equation
_ (@ (.
P(la)Ae = — [ Dy 7(0;8)f (&) dé.
Wn J s

The main result of this section is formulated as follows.

Theorem 1.2. Let f; € C¥7H*¢ for ¢ > 0, where the numbers w; are taken from
(1.1.9), u = deg (det P(Q)) and the matrix P(Q) is defined in (1.1.7). A solution to
problem H,, exists if and only if the following condition is satisfied

VA € I, Vb (P*(A)b = 0), VH,(x) /M D bif(©H () dE =0 (1.131)
i=1

If a solution to the problem H,, exists, then it can be represented in the form (1.1.5)
with the function U(x) = (u;(x), ..., u,(x)) given by the equality

Ux) = Uy(x) + — / Ry (x,6)f(€) de. (1.1.32)
Wn Jos

n

where R, (x, &) is taken from (1.1.30). This solution is unique up to polynomials of
the form

k -
) = D a (1= 1) .

i=1

for which A € I, and the vector a is such that P(1)a =0

Proof. Using Lemma 1.1 and Remark 1.2 we reduce finding a solution of the problem
H,, to solving the equation (1.1.11) with ®(¢) = V(zx), where V(x) is the vector
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solution to the Dirichlet problems. Since the harmonic in S function V(x), generates
the function V(zx) (x € ), analytic in (-1, 1), then the equation (1.1.11) must be
solved in analytic functions, with the analytic right-hand side.

Let us show that det P(1) # 0. Indeed, the mapping Py (1) — P[x)(4) is one-to-
one (see Lemma 3.24), and hence the system of polynomials {P[,,,1(1) : i = 1,m} is
linearly independent. Therefore the matrix of the form (see Lemma 1.1)

Q) = (4ij (D), 7 = Pima (A +2] =2)), 7

by Lemma 1.5 at 1o = 2 must have a non-zero determinant. Since the matrix C =
((—1)"(4))l.,j:0,m_1 is non-singular, then det P(1) = det Q(1) detC % 0.

It we take V(x) and denote

14
Vi(tx) = ) DYV (tx)l=ot™,
i=1

then there is a function V,(zx) such that V(tx) = V(tx) + Va(tx). Let U;(¢,x) be an
analytical solution of the equation (1.1.11) with ®(¢) = V;(zx), and the conditions
D¥V,(t,x)|1=0 = O for k < v. It is obvious that V,(tx) satisfies the requirements of
Lemma 1.2, which means that to find the function U, (¢, x) it is necessary to solve
the equation (1.1.16) with Q; (1) = det P(1), ¢ = V,(tx). The polynomial U;(t, x)
exists if and only if

L eNyg=>VxeS, DNV(tx)|=o € P(A4)R™.

After transformations, this condition takes the form (1.1.31). The solution of equa-
tion (1.1.11) for ®(¢r) = V(zx) obviously decomposes into the sum of functions
U;(t,x),i = 1,2 and can be represented in the form

4
Ut,x) = Z B:(x)" + Ua(t, x), (1.1.33)
i=1
where the coefficients B;(x) satisfy the equation
P(i)B;(x) = DiV(tx)|t=0, x€S.
By simple reasoning it is easy to show that U;(1,x) = U, (x) and the polynomial

U1(1,x) is unique up to terms of the form t*H,(x)a , for A € I and a vector a satis-
fying the condition P(1)a = 0.
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To find the function U;(z,x), we use Lemma 1.3 under the condition Q; (1) =
det P(1), ¢ = V,(tx), and then Lemma 1.4. The function U;,(z,x) defined in this
way always exists, is unique, and has the property U,(f,x) = U(tx). The polyno-
mial U (z, x) has the same property, and therefore the function U (¢, x) from (1.1.33).
Therefore, by virtue of the remark 1.2, the function u(x) obtained from U(1, x) using
the equality (1.1.5) is a solution to the problem H,,. It can easily be converted to the
form (1.1.32).

The uniqueness of the resulting solution is determined by the uniqueness of finding
the functions U, (¢, x) and U,(t, x).

In order for the equation (1.1.11) to be satisfied in [—1, 1], by Lemma 1.2 and
Corollary 1.1, it is sufficient that v;(tx) € C“™#, and for this it is sufficient that
f; € C¥~H*¢ [4] for some & > 0.

Concluding the proof of the theorem, we note that if the equation (1.1.11) for
®(¢) = V(tx) does not have an analytical solution in (-1, 1), then the problem H,,
does not have a solution for any s; € Ny. The theorem is proved. O

Remark 1.3. If we consider the problem #;, then from Theorem 1.2 it follows that
the conditions of Theorem 1.1 are sufficient.

Dirichlet and Neumann boundary value problems. As an example of the ap-
plication of Theorem 1.2, consider the Dirichlet boundary value problem, i.e. when
P,,.(1) = 27! and the Neumann boundary value problem, i.e. when P,,.(1) = A'. In
the case of the Dirichlet problem we denote the matrix P(A1) by D,,(A), and in the
case of the Neumann problem by N,,(A).

Let us show that for the problems under consideration s; < m — i. First, we make
sure that the equalities
m—1
det D,,(1) = const, detN,, (1) = det D,,(1— 1) - ﬂ(a +2i), (1.1.34)
i=0
hold true, which implies u = 0 for the Dirichlet problem and u = m for the Neu-
mann problem. The first equality is easily established if we notice that there is a
non-singular matrix Q such that
D=0 ((+2/-2)") _-c,
i,j=1,m
where the matrix C is defined in Lemma 1.1, and differentiate the determinant of
the right-hand side of the last equality with respect to A. The validity of the second
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equality is easy to see if we take out the common factor A + 2i —2 from the ith column
of the matrix N,,(A1).

Next we establish that
degd;s(1) =i—s, deghi (1) =i—-s+1,

where d;;(A) and h;;(A1) are elements of the matrices D, (1) and N,, (1), respectively.
Indeed, the above equalities are a consequence of the following equality

i
s

deng](—l)S( )(ﬂ+2s)m = j-i,
s=0

which in turn is derived from the relations
i . i .
j<i= Z(—DS(’)SJ =0, Z(—l)S(’)si = (=1)fil.
s=0 § s=0 S
Now, using (1.1.34), it is not difficult to find that
degd;(1) <s—i, degh;(1)=m+s—i-1,

where d}.(1) and k) (1) are elements of the matrices D}, (1) and N;,(1). Let us
estimate the value of w; from (1.1.9), which for the Dirichlet problem we denote by
w?, and for the Neumann problem by w?. We get

w; = max (deg d; (1) + mjaxdeg djs(/l)) < l’l’lsaX(S —i+m-—s)=m-—Ii,
w! = max (deg h;(d) + max deg hjs(/l)) <max(m+s—i-1
s J s
+m—-s+1)=2m-1i,

From here, taking into account that s; = w; — u, in view of the equalities (1.1.34),
we obtain the necessary estimates for s;,i = 1,...,m.

Let us apply Theorem 1.2 to the Dirichlet and Neumann problems. By virtue of
Theorem 1.2, a solution to the Dirichlet problem exists for any f; € C" ¢, and a
solution to the Neumann problem exists for f; € C™~*¢_ satisfying the condition

/asl;]biﬁ(f) dé = 0,
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where by, = detAg, fors = 1,m — 1, and b,, = —detA,,. The matrix A, is found
from the equality

9

Ay = ((2].)[i])
i,j=1,m—

and A, is obtained from A, by replacing the row (211, ..., (2m —2)l1) with the

following row (2I"1, ..., (2m —2)lml).

The solution to the Dirichlet problem is unique, and the solution to the Neumann
problem is unique up to a constant, since the first column of the matrix N,,(0) is zero
and it has a nonzero minor of (m — 1) order.

To construct a solution to the problem #,,, according to Theorem 1.2, it is nec-
essary to construct the function U(x) using the formula (1.1.32). For the Dirichlet

problem U, = 0 and
D(x,¢)

R(x,¢) = D;"(Ax)detD 0)

For the Neumann problem v = 0,
/t 2 — 2\ D(tx,£) - ldr
0 212 det Dm(O) T

and A is found from the equality Ag = C- (0, c?)T, in which the vector a is determined
from the equality @ = £~! f, where

2= ((Zj B 2)[i])i,]'=2,_m’ /= (/asfi(f) df) =T

2.m

R(x,&) = N,,(tD;)

’
t=1

If, in the resulting solution to the Neumann problem, we put m = 1, then since
N7 (1) = 1 we arrive at the result of paper [30]. The Dirichlet and Neumann problems
are considered in more detail in Chapters 2 and 3, respectively.

1.2 Navier problem and systems of normalized functions

One of the methods for constructing solutions to various boundary value problems
for partial differential equations is the method of normalized systems of functions,
described in [89]. This section briefly describes this method. In connection with
property 2 of the proposed method (see below), this method is sometimes called the
operator method [34]. Variants of the presented method are successfully applied not
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only to solve classical problems, but also to construct solutions to initial problems
for equations with fractional derivatives [172, 178] and solutions to the generalized
Dirichlet problem for the Dirac equation with iterated slices [190]. The construction
of solutions to the Cauchy problem for linear ODEs using this method is given in [75].

In this section, in Theorem 1.3, a system of 0-normalized functions with respect
to the Laplace operator in the starlike domain € C R" is constructed, which has the
most general basis. Then, as an application of the method of normalized systems of
functions to polyharmonic problems, Theorem 1.4 on the solvability of the Navier
problem [166] in © and Lemma 1.6 on solutions of the homogeneous Helmholtz
equation are proved.

Let £ be a linear operator acting on functions f(x), x € Q belonging to the set X
such that £X c X and defined in some domain Q C R”. Let us denote Ny = NU {0}.

Definition 1.2. We call an ordered system of functions { fx(x) : k € Ny} from X f-
normalized with respect to (L, £;) in the domain Q with base fy(x) if everywhere
in this domain

Lifo(x) = f(x), Lifi(x)=Lofic1(x), keN, xeQ.

An important special case of the introduced concept is the case when £, = I, and /
is the identity operator. Then, the f-normalized system of functions { fx (x) : k € Ny}
with respect to (L, I) has the property

Lf()(x) = f(x), Lfk(x) = fk_l(x), keN, xeQ. (1.2.1)

This property for f = 0 in [34] is also called the normalizability of the system
of functions { fx(x) : k € Ny} with respect to the operator £. Therefore, keeping
with tradition, we will also call a system of functions { fx(x) : k € Ny} that has the
property (1.2.1) f-normalized with respect to the operator L.

The simplest example of an f-normalized system of functions with respect to the
operator D* = D! --- DY", where @ € BbbN] in R" for f(x) = P B e N7 is a
system of polynomials { fx(x) : k € Ny} of the form

ap
xn

fk(x) — x(k+1)a+,8,!, xa,! — -1 o .
a! a,!

Obviously, if the system { fy(x)} is f-normalized, and the system {¢(x)} is ¢-
normalized with respect to £ in the domain €, then the system {fi(x) + ¢x(x)}
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is (f + ¢)-normalized with respect to £ in the domain Q. It should also be noted
that all elements f;_;(x), fr—2(x), etc., preceding a given element f;(x) of some
f-normalized system of functions with respect to the operator £ are uniquely deter-
mined through this element f; (x), and subsequent elements fi+(x), fr+2(x), etc., in
general, no.

Let us present the main property of normalized systems of functions. Let a linear
equation of the form be given

(L1 —Lyulx)=f(x), xeQ, (1.2.2)

and let { fx(x) : kK € Ny} be some f-normalized system of functions with respect to
(L1, L) in Q. Let us compose the functional series ., f,(x) from the elements
of this system { fi(x) : kK € Ny}. We assume that it converges in Q to the function
u(x) from X and allows term-by-term application of the operators £; and £, under
the sum sign.

Property 1. Sum of functional series

()= ) fl0), veQ
n=0

is a formal solution to the equation (1.2.2) in Q. If the operators £ and £, can be
entered under the series sign, then u(x) is the usual solution to the equation (1.2.2)
in €.

Indeed, the equalities are true
(L1 = L)u(x) = Lifo(x) + D Lifux) = > Lafu()
n=1 n=0
= f) + ) Lofui(¥) = ) Lafulx) = £(x).
n=1 n=0

In accordance with this property, to find a solution to the equation (1.2.2) it is
necessary to be able to construct normalized systems of functions with respect to
the pair of operators (L, £). In the case of commutability of the operators £;
and £, the following connection holds between the concepts of normalized systems
introduced above.
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Property 2. If an f-normalized system of functions {¢;(x) : k € Ny} is given, then
an f-normalized system of functions with respect to (£, mathcalL;) can be written
as

u(x) = Z Lror(x), xeqQ. (1.2.3)

Indeed, £1(L(2)goo(x)) = f(x), and for k € N

Li(L5ok(x)) = LELigr(x) = LEpr1(x) = Lo( L i1 (x))

and therefore the equality (1.2.3) is a consequence of the equality from the property 1.
This property of normalized systems of functions allows one to construct polynomial
solutions of partial differential equations with constant coeflicients [64,65,67—69].

In addition, knowledge of the f-normalized system of functions with respect to
(L1, L>) allows one to construct an f-normalized system of functions with respect
to the operator L — L.

Property 3. Let the system of functions {fx(x) : k € Ng} be f-normalized with
respect to the operator £ in Q, then the system of functions {¢(x) : k € Ny},

where -
AOEDY (’,Z)Ls*fnu)

n=k
is f-normalized with respect to the operator £ — £, in Q.

Indeed, due to property 1 we have

(L1 = Lo)po(x) = f(x),
and for k£ € N we get

o0

(L1 — Lo)pi(x) = Z (Z)Lﬁ_klllfn(x) - Z (n) L3 (x)

(e

n=k n=k
SRS W W RS E W R
n=k+1 n=k
= Lofi-1(x) + Z ((n " 1) (Z)) Ly f(x) = Lafioi(x)
n n + c n n—{k—
) Z [ ) ) [ )2 0 = o
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Definition 1.3. The generalized Pochhammer symbol is the expression (a, b); =
a(a+b)...(a+ kb - b), with the agreement (a, b)g = 1. It is clear that (2,2); =
(2k)!1. If b = 1 then write (a, 1); = (a)r =a(a+1)---(a+ k — 1) and this is the
Pochhammer symbol.

Example 1.2. Let us construct a O-normalized system of polynomials with respect
to the Laplace operator having a polynomial base u(x), i.e. the first element of the
system is equal to the harmonic polynomial u(x).

Let us first consider the function f(x) = |x|”u,,(x), where u,,(x) is ahomogeneous
harmonic polynomial of degree m € Ny and p > 0. System of polynomials {® (x) :
k € Ny}, where
|x|2k+2

Dy (x) = 1”0 (x) (1.2.4)

(p + 29 2)k+1(n + p + 2m7 2)k+1
is f-normalized with respect to A in R”. Indeed, from the obvious equality

At (1519 = k(K + 1= 200 () +2 3 0D (5 12
i=1

taking into account the homogeneity of the polynomial u,,(x), the equality follows
A (1) = K + 2m 4 1= 2y ()]
which is equivalent to fulfilling (1.2.1) for fx(x) = @ (x) and L = A.

Further, from the previous arguments it is clear that the system of polynomials
{hy(x) : k € No}, with

he() Al ()
x) = U,
T 2.2k + 2m, 2),
is 0-normalized with respect to A in R". Let us transform it. Using equalities
1 2 I'(n/2+
_ (0, 2) C(2), =2 (n/2+s)

(l’l + 2m9 2)k (I’l, 2)k+m F(n/z)

we find
1 1 T'(n/2+m)I'(k)

(n+2m,2) - 2k0(k) T(n/2+m+ k)’
whence, using the connection between the I'- and B-functions [15] and the definition
of the B-function, we obtain

1 = l_/lam—(l _a)k_]an/z_lda
(n+2m,2)r 2 Jo 2k =2)!! '
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Now, taking into account that (2,2); = 2k!! = 2¥k!, the polynomial A (x) takes

the form
| X | 2k

) = G D)1

1
/ (1 - )", (ax)e™* ! da.
0

From the resulting equality it is clear that its right-hand side does not depend on
m, except for the index of u,,(x), and therefore this index can be omitted and the O-
normalized system of polynomials {/;(x) : Kk € BbbNy} with respect to the operator
A with polynomial base u(x) takes the form

|x|2k
4k (k —1)!
i.e. Ahp(x) = hx—1(x), for k > 1 and Ahy(x) = u(x).

hi(x) =

1
/ (1 - ) u(ax)a* ! da,
0

Various examples of using systems of normalized functions in solving initial and
boundary value problems can be found in [89].

Now we construct a normalized system of functions with respect to the Laplace
operator. Let Q C R” be some open bounded domain with the starlike property:
Vx € Q,Vt € [0,1], tx € Q. To do this, we define in the domain Q the following
system of functions: G(x;u) = u(x) and for k > 0

2k k=1,n/2—1
G(x;u) = 41|x| /(1 (‘Z)_g, u(ax) da, (1.2.5)

where u(x) is some function harmonic in Q.

Theorem 1.3. The system of functions {Gy(x;u) : k € Ny} is O-normalized with re-
spect to the operator A in Q2.

Proof. In Example 1.2 it is established that the system of polynomials {G (x; u,,) : k € Ny},
where u,,(x) is a harmonic the polynomial is O-normalized with respect to the oper-

ator A in R”. Let us sum the polynomials G (x;u,,) over m in some closed neigh-
borhood of the origin x € Qy C Q, where the series )., u,,(x) and all its derivatives

up to the second order converge uniformly in x to the harmonic function u(x) and its
derivatives. We get

2k
ZGkuum)—Gk(xu) = /(1

a,)k—lan/Z—l
k—1)!

u(ax) da.
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Due to the possibility of differentiation and integration under the sum sign in €2
we can write AG(x;u) = 0 and

AG(x;u) = Z AG(x;upy) = Z Gi-1(x;um) = Gr-1(x;u), x € L.
m=0 m=0

Therefore, the system of functions {G(x;u) : k € Ny}, determined from (1.2.5)
is O-normalized with respect to the Laplace operator A in the domain €. Itis obvious
that the functions G (x; u) are defined on the entire set  and, moreover, G (x;u) €
C?(Q) due to the possibility of differentiating with respect to a parameter under the
integral sign.

Let us check directly that the equality AG(x;u) = Gi—1(x;u) holds not only in
o, but also at any point in the set . Keeping in mind the identities

= Ov Ow S ou
A(vw) = vAw + wAvy + 2; py Ex,-axi (ax) = 5

and equality
Al () |x|) = 1L+ 2m +n = uyp(x)|x)72, x eR"
for [ = 2k and m = 0 we get

2) |x|2k—2

AG(x;u) = F k=11

U1 — yk=1n/2-1
(1-a)'a 0
X [) &= ((2k +n-2u(ax) + 2a/£u(ax) da. (1.2.6)

Let k > 1. Applying integration by parts we obtain

x| 242 (1 — @)k2q"/?%1
AG(x;u) = 4k (k—l)'/ (k—1)!

X(2k+n-2)(1-a)+2(k-1)a—-n(l -a))u(ax) da

2 |X|2k_2 1 (1 _ a,)k—Za,n/Z—l
_47(k—1)!/ (k—1)!

2k = 2u(ax) da = Gi_1(x;u).

If £ = 1 then, in accordance with (1.2.6), we can write
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1 !
AGi(x;u) = 5/ o (nu(a/x) + ZQaiu(ax)) da
0 (04

! 0 0
_ n/2 n/2
= / a —aau(ax) + ™ ((a ) u(ax) da

0
= a/”/zu(ax)l(l) =u(x) = Go(x;u).

Therefore, the system of functions {G(x;u) : k € Ny} is O-normalized with re-
spect to the operator A in the entire domain . The theorem is proved. O

As one of the useful properties of the system of functions {G (x;u)}, which fol-
lows from property 2, we prove the following statement.

Lemma 1.6. Solutions of the homogeneous Helmholtz equation Av + Av = 0 in Q
can be found in the form

Vi (x) = g2m+n(/l|x|2)um(x)7
where u,,(x) is a homogeneous harmonic polynomial of degree m € Ny and

~ > (—l)klk
(= ) 3w Dy

Proof. Let us take in the equation (1.2.2) £y = A, £, = —A. Then, by property 2,
solutions to the Helmholtz equation can be written in the form

V(@) = ) (-0 Grlxiu).
k=0

If now instead of the function u(x) we take the homogeneous harmonic polynomial
um(x), then G (x;u,) = hy(x) and we get

Ny AP _ )
() = 2D G g () = B A an ()

The lemma is proved. O

The correspondence u,,(x) — v,,(x) between functions harmonic in Q and solu-
tions of the Helmholtz equation can be one-to-one extended to all functions harmonic
in Q [68].
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Remark 1.4. Note that if J,,(¢) is a Bessel function of the first kind, then
" ) s 2"T'(m+1)
Ju(t) = ——— 1), )= ~—-——-

m (1) T+ 1) gom+2(17),  gam+2(17) o

and that means for 4 > 0

I (1)

V(x) = gaman (A1)t (x) = g2(menja-1+2 (VX)) it (x)
et (VA it (3),

|x|m+n/2
where C = 2m+"/2_1F(m + n/2)/l_m/2‘”/4+1/2,

Let us consider the following boundary value problem for the polyharmonic equa-
tion, called the Navier problem [166] (in the papers [34, 146] it is called the Riquier
problem).

Navier problem. Find a function u € C*"(Q) such that Au € C(Q) for k =
0,...,m — 1 and satisfying the equalities
AN"u=0, xe€Q,
Aulsa = fi(s), s€dQ, k=0,....m—-1.

Theorem 1.4. Let the functions fi(s), k =0,...,m — 1 be continuous in 0€2. Then
the Navier problem (1.2.7) has a unique solution.

(1.2.7)

Proof. Let us construct a solution to the problem under consideration (1.2.7) in ex-
plicit form. We look for this solution in the form

m—1
u(x) = Z G (X)), (1.2.8)
k=0

where G (x;u) is defined in (1.2.5), and the functions u)(x) are solutions to the
following Dirichlet problems

Au(k) = O, X € Q; U(k) € C(ﬁ);
m—k—1
(1.2.9)
u (o = fi(s) = D Gilxiugi)loa.
i=1

For example, when k = m — 1

Atgn-1) = 0;  u@m-1y(x)|og = fin-1(5)
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and fork =m -2
Atn-2) =05 Um-2)(x)|ag = fin-2(8) = G1(x; u(n-1))log-

Since the functions u)(x) are harmonic in Q, it follows from (1.2.5) that u €
C?"(Q) and moreover one can notice that A" G (x; v)=0 for an arbitrary harmonic
v(x) and 0 < k < m — 1. Therefore, if we take v such that 0 < v < m — 1, then we get

m—1 m—v—1
N'u(x) = Z G-y (X5 uk)) = uy)(x) + Z Gi(X;U(isy))- (1.2.10)
k=v i=1

Letting x — 0Q and using equalities (1.2.9) with k = v we obtain A”u(x)|sq =
Jv(s). The constructions made are legal since all functions from the right side of
(1.2.10) are continuous in 2.

Thus, to find a solution to the problem (1.2.7) one need to solve the Dirichlet prob-
lem (1.2.9) for k = m—1,...,0 and then substitute the resulting solutions u ) (x) in
(1.2.8). The functions ux)(x) exist because all functions G;(x; u;)) under the sum-
mation sign in (1.2.9) are continuous on dQ since f; € C(9Q) fork+1 < j <m—1.
Thus, the continuity of functions f; for k =0, ..., m—1 is sufficient for the existence
of a solution (1.2.8) of the Navier problem (1.2.7) under consideration.

The uniqueness of the solution to the Navier problem follows from the following
reasoning. If u(x) is a solution to the homogeneous Navier problem and k is greatest
for which AK*1y(x) = 0, and A*u(x) # 0, then the function A*u(x) is harmonic and
AFu|5q = 0, which means Afu(x) = 0. The theorem is proved. O

Remark 1.5. If we consider the Dirichlet problem for the polyharmonic equation in a
ball, studied in Chapter 2, then the continuity of the boundary functions f is not suf-
ficient for the existence of a solution to the problem. In this case, f; € C"~17¥+¢(9Q)
fork =0,...,m — 1 (see Section 2.4.3). This can be explained by the fact that the
smoothness that we require from the solution to the Navier problem A*u € C(Q) for
k =0,...,m—1 differs from the smoothness of the solution to the Dirichlet problem
u e C"1(Q).

1.3 On some special polynomials and functions

To approximately solve various boundary value problems for the harmonic and bihar-
monic equations, among other methods, the Trefz method, the least squares method,
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the collocation method, etc. are used. The rationale for these computational meth-
ods can be found in [142]. To ensure stability of the computational process in these
methods, some additional requirements are imposed on the coordinate functions. It
is very convenient to use harmonic and biharmonic polynomials as coordinate func-
tions in these methods. The construction of biharmonic polynomials in Cartesian
coordinates based on spherical functions using the Almansi formula leads to cumber-
some calculations. A convenient algorithm is developed by M.P. Barnett and A.B.
Otis [149, 150]. A system of linearly independent homogeneous harmonic polyno-
mials in three variables is constructed by P.P. Teodorescu [167]. A system of linearly
independent homogeneous polyharmonic polynomials is also constructed by B.A.
Bondarenko [33]. In the multidimensional case, i.e. for n > 3 the situation is even
more complicated [15]. Harmonic polynomials in n variables are also used by A.V.
Bitsadze [28].

Section 1.3 is organized as follows. In 1.3.1, a complete system of homogeneous
harmonic polynomials in n variables {G ,)(x)} is constructed (Theorem 1.5), which
are orthogonal in L,(0S), where 98§ is the unit sphere in R” (Theorem 1.6) and in
P (Theorem 1.7). As an application of these theorems, in Theorem 1.9 an equal-
ity is obtained for finding the value of an expression of the form G ) (D)u(x)|x=o,
where u(x) is harmonic in S and continuous in S function. Theorem 1.10 provides
an equality for calculating an integral of the form /Ix|=1 Qm(x) dsy,, where Q,,(x) is
a homogeneous polynomial. In 1.3.2 the concept of a G-function is introduced and
a connection between G-functions and the Legendre and Chebyshev polynomials is
established (Theorems 1.11 and 1.12), and a Rodrigue’s formula is also given (The-
orem 1.13). In 1.3.3 the orthogonality of G-functions G " (¢) on the interval [~1, 1]
with weight p(7) = (1 — 2)*3)/2 is proved (Theorem 1.14). The results of Section
1.3 are given in more detail in the papers [65, 68,69, 79].

1.3.1 G-polynomials

Let Q c R" be some bounded domain with the starlike property: V¢ € [0,1], x €
Q = tx € Q and u(x) be some harmonic function in Q. Consider the following
system of functions: G(x;u) = u(x) and for k > 0

1 1|2k 1 — g)k-1gn/2-1
Gr(x;u) = i |x| / ( (k)— 1?‘ u(ax)da, x € Q.

Theorem 1.3 proves that the system of functions {G (x;u) : k € Ng} is O-normalized
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with respect to the Laplace operator A in Q. If u(x) = H,,(x) is some homogeneous
harmonic polynomial of degree m, then we have

2k
Gr(x;Hy) = JZ]L'(IZHL()B'B(/{,m +n/2)
_ P*Ha(x) T(OTm+n/2)  |x[*Ha(x)

= = , (1.3.1

AN k-1 T(k+m+n/2)  (2,2)i(n+2m,2); ( )
where B(a, 8) and I'(«@) are the well-known Euler functions B and I'', and (a, b)y is
the generalized Pochhammer symbol. If we now represent the Laplace equation in
the form

9> 9> 92
Au:—L2t+...+ 2” + Z=L1u—L2u=0,
0x] ox: | 0x;

then, by Theorem 1.3 and by the main property 2 of normalized systems of functions,
the following polynomials are harmonic polynomials in n variables

u,s(x) = Z (2,2)i(n =1+ 2s,2); _6xf "

k/2 ] i
&G ) P H, () ( az)x"”
i=0

= Gi(x(n))Hs(x(n—l))a (1.3.2)

where denoted x*' = x*/k!, X(n-1) = (x1,...,%,-1) and
[k/2] x 2i k=20,
: (n=1) |7 %n
G = —-1) . 1.3.3
¢ (X)) ;( ) B2 —1+25.2) (1.3.3)

Definition 1.4. A polynomial G (x(,)) of the form (1.3.3) is called a G-polynomial
of degree k, order s, and kind n.

Example 1.3. Let us write down some of the G-polynomials

2 2, ... 2
X X7+ +Xx

Gs :1, Gs = n» GS :_I’l_ 1,
o) 1) =2 G = T 2y

x3 ~ (xF+--+x2_)x,

Gi(x)=-L (1.3.4)
() 6 2(n—1+2s)
x4+ X (xP 4+ +x2))?

GS - " _ + :
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In accordance with this definition above, it is established that the product of a ho-
mogeneous harmonic polynomial H(x(,-1)) in (n—1) variables by the G-polynomial
G} (x(n)) gives a harmonic polynomial in n variables uy s(x) = G} (x(n)) Hy(X(5-1))-
For example, the polynomial G(z)(x(n_l)) is harmonic, which means the polynomial
ugp(x) = Gi (x(n))Gg(x(n_l)) is also harmonic, but in n variables. Its degree is 6.
The stronger statement is true.

Lemma 1.7. Any homogeneous harmonic polynomial in n variables can be repre-
sented as a sum of polynomials of the form (1.3.2), where Hy(x(,-1)) are some har-
monic polynomials in (n — 1) variables x(,—1) = (x1,...,Xs-1).

Proof. Letu(x) be some homogeneous harmonic polynomial in n variables of degree
[, and H; (x(n_l))x,li’! be part of its monomials, containing the highest degree k < [ in
the variable x,. Then the polynomial H(x(,-1)) must be a harmonic polynomial in
(n — 1) variables. Consider a harmonic polynomial in n variables of the form u(x) —
uy s(x), where the polynomial uy ;(x) is found from (1.3.2) and let Hsl(x(n_l))x,]?’!
is the part of its monomials containing the highest degree k; in the variable x,,. By
construction k| < k. Now consider a harmonic polynomial in n variables of the form
u(x) — ug s(x) — ug, 5, (x), which has the highest degree k> < k; in the variable x,,
etc. The process stops when the degree of the harmonic polynomial in n variables

u(x) —ugs(x)—...—ug, s, ,(x), by variable x, is equal to zero, or it itself is equal
to zero Hy, (x(,—1)) = 0, which means u(x) — ups(x) — ... —ug, s, , (X) = uo(x)
and hence u(x) —uy s(x) — ... —uk,,_,.s,_,(x) = ug;(x) and therefore

u(x) =ups(x) + ... +ug, 5, (X) +ugi(x).
The lemma is proved. O

The polynomials G} (x(,)) for s = 0 are harmonic, and for s > 0 and k > 1 they are
non-hamonic. If n = 2, then the largest number of homogeneous of degree &, linearly
independent harmonic polynomials, as is known, is only two. These polynomials can
be chosen in the form

eyt
H; (x(2)) = Z (—1)ixiFstk=2imsl g = 0,1, (1.3.5)
i=0

For example, Hg(x(z)) = (x% — xf) /2, H% (x(2)) = xpx1. The index s indicates
the parity of the polynomial H} (x(2)) in the variable x, and the index k indicates its
degree. It is easy to see that H (x(2)) = G} _ (x(2))x] for s =0, 1,
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Theorem 1.5. Forn >2and vy > --- > v,, v, = 0, 1 polynomials

n-2
G ) (X)) = l_[ Gy, (X—ien) HY' (X(2)), (1.3.6)

i=1
where v = (vi,...,v,) form a basis in homogeneous of degree v harmonic polyno-

mials. The number of polynomials G, (x(»)) for vi = m is equal to
+n-1 -24+n-1
ORI S (1.3.7)
n—1 n—1

where (;) =0ifk <p.

Proof. It is easy to see that the equality (1.3.6) can be rewritten in the form

Gy (X)) = G2, (Xx(n)) G () (X (n=1)) (1.3.8)

where v = (vo,...,v,). Forn = 2 we have G(,)(x(2)) = H,?(x(2)) and the state-
ment of the theorem immediately follows from the completeness of the system of
polynomials (1.3.5). Next we use induction on n. Let, for some n — 1, the system
of polynomials (1.3.6) form a basis in homogeneous of degree v, harmonic polyno-
mials. Then, applying the result of Lemma 1.7 we conclude that any homogeneous
harmonic polynomial u,, (x(,)) of degree v; can be written as a sum of polynomi-
als of the form (1.3.2), which means the same is true for polynomials of the form
Gyioy, (X)) G (5 (X(n=1)) = G(y)(x(n)), for vo < vi. This means that the system of
polynomials (1.3.6) is a basis of homogeneous degree v; harmonic polynomials. The
induction step has been proven, which means the system of polynomials (1.3.6) is a

basis for any n > 2.

Let us prove the equality (1.3.7). For n = 2 we have h(()z) =1, hiz) = 2 and for

m > 2 we get h,(nz) = 2, which is correct. Assume that (1.3.7) is true for some n > 3.

Then from the equality (1.3.8) it follows that

m
(n) _ ,(n-1) (n—1) (n—-1) _ k+n-1 k—2+n-1
WY = R+ D _Z( )—( )

It is easy to see that since (}) + (.,) = (i+}), then

200 Ot 2 ) )
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(n+1) m(k+n—1) (n+m—1) (m+n—l)
+ Z .= +
n—1 i\ n- 1 n n—1
_(m+n
(")

Using the resulting equality in the sum for the values of h,(qf ) we obtain the equality
(1.3.7). The theorem is proved. O

Remark 1.6. Polynomials G, can also be defined by the following recurrence rela-
tion: G(V)(x) = H:,/Z_l(x) forn = 2 and G(V)(X(n)) = sz_vz(X(n))G(g)(X(n_l)) for
n>2 where v=(va,...,v,).

Example 1.4. In order, for example, to construct a harmonic polynomial Ps(x) of
degree 5, it is necessary to construct a vector v = (5, 3,2,...,2,0) that satisfies the
conditions of Theorem 1.5 and in accordance with the formula (1.3.6) multiply the
corresponding G-polynomials

Ps(x) = G2, (x(n)Gyaeyy (X(n=1) -~ GyL . (x3))HY" (X(2))

= G5 (X(n)) G1(X(n-1)) G (X(n-2)) - - - G (x(3)) HY(x(2))

> 2,2 )
(X Xt X Xy =X
-\~ — Xn—-1

2 2(n+5) 2

Here we used the equalities (1.3.4) and (1.3.5).

Let us prove the orthogonality of the system of harmonic polynomials (1.3.6) on
the unit sphere 0S5 = {x € R" : |x| = 1}. In the future, where this does not cause
ambiguity, instead of x(,) and x(,-1) we will write x and X, respectively, as well as
dS = {X(n_l) e R !: |X(n_1)| =1}.

Lemma 1.8. For function f € C(9S) the following equality holds
1
/ f(x)dsy = / (1= H)n=3/2 dt/j(\/l — 12%,1) dss. (1.3.9)
aS -1 a8

Proof. 1t is easy to verify that f € C(9S) satisfies the equality

/a ) ds, - /| AT + VTR - ) P
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whence it follows that

/a s,

1 n-2
:/ ‘ dr [ |fGEE N1 =12 + f(xx%,-V1 - 72)] ds;.
0 oS

1 -12

Changing variables using the formula r = V1 — 72, we get

[ s s,
1
:/ (1 —tz)(”‘”/zdt/~ [f(V1 = 22%,1) + f(N1 = 12%, —1)] ds;.
0 oS

If we divide the integral obtained on the right by two and change the variables ¢ to
—t in the second integral, we obtain (1.3.9). The lemma is proved. O

Lemma 1.9. If for the function f € C(0S) the equality holds f(x) = ¢(|X|, x,) Pr(X),
where P (X) is a homogeneous polynomial of degree k, and ¢ € C(0S), then

k/2 1
/f(x)dsx = /cp(m,xn)(l—xﬁ) ds, /Pk(i)dsf. (1.3.10)
N as Wnp—1 J oS

Proof. Let us use the statement of Lemma 1.8 for the function f(x). We get

1
/f(x)dsxzf (\/1—t2)"+k_3(,0(\/1—tz,t)dt/~Pk(f)dsf.
oS -1 aS

Let us multiply the resulting equality by w,—1 = f|f|=1 dsz and again use Lemma
1.8 with the function f(x) = ¢(|%],x,)(1 — x2)k/2. We get
Wn-1 / f(x)dsy = / @(I%],x,) (1 = x2) /2 ds,, / Py (%) dss,
as as |%|=1
hence follows (1.3.10). O

Lemma 1.10. G-polynomials of the same order s are orthogonal on the unit sphere
with weight p(x) = (1 — x2)*.

Proof. Let us use Lemma 1.9 for f(x) = ug, (x)ug,(x), where uy, (x) (i = 1,2) are
homogeneous harmonic polynomials, which, in accordance with the formula (1.3.2),
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can have the form uy, (x) = us(¥)G; _ (x), (s lek;). This is possible because the
polynomials G (x) can be represented in the form G (x) = G} (%], x,). We have

/ U, (X)ug,(x) ds,
oS
1

Wp-1

/ G}, ()G _(x)(1 = x3)° ds, / Ul (%) ds.
oS

oS

Since the left side of the resulting equality is equal to zero for k| # k; and uy(X) #
0, then the lemma can be considered proved. O

Using the above lemmas, it is not difficult to establish the orthogonality of the
system of polynomials {G(V)} on the unit sphere 9.

Theorem 1.6. Polynomials {G(V) } forvarious vectors v € Njj satisfying the condition
VIV > 2V, v, = 0,1, are orthogonal on the unit sphere 0S.

Proof. Letn =2. Forx € {y eR?: |y = 1} the polynomials H;,(x) have the form

[m/2] )
_ Re(xy +ix1)™  cosmt
0/ _ Nk 2k m=2k,) _ 2 )"

H, (x) = kE:O( 1)*x™x, = oy =

[(m-1)/2] . .
Y Im(xy +ix1)™  sinmt

1 _ k2K m=2k—1,! _ 2 )"

H,(x) = kE:O (=D)"x" Xy = — =—

where x, = cost, x| = sint, t € [0, 27] and therefore they are orthogonal on the unit
circle

1 2r
/ H,?i(x)H,L(x) ds, = 7/ cosmt sinmt dt = 0,
lx(2)|=1 m:= Jo

since ds, = dt. If now n > 2, then using Lemma 1.9 n — 2 times, it is easy to find

n-2
1 | §
| GG s =] | G, ()G ()
=1

Wn—i J|y(n-is1)|=1

% 1 _ 2 (Vi+1+/li+l)/2 d an ( )Hﬂn ( )d (1 3 11)
yn—i+1 Sy | | . Vin—1l y Hn—1 y Sy- .
Y@)l=

Suppose that v # u, and therefore 3i, v; # y;. Let j be the maximal index that
satisfies this condition. If j = n or j = n — 1, then equality the right side of (1.3.11)
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to zero follows from the validity of the theorem forn = 2 and if j < n — 1, then from
Lemma 1.10, since vj;1 = ;41 and v; # p; which means

Vi+1

/ <1 szilvjn(y)Gthlﬂjn(y) (1 - yi—j+1) dSy = 0.
Y(n—j+1) =

The theorem is proved. O

Consider the polynomials G ,)(x) in the space of polynomials
P = {P(x):Zpaxalpa,ER,XERn}
a

with scalar product [89]
(P(x),Q(x)) = P(D)Q(x)]x=o0.
The norm of the polynomial P(x) € # is denoted by |P|p. For example,

|x% + - +x,%|D = Alx|*|s=0 = 2n.

The system of polynomials G (,(x) has another interesting property.

Theorem 1.7. Polynomials G (,(x) for various vectors v € Nj satisfying the condi-
tionvy > --->v, (v, =0,1) are orthogonal in P.

Proof. We need to check the validity of the following statement: v # u = (G(,), G(y)) =
0. Let us apply induction on the dimension n. Consider the case v = u; because

if vi # u then the harmonic polynomials G, (x) and G(,)(x) are orthogonal, as
having different degrees. This follows from the divergence theorem [28]

0 0
0= [ (Hy0) 5o Hn) = Hi ()5 Hy (5 s,
= n=p) [ Hy ) Hy () dss
aS

where H,(x) and H,,(x) are homogeneous harmonic polynomials of degrees p # m,
respectively.

Letn = 2. The polynomials G (,)(x) and G, (x) are orthogonal because they have
different parities in x;: if v, = 0 then G,)(x) is even, and if v, = 1 then it is odd.
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Let n > 2. Consider the case v, < u,. We define G-polynomials for k € Z \ Ny as
G, = 0 and denote A = A —9%/0x2. It is easy to check that

0
0x,,

G (x) =G y(x), AG)(x) = -G (x), (1.3.12)

where u_ = (u; — 1, ua, ..., u,) and u- = (u—)-. Therefore, using Remark 1.6 to
Theorem 1.5, we obtain

G()(D)G (1) (x) = G5 (D) (G (D)G2 -, ()G () (F)). (1.3.13)

Vi—V2

Since according to the equality (1.3.1) for k > m and the homogeneous harmonic
polynomial Hg(x) we have

x|*Hy(x) x| 2K =2m H ()
(2,2)k(n+25,2)k  (2,2)kem(n + 25,2k’

m

then we get
GZ? (D)Gi‘j (x)H, (X)

~ [klz/z] (—l)iAiD,];l_zi
- (2,2)i(n — 1 +2v,2);(ky — 2i)!

i=0
[k2/2] =127 ko=2j)!
1)V 1E%
Ny
= (2.2)j(n=1+21,2);

[k1/2] 1

S [(kz—iﬂ]” (—1)j_i|)?|2j_2ix,1;2_k1+2i_2j’!H -
(2,2)j-i(n =1 +2u2,2); ™

j=i
[(kZ_kl)/z] (_1)j|5€|2jx52_k1_2j9!

H (%
(2,2);(n=1+2u,2); (%)

= C(k1,v2)GH_ | (x)H,, (),

= C(k1,2)
20

where C(ki,v2) = X2 17((2,2)i(n = 1+ 2v2,2)i(k1 — 2i)!). So from (1.3.13)

with k1 = vi — vy and k| = u; — ur we derive
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G (v)(D)G () (x)
= C(v1 — v2,v2)G(3(D) [G’(”ZI_M)_(VI_VZ)(x)G(m (X]. (1.3.19)
Since p1 — pp — vi +v2 = vo — up < 0, we can conclude that G, (x) and G, (x)
are orthogonal. Due to the symmetry of the scalar product, this statement is also true
for vy > uo. Let us consider the last case v, = . Using the equality (1.3.14) and
taking into account that G| = 1 we obtain (G ,), G (n)) = C(vi —v2,v2){G (3), G (n))-
Since v; = u; and v # p we have v # j. Therefore, by induction, the polynomials
G (y)(x) and G (,)(x) are orthogonal in #. The theorem is proved. O

It is known [165] that the maximum number of linearly independent homogeneous
degree k harmonic polynomials is equal to

B = k+n-1 k=2+n-1\ (k+n-3)!

"_( n—1 )_( n—1 )_ (n—1)!k!

(k +n—3)!

(n—1)k!

X (k(n=1)+k(k=1)+(n=1)(k=1)+(n-1)2—k(k-1))
(k+n-3)! 2k+n-2(k+n-3

(n-2)%k!  n-2 ( n-3 ) (1.3.13)

X((k+n—-1)k—-1+n-1)-k(k-1)) =

=R2k+n-2)

Definition 1.5. We renumber the polynomials G,)(x) for vi = k so that we ob-
tain a complete system of orthogonal harmonic polynomials of degree k. We denote
this system as {H,(:) (x) : i = 1,...,h} and normalize these polynomials so that
/a J(H ,Ei) (x))?dsy = w,. Note that the dimension A coincides with the number of
distinct polynomials G, (x) for v = k found in (1.3.7).

Theorem 1.8. Let u(x) be a function harmonic in S and continuous in S, then the
following representation holds

oo hy

u(x) = Z Z RHD (1), xl<a<l, (1.3.16)

k=0 i=1

where .
(i) (i)
h,’ = —/ H u(€) dsg,
k w Jas k (f) (f) 3

and the functional series converges uniformly in a certain neighborhood of the origin.
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Proof. Letn > 2 and E(x,&) = (n —2)7'|¢é — x| be an elementary solution of the
Laplace equation [28]. It is easy to see that for the operator A = x;0/dx; + -+ +
Xx,0/0x, and for x # & € S the equality is true

Zn: xi(xi— &) —&&E-x)  1—|x|?

AE(x,&) — AeE(x,¢) = — - = -
P x — & x — &

Let us use Lemma 2.7 on page 88 from which it follows that the representation is

true
(2k+n-2) Dk

E(r.8) = Z'2k+ S L wH @,

moreover, the functional series converges uniformly in x for |x| < a < |£| and fixed
¢ (see Lemma 3.34 on page 299). Therefore, for |x| < |£| = 1 the Poisson kernel has
the form

1—|x|* o k—k+(2k+n-2)
LI
oo hyg
X ZH%)H“(&) ZZH“(x)H%) (1.3.17)
k=0 i=

Differentiation and passage to the limit under the summation sign are legal, since
the series in (1.3.17) converges uniformly in & € 9§ and in x for |x| < a < 1.
Substituting the obtained value of the Poisson kernel into the well-known formula for
solving the Dirichlet problem in the unit ball and using the uniform convergence of
the series in & € 0§ we arrive at (1.3.16)

1) = _/ - u(g) ds _/ iif](l)(f)u(f) dseH (x)
x — " £ Ay ¢
3 i / H (&)u(€) dseH" (x) = Z Z KO (3).

k=0 i=

If n = 2, then the proof is similar, but one need to use Lemma 2.7 from Section
2.2.1. The theorem is proved. O

Theorem 1.9. Let u(x) be a function harmonic in S and continuous in S, then the
equality holds

/a G (Eu(e) dse = 8,61 (D)u() o (13.18)
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where g, = |G(v)|%2/|G(V)|2D'

Proof. Letus use the equality (1.3.16) from Theorem 1.8. Since for each i and k there
isavectorvsuchthatvi; =k >--->v, (v, =0,1) and

, Gy(x
HO () = YW
|G |L,09)

then we have
o Gy (x)
u(x) = E T

2
201G, 95 Jos

Gy (&)u(é) dse.

Applying the operator G(,)(D) to this equality (the differentiation can be used
under the integral since the series converges uniformly in |x| < @ < 1) and then
setting x = 0 we obtain

G(u) (D)u(x) |x=0

(G, G ) 1
_ 3 LG /aSG(V)(ér)u(g) s = /a Gl Eu(e) dsc.

VI=H] |G(V)|L2(8S)

Here we used Theorem 1.7 on the orthogonality of polynomials G,)(x) in P.
From here we immediately obtain the equality (1.3.18). The theorem is proved. O

To use Theorem 1.9 one need an equality for calculating integrals of the form
flx|=1 Q. (x) dsy, where Q,,(x) is a homogeneous polynomial of degree m.

Theorem 1.10. The equality holds true

0, me2N— 1
/as Orm(x) ds = A2 Q0 (x) . (1.3.19)

0, € 2N
m!!n~-(n+m—2)w "

Proof. Let us use the following statement.

Lemma 1.11. /73, Lemma 4] Harmonic polynomials R,,_>i(x) in the expansion of
the homogeneous polynomial Q,,(x) according to the Almansi formula

Om(x) = Ry (x) + x> Rpa(x) + - + x| Ry (x)
look like

Ry2k(x) =

2m—4k +n—-2 i (=1D)*|x|*ASt*Q,, (x)
(2, 2)k =0 (23 2)S(2m —4k —2s +n - 27 2)S+k+1 .

www.irispublishers.com 52


www.irispublishers.com

Iris Journal of Mathematics Chapter 1, Section 1.3 V.V. Karachik

From the mean value theorem for harmonic functions and Almansi formula it fol-
lows that

/6 Q) ds,

= / (Rm(x) + Rm—2(x) +---+ Rm—ZI(X)) dsy = {O’ 2b<m .
N

wyRy, 2l =m

For odd m, the integral is equal to zero since m—2/ > 0 and therefore R,;,_2;(0) = 0
For even m, using Lemma 1.11 we write (s =0, k = m/2)

[ ontrds = 5= Sl G L 1CI R
" * (2,2)m2 (n=2,2) /241 "Tmln---(n+m=-2) "

The theorem is proved. O

Remark 1.7. For the m-harmonic function the values of A¥x(0) are found in Theorem
3.4 on page 174.

Corollary 1.2. If u(x) is a harmonic in S function and continuous in S, then the
equality
v 2
AG2, ()
(2V1) ' '( 7 2))/1

where G(V) (x) = G()(x)/|G(y)|p holds true.

1 ~ -
wn /65 G (§)u(g) dsg = G (v (D)u(x)| > (1.3.20)

Proof. 1t is easy to see that in the notation of Theorem 1.9 and using Theorem 1.10
(m = 2v;) we can write

|G(V)|%2 _ A G? (x)

2 )
= = = w (1.3.21)
TGP Gz, = 3 e 2),

Substituting the found value of the constant g, into (1.3.18) and dividing both sides
of the resulting equality by |G (,)|p and w, we obtain (1.3.20). O

Example 1.5. Let u(x) be a function harmonic in S and continuous in S, then the
equalities hold

1 1 1 |
Wn /as () dsg = Zuxi(o)’ w, /OS §i&ju(&) dsg = n(n—_i_z)uxixj (0),
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1 2 __ 1
w_n‘/asfzu(f) ng - n(n +2)uxixi(0) + nu(O)

I. The first formula is easy to obtain from (1.3.18). [f wetake v = e; +- - -+ €,,—i+1,

where ¢; = (014,...,0,,), then similarly to Example 1.4 and taking into account

Example 1.3 we get

G)(x) = Gy, (k) Grsmy ((u-1) -~ Gy, (X)) HY (x2)
= Go(x(m)Go(X(n-1) - - G (x(i)) - - - G (x(3) Hy (x(2)) = x:.

Since 1
w
|x,~|i =/x-2dsx=—/ (x%+---+x2)dsx=—n
2 1 n
aS n.Jos n

and |x,~|2D =D,x;=1,theng, = |x,-|%2 / |x,-|%) = w,/n and that means the first formula

is correct

/ Eu(&) dse = 2D () mo.
oS n

The last equality implies the well-known property of u(x)
n W n
/ 2 it (&) dse = = 3 D3 u()le=0 = 0.
08 i=1 i=1

II. Next we set v = 2e1 + - -~ + 2e,_jy1 + €4_jy2 + - - + e,iy1 if i > j. Then the
equalities hold

Gy (x) = Gy, (X)) Gramyy (X(u-1)) - Gy, (x3)Hy! (x(2))
= Ga(x(n) GE(X(uo1) - G1(x(1)) G (x(ie1)) -+ -
+- Gy(x(j1) G (x(j) -+ Gy (x3)) Hy (x(2)) = xix;.

To calculate the integral

we use the equality (1.3.19) with Q,,(x) = xl.zsz., m = 4. We get

A2 1
Om(x) _ A2 (xlgxg)
m!!n---(n+m-=2) 4!1(n,2),

J
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1

1
S —\ 2
8n(n +2)

2 —
(2xx; +2x1) S it

That is why

2.2 W
xixsds, = ———.
/55 A nn+?2)

- 2 _ _
Since |x;x;|, = Dy, Dy xix; = 1, then
2

|xi L, Wn

= 5 =
|xi|D I’Z(I’Z+2)

8v

and that means the second formula is also correct

Wp
/as &i&u(§) dsg = MDXli_fM(X)|x=o.

III. To prove the third equality, we choose v = 2¢; and therefore

2 2., 2
Xn X1+ +xn—1

Gy (x) = GY(xX(n) GY(x(n-1)) - - - HY(X(2)) =

2 2(n-1)
It follows that
Gy = BTN, x?
MW= 2n—-1) 2n-1) 2(n-1)
or 1 1
32 =286 (x) + —lx
n

and therefore, using the formula (1.3.18) and the mean value theorem, we write

-1 1
[ @ ase=2"= | Go@u@dse+ [ weas

n-—1 n-—1

=2

86 (D)u(¥) =0 + =u(0) = g,(2=—=G (D)

1 wy, wy,
+—AJu()lico + =1u(0) = 8,02 u()lico + =Lu(0).

Let us calculate g,. It is easy to calculate that

n
IGlh = G)(D)G ) (x) = 7
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and therefore, using the equality (1.3.21) (v| = 2) we write

& _ 2n-2 A2G2 () = A?(nx2 — |x| )
w,  8n(n,2), ) 16n%2(n—1)(n +2)
N (nPxy = 2nxg|x? + [x|Y) 246 = 16n(n + 2) + 8n(n + 2)
- len2(n-1)(n+2) 16n2(n - 1)(n +2)
16n(n—1) B 1

T 1ni(n—-)(n+2) nn+2)

Substituting the calculated value g, into the previous formula and dividing by w,
we obtain the third formula for i = n. Due to symmetry, this formula is true for any
i=1,...,n

1.3.2 Connection of G-functions with Legendre and Chebyshev polynomials

Consider the trace of a G-polynomial on the unit sphere. In this case, the concept of
a G-function arises. Let [m] denote the integer part of m.
Definition 1.6. Function

[(k—s)/2] ph=s=2i,! (1- [2)i+s/2

G.'(1) = Z (=1)’ (2,2)i(n =1+ 2s,2);

i=0

is called a G-function of degree k, order s, and genus n. Here s,k € Ny, s < k,
n € N.

It is easy to see that if we denote ; = x;/|x(j)|, then |x(;—p)|*/|xH> =1 - tjz. and
we have
[(k—s5)/2] k —s=2i,! |)C (-1 )|21+s

k-0l Grogx) = ), (1)
i=0

k ~s.n
ATGT(E ).
(2 MG 14252, PG

So we can write

G(v)(X(m) =x"Gy L, (x@)GY L, ()G, (K@) -
Gi? b (X)) = G2, ()l "Gy, (x@) G2, (xqay) -+
G vz(x(n)) =G V,,(fz)Gﬁﬁ‘é (B PG T, (X))
Gy, (xm) = G2, (1)GY2, ()G 22, (1) -
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e PG, ) = I | | G (),

or for ¢; = arccos(x;/|x@)|), vi = +-- > v, and v, = 0, 1 we have

n—1

Gy (x) = [x|" 1_[ G+ (cos puis1),
i=1

where ¢; € [0, 7]. Let us explore the connection between G-functions G (¢) and
known special functions.

Theorem 1.11. For a G-function of odd genus n the following equality is true

2(s + m)!!
(k+s+2m)!

G* 2m+3(t) ( . t2)—m/2Ps+m (Z),

k+m

where m, s,k € Ny, k > s and Pi(t) are the associated Legendre function.

Proof. Let us prove that

[m/2] D,y

(2
_ m=2k,!
= m! 2' (V) TR (1.3.22)

It is easy to see that for m € Ny and some a}’ the equality holds true

[m/2]
(NIDy)™ = NFDy(VIDy) -+ (V¥Dy) = Y aff(\y)" 2D (13.23)

k=0

From the resulting equality for m = 0 it follows that a8 = 1. For m = 1 we have
k = 0 and therefore we get /yDy = aj+/yD,, where from a; = 1. In addition,
the degree of the operator D, on the right cannot be greater than m, which means
a™ =0. Letus find af’. It is easy to calculate that the equalities are true

(WD) =Dy ) a ()" Dyt

0<2k<m

1 TR~ m-— m— m—
= Z (Eazn(ﬁ)m =Lk g (m — 2k + 1) ()" 2+ D" k+1)

0<2k<m-1

1 _ _
— Z Eal]’cn_l(\/y)m 2k+1,!D;1 k+1

2<2k<m+1
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+ Z ar]?(m — 2k + 1)(W)m—2k+1,!D;1—k+l
0<2k<m-1

1
= >0 (Farm+ n =2k + Day (YR py
0<2k<m+1
and therefore the recurrent equation is satisfied
1
amt! = Sy + (m =2k + Day! (1.3.24)
in the domain (k,m) € Q = {k,m € Ng: 2k < m}

Figure 1.1: Dependencies in (1.3.24)

As boundary conditions we take a”, = 0, m € Ny and a8 = ]. It is interesting to
note that there are no boundary conditions on the right boundary of the domain Q,
and yet this equation has a unique solution! Indeed, if (k,m+1) € Qandm+1 > 2k,
then the value of a’:” is uniquely determined from the equation through a7’, a}’ | and
(k,m),(k—1,m) € Q. If (k,m+1) € Q and m + 1 = 2k, then the value of aZ”l is
also uniquely expressed, but only through a7" |, since the coefficient of @' (it is clear
that (k,m) ¢ Q) is equal to zero and (k —1,m) € Q (see Fig.1.1). The solution to the
recurrent equation (1.3.24) has the form a;’ = m!/ (4Kk!). Let us check this solution

%a’;:_l +(m =2k + 1)aj = 421—;!(2k +m-2k+1)= (m4+];)' = a’;:“.

Substituting the found value of @} into (1.3.23) and noting that \/yD, = 271D, for

y = 1> we get
m/2

[ ] ' (2Dy)m—k
27D = (VyDy)"| o = 27" m! Z (Vy)" e
k=0

(2’ 2)k \y:tz .
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Let us apply the operator equality (1.3.22) for m = m + s to the function (1 —£2)™.
Then we get

D:}’l+S(1 _ t2)m

[(m+s)/2] (2Dy)m+s—k
= (=D)"(m +s)! (V)" e (y = 1)y
kZ::‘) \ (2, 2) =t
[(m+s5)/2]
i 2me--(2k =25+ 2) _
= (=1)"(m + 5)! tm+s2k,! tz—lks
(=)™ ( >kZ G D
[(m=s)/2]
yeopa2me - (2k +2)
= (-1)"(m +5)! sk * = 1)
(=)™ (m +9)1(2.2)n “’"‘ZS)/Z]( s LU
B (2,2)s e (2224252

Hence, using the known equalities [15]
Pi(t) = (1-)"PDIPi(t),  Pi(1) =27*Df(#* - DX
we find

\ [(k-s5)/2] e (1= t2)i+s/2
G (1) = — 1)t
CO= N e

i=0
C(2,2)5(1 = 12)5/?
(k4 9)12,2)%

2s!!
e b 1)

D;{+S(Z_2 _ l)k

2s!!
(k+s)!

P (1),

Finally, it is easy to see that the equalities are true

_ 2(s + m)!! _
§,2m+3 _ _ 2N-m/2 ~s+m,3 _ _ 2\-m/2 ps+m
which complete the proof of the theorem. O

By analogy with associated Legendre functions, we introduce associated Cheby-
shev functions.
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Definition 1.7. The following functions
TS(t) = (1 - )2DiT (1), te[-1,1],

where s,k € N, s < k, and Tlg(t) = Ty (t) are Chebyshev polynomials we call associ-
ated Chebyshev functions.

Theorem 1.12. For G-functions of even genus the following equality is true

(2s +2m — 1)!!

Gs,2m+2 ) = 1 — t2 —m/2Ts+m 1),
W (k+s+2m—1)!(k+m)( ) com ()
where m € Ny, s,k € N, but k > s and G%Z(I) = %Tl?(t).
Proof. Let us prove the auxiliary equality
& (1-y)
D) _1)i k=2i,!
(VYD) Z(; A Y )
_ [(k—s)/2] j
275(k +s—1)! o kes—it (1 =y)
= -1) STk 1.3.26
(k—=1)!1(2s = 1)!! pary ='Wy (2,2);(1 +2s,2); ( )
for s € Nand y > 0. Let s = 1. Then we have
iy (y=1) T 6 e O
WDy ) (W) T s = )
Oszzi:sk (2,2)i(1,2); OSZIZS;{_l 2(2,2)i(1,2);
ooy (k=2i+ D(y - D! k—2i-1,!
+ (W)k 1-2i+2,! — (W) i—1,!
zgzzi;k 2(2,2)i-1(1,2); OSZzZs;c—l
-1 iy (k=2 =Dy = 1)
22,22, p, (W 2(2.2)1(1.2);
’ 1 s 1 0<2i<k—2 ] 1 ’ i+1
3 (V)M (y =1y (1 L k-2 1)
oot 2(2,2)(1,2); 2i +1
2 s (2,2):(3,2);,  (k-D!2-DN!
[(k-1)/2] i
kei—2iy (v =1)
g Z,; W ey
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Let the equality (1.3.26) be true for some s € N. Let us prove that it is true for s+ 1

as well. Let us denote
275(k+s—1)!

(k—1)!2s- DN

As,k =

Then we have

(\/y y)s+1 [k/2]

k-2iy (¥ — 1)
As,k Z (\/_) (2’ 2)1(1’ 2)1

_ k—s-2i,! - Di
=D, Z (V9 (2,2)i(1 +2s,2);

0<2i<k—s

_ k—s—2i—1,! (y— 1)
- Z (V) 2(2,2)i(1 +2s,2);

0<L2i<k—s—1

—s=2i (k—S—2i+1)(y—1)i_1
+ Z (W)k s=2i+1,! TSI
2<2i<k—s s ~)i—1 S, Z);

_ k—s—2i—1,1 (y-1
B Z (V) 2(2,2)i(1 +2s,2);

0<2i<k—s—1

i (k=5 =2i=1)(y = 1)
+ (W)k s—=2i-1,!
OSZi;s—Z 2(2,2)i(1 +25,2)i41

B Z (YY) H b (y = 1) (1 N k—s—2i— 1)
- 2(2,2);i(1 + 2s5,2); 2 +2s + 1

0<2i<k-s-1

s +k [(k=s—=1)/2] (W)k—s—l—%,!(y _ 1)i
C2(1+2s) A (2,2)i(1+25+2,2)

Since
s+k  20%(k+s-1!  s+k

= CArs
s,k2(1+25) (k—l)!(2s—1)!!2(1+2s) s+1,k
then the equality (1.3.26) is also true for s + 1.

Let s = 0. Using the formula (1.3.12) we write
[k/2]

0.2 (1 =12
GY2(1) = Z( 1y (2,2);(1,2);

[k/2]

S v
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= —Ho(t +V1—-12) = —cos(k arccost) = iTk(t) (1.3.27)

If we put y = #? in the equality (1.3.26), then we get

[k/2] tz)l

-5 S lk2l
Dl 2, (- Ry

25k +5— 1)1 Y (1yirk—s2it (1 = 12y
T k-DIs- DI A (2,21 +25,2);

After reducing by 27* and multiplying both sides by (1 — %)%/ we get

k+s—1)!
1— 2 s/ZDs 0,2 — (
(=D 60 = G- i@ - D
y [(k_zsi/z] (_l)itk—s—Zi,!(l _ t2)i+S/2 B (k + 5 — 1)| GS,Z(I)
(2,2);(1+25,2);  (k=D!Qs=D!11 k7

i=0
from where, taking into account (1.3.27), we obtain

(k—1)!(2s — D!

Gy (1) = Grs—Dr - )'2D}G (1)
B k((zi_sl_)!lz)!(l - )*2DTi ().
If we now take into account that 7} (1) = (1 - *)*/2D}Ti () then we write
G20 = Lo T

Using this equality, for the final proof of the theorem it is enough to note that

[(k=s)/2] fk=s=2i,! (1- t2)i+s/2

Gs,2m+2t — _li
¢ ; D D am 2+ 12,

[(k+m—s—m) /2] [k+m s—m—=2i, (1 2)i+(s+m)/2

_ _2N\-m/2 —1)
=(1-19) Z (=1 (2,2);(2m +2s + 1,2);

i=0
25+ 2m — 1)!!

= (1 =3)"2G5Hm2(4) = ( 1 — 272y,

( ) e () (k+m)(k+s+2m—1)!( ) m ()

The theorem is proved. O
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From the proven theorems it follows that the polynomials G,)(x) forn = 2,3 are
reduced to the known spherical functions " P,,(cos #) and

r'" Py (cos @) cosme, r"P'(cos ) sinme.
Theorem 1.13. For G-functions, Rodrigues formula is true

k+s+(n-3)/2
(~1)kDk (1 - r2)

)(s+n—3)/2

:k!(n—1+2s,2)k(1—t2 G (1) (1.3.28)

and forn > 3, k,s € Ng and k > s the following connection between G-functions
and Gegenbauer polynomials C, n/2- 1[t]

(2s +n—3)!

)2 . 1.3.29
(k+s+n—3)'( ) 7] ( )

G (1) =

Proof. Let n be even. Similar to the derivation of the formula (1.3.25), let us apply
the operator equality (1.3.22) to the function (1 — £2)”*+$~1/2, Then we get

[m/2] (2D,)"~ k
D;n(l 2)m+s 1/2 _ = m! Z (\/—)m -2k,! (2y2) ( _y)m+s—1/2|y:t2
[m/2]
= (=1)"m! Z (=1)kgm-2k! (2m + 25 — 1()2 2)(25 +2k + 1)( _ f2)sth=1/2
k
[m/2]

N Cvkm—2ky (2m+2s—-1)---(2s+ 1) D\ stk—1/2
= (=1)"mt ) (=D B0 meDe )

[m/2] (1 _ t2)k+s—1/2

— (=1)"m _1\k m=2k,!
= (=1)"m!(2s + 1,2), kz:;( 1)t TR

Let us denote by s’ the integer such that s’ — 1/2 = s + (n — 3)/2 and therefore
s’ = s+ (n —2)/2. Then, by virtue of the previous equality, we have

D;n(l _ 2)m+s+(n—3)/2 — Dm(l _ 2)m+s’—1/2

[m/2]

= (=1)"m!(25" + 1,2 Z( 1)kgm=2k!

(1 _ ZZ)k+s’—1/2
(2,2)(1 + 25", 2)k
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> (sine3))2 [m/2] (] = g2k
=(-1)"m!(n=1+25,2),,(1 —¢t7)¥"" -1
(=1 mi(n $:2m(1=17) ;)( =1+ 252

= (=1)"m!(n — 1 +25,2),(1 = )G (1)

and therefore the formula (1.3.28) is true for even n.

Let n be odd. Let us apply the operator equality (1.3.22) to the function (1—72)"+S.
Then we get

2 + & 2kv( y)m g +
D'(1 - wl*—mvEQ(vvm 2 ="
m/2]
_ m kaky(2m+2S)(2S+2k+2) _2\s+k
= (-1) m*}]( D D (1-7)
m/2]

m k m=2k,! (2m +2s)--- (25 +2)
= (=1)"m! Z( )" 2k +25)--- (25 +2)(2,2)

[m/2] L - (1 _ t2)k+s
=(-1D)"m!'(2s +2,2),, — 1) s .
(Dmi2s+2.2m 2, O e

( _ 2)s+k

Let us denote by s” an integer such that s” = s + (n — 3) /2, then

D;n(l 2)m+s+(n 3)/2 _ Dm(l 2)m+s” — (_1)mm!(2sn +2, 2)m

[m/2] L - (1 _ t2)k+s"
X Z D S ey, ~ D= 142520
[m/2] tm—Zk,!(l _ t2)k+s/2

2 (s+n-3)/2 k
( ) Z ( ) (2,2)k(n—1+25 2)k
=(—DmmKn—1+2&2hxl () =G (1)

and therefore the formula (1.3.28) is also true for odd n.

To prove the formula (1.3.29) we use Rodrigues formula [15] for Gegenbauer poly-
nomials

k1A + 1/2) (1 =AY = (-DF QA D (1 = )12,
from which for A —1/2 = s+ (n —3) /2, and therefore for 4 = s + (n —2)/2 it follows
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(=1)% (25 + n = 2), DX(1 = 2)krst(r=3)/2
= 2Kk1(s + (n = 1)/2) (1 = 2)s*+ =32 =22 4,

The equality (1.3.28) gives

k+s+(n-3)/2
= k!(n—1+25,2);(1 = HE3I2G5" (1),

k+s

(—1)kDk (1 - t2)
which means

kl(n—1+2s,2);(1 = 2)SH=302GSn (1)

k+s

_kl(n—1+2s,2);

1 -2 s+(n—3)/2CS+(n—2)/2 1.
(25 +n —2); ( ) k 7

Reducing both sides of the equality by equal factors we find

(1 - t2)s/2 s+n/2-1
2s+n-2) K

G (1) =

k+s [t]
(25 +1n - 3)!

T (k+25+n-3)!

(1 =22 1.

Replacing k + s with k we get (1.3.29), which is true for n > 3 and k, s € Ny, but
k > s. The theorem is proved. O

1.3.3 Orthogonality of G-functions

Let us study the properties of the G-function in the space Ly(—1,1).

Theorem 1.14. G-functions of genus n (n > 2), of the same order s, but of different
degrees k, are orthogonal on [—1, 1] with weight p,(t) = (1 — t2)"=3/2 gnd

1 (1)) (1) gy
[, (o)

_ 225212 (s 4+ (n—1)/2)
C QRk+n-2)(k+s+n-3)(k-s)!

(1.3.30)

Proof. Let k # m € Nj. It is easy to see that according to Lemma 1.8

1
‘/(3'S90(|X~|,xn) dsy = wp-1 /1 (1- [2)(n_3)/290( V1 —2,1) dt.
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Bearing in mind that G (x) = G (|%[, x,) and on the unit sphere the equality holds

[k/2] i 2\i+s/2,.k=2i,!
(=11 —x;)"™ xy
G (x)G3,(x)(1 = x3)* = -
k(x) m(x)( xn) Z (2 2)(n _ 1 + 2S, 2)1

i=0
m/2] 2 i+s/2 m=2],!
( 1)](1 )] g Xn s,n s,
X G n G njs
jZO (2’ 2)](71 -1+ 2S,2)]~ k+s(~x ) m+s(x )

then by Lemma 1.10 we get

1
0= /as G, (x)G;,(x)(1 —x2)*ds, = wn_I[ Gl ()G s (Dpn(t) dt,

where k, s € Ny. Denoting k' = k+sandm’ = m+swehave k' > s,m’ > s, k" #m’
and

1
[ G ()G (1) pu(1) dit =

1

This proves the orthogonality of G-functions of the same kind and order, but of
different degrees. From Theorem 1.11 for odd n > 3 it is easy to find
(2s +n—3)!!
(k+s+n-23)!

2\—(n=3)/4 ps+(n-3)/2
(1 =)~ Pk+(n—3)/2(t)’

G (1) =
and from Theorem 1.12 for even n > 2 it follows

s, (2s +n-3)! 2\ —(n=2) /4rps+(n=2)/2
G,"(t) = 1 —¢7)~" T 1).
(?) (k+(n—2)/2)(k+s+n—3)!( ) k+(n— 2)/2()

It is known [15] that

! 2 (k+s)!
s 2 _
,[JP“”)dt_2k+1w—wy’

and therefore, since for odd n > 3 the number 2s + n — 3 is even, then

L en _((2s+n=3)1)2 s (1-3)/2
/_1 (G2 (1)) pu(t) di = (k+stn_3)) [1 ( Tt 3)/2(t))

3 2((2s +n—3)!)?
C Rk+n-2)(k+s+n-3)(k-ys)!
B 225212 (s 4+ (n—1)/2)
C Rk+n-2)(k+s+n-3)(k—-s)!

(1.3.31)
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If now n > 2 is even, then based on the connection of the Gegenbauer polynomials
and Chebyshev polynomials [15], for £ > s we write

T3 (1) = k(25 = 2)11(1 — 2)*2CS_ [1].

Because according to [154]

1 s—1/2 (2s)r T(1/2)T'(s +1/2)
/(c D201y g = SO0 LU 1)

then we easily deduce that

1
S(N2(1 _ 2y-1/2 (k"‘s—l)'ﬂ
L (T (1 =) P = kg (13.32)

This means, taking into account that I'>(1/2) = 7 and

_ 1 -1
(25 +n = 3)Iyr = 25D/ (5 4 %) - 50(1/2) = 27020 (s + ”T),
that
: 2
[ @i ar
((2s+n- 3)”)2 /1 s+(n-2)/2 2N—-1/2
= t -1 dt
(k+(n—-2)/2)2((k +s+n-23)")2 ( k+(n— 2)/2()) (1 )
3 ((2s +n —3)!)? n
C(k+(n=-2)/2)(k+s+n-3)(k—-s)2
B X2 (s + (n—1)/2) (1.3.33)
C Rk+n-2(k+s+n-3)(k-s)!
Combining the formulas (1.3.31) and (1.3.33) we arrive at (1.3.30). O

Corollary 1.3. Associated Chebyshev functions of the same order are orthogonal on
the interval [—1; 1] with weight p(7) = (1 — #*)~!/2 and the equality is true

b _ (k+s—1D!n
L (10 (1= 27 R = kT
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Chapter 2

Dirichlet problem for the polyharmonic equa-
tion

In this chapter we study the Dirichlet boundary value problem for the polyharmonic
equation in the unit ball § = {x e R" : |x| < 1}

A"u(x) =Q0(x), x€S; (2.0.1)
O am—l
ulas = fo(s), a—z BRGNS avm_bl‘ = fui(s), 5 €3S, (2.0.2)

where v is the outer normal to the sphere 0S.

In Section 1.1, as a corollary of Theorem 1.2, the solvability of the Dirichlet prob-
lem for the homogeneous polyharmonic equation in the unit ball is proved, but the
resulting representation of the solution to this problem is not entirely convenient. For
this problem, we apply a method based on the mean value property on the unit sphere
for normal derivatives of polyharmonic functions (see Section 3.1) and the Green’s
function method.

A few words about the Green’s function method. One of the effective methods for
presenting solutions to various boundary value problems is a method based on finding
the Green’s function of these problems. The explicit form of Green’s functions for
various boundary value problems is presented in many works. We cite only a few
of them, excluding the author’s works. For example, in the two-dimensional case,
in [20], based on the well-known harmonic Green’s function, the Green’s functions of
various biharmonic problems are presented. An explicit form of the Green’s function
the Robin boundary value problem is found in [22,107,156], and the Green’s function
in the sector for the biharmonic and 3-harmonic equations in [187, 188]. The articles
[32,56,57] are devoted to the construction of the Green’s function of the Dirichlet
problem for the polyharmonic equation in the unit ball. As the most general results
on the generalized Neumann problem containing powers of normal derivatives in
boundary conditions, we note [164]. We also present some recently published papers
on the construction of the Green’s function for various boundary value problems [3,
23,24, 139]. The application of Green’s functions in problems of mechanics and
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physics can be found in [51,53]. We also note here the papers [190, 191], where the
generalized Dirichlet problem for the iterated slice Dirac equation and the Dirichlet
and Neumann problem for the polyharmonic Dunkl equation are studied. In [26],
boundary value problems for the polyharmonic equation with the Hadamard-Marchot
boundary operator is considered.

The results of Chapter 2 are as follows. Section 2.1 provides a method for solving
the homogeneous Dirichlet problem (2.0.1)-(2.0.2) in the case when the right-hand
side of the equation — the function f(x), is a polynomial. First, Theorem 2.1 gives a
solution to the homogeneous Dirichlet problem for f(x) = Q;(x), where Q;(x) is ho-
mogeneous polynomial of degree /, and then Theorem 2.2 gives the operator form of
the explicit solution to the considered problem with an arbitrary polynomial f(x) on
the right side of the equation. To find a polynomial solution to the Dirichlet problem,
itis necessary to act on the polynomial f(x) with a special operator containing powers
of the Laplace operator and obtain the desired solution to the homogeneous Dirichlet
problem in explicit form. Examples 2.1-2.3 are given. The results of Section 2.1 are
based on the following papers [73,74,76,76,77,80,83,86,91].

In Section 2.2 the biharmonic equation is considered and the Green’s function of
the Dirichlet problem in the unit ball is constructed. Lemmas 2.7 and 2.8 contain
power series expansions of the elementary solution E (x, ¢) and the Green’s function
G (x, &) of the Dirichlet problem for the Poisson equation. The equality (2.2.7) defines
the elementary solution of the biharmonic equation E4(x, ¢), Theorem 2.3 gives the
representation of E4(x, &) in the form of a series, and then, in Theorem 2.4 for n > 3
the Green’s function G4(x, &) of the Dirichlet problem for the biharmonic equation
is determined. Using this result the solution of the homogeneous Dirichlet problem
is found. Theorem 2.5 for n > 4 contains a series expansion of the function G4(x, &)
and based on this expansion, Theorem 2.6 obtains a solution to the homogeneous
Dirichlet problem for f(x) = |x|*Hj(x). The Green’s function for the case n = 2 is
found in Theorem 2.7.

In Section 2.3, based on the results of Section 2.2, the Green’s function of the
polyharmonic equation is constructed. First, the fundamental solution of the poly-
harmonic equation &,,, (x, &) is determined and its properties are studied in Lemmas
2.15 and 2.16. Theorem 2.8 defines the Green’s function G,,,(x, &) of the Dirichlet
problem, Theorem 2.9 finds a solution to the homogeneous Dirichlet problem for a
polyharmonic equation in the unit ball, and in Theorem 2.10 we consider a special
case of the Dirichlet problem with f(x) = |x|* Hy(x).
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Section 2.4 contains an explicit form of the solution to the Dirichlet problem for
a homogeneous polyharmonic equation in the unit ball. Using Theorem 2.11 and
Lemmas 2.18-2.20, based on the properties of the matrix H;, Theorem 2.12 on the
representation of the solution to the Dirichlet problem is proved. It is noteworthy that
the resulting solution is not related to the Green’s function of the problem. The matrix
Hy is given in Example 2.4. Theorem 2.13 formulates the main result for solving
the Dirichlet boundary value problem. Examples 2.5-2.7 of solving the Dirichlet
problem for 3-harmonic and 4-harmonic equations are given. Theorem 2.14 provides
an equality for recursively finding a solution to the Dirichlet problem. The uniqueness
of the solution to the Dirichlet problem is given in Theorem 2.16. Theorem 2.15
makes it easier to find a solution to the Dirichlet problem for the Poisson equation
with polynomial data.

2.1 Polynomial solutions of the homogeneous Dirichlet problem

To construct a solution to a specific Dirichlet problem, for example, for a 3-harmonic
equation in the traditional way (see, for example, [182, p.200]) with polynomial bound-
ary data (fy, f1 and f, are traces of polynomials of degree k) adhere to the following
scheme. Take a complete system of orthonormal harmonic polynomials Gi. (x) on the

unit sphere S, j = 1,..., h;, where h; = (1 + 21 (l+” 3) (see equahty (1.3.15)).
For example, one can take G-polynomials from Sectlon 1.3. Then they construct 3-
harmonic polynomials of the form Gj. (x), |x|2G§. (x) and |x|4G3. (x) and look for a
solution to the Dirichlet problem in the form [77]

k h;
u(x) =y (c;. + D xf + E;.|x|4) G (x).
i=0 j=1

The unknown coefficients Cj;, D, and E', for each i and j are easily determined
from the system of algebraic equations

Cj. + DS. + E; = /as G;(s)fo(s) ds,
iCi+ (i+2)D" + (i + 4)E} = /a ) G',(s5) f1(s) ds,
i(i—1C, + (+2)(+1)D + (i +4) (i +3)E} = / G'.(s) f2(s) ds,
oS
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where j = 1,...,h; and 0 < i < k. The determinant of this system is the Vander-
monde determinant W [i, i + 2, i + 4] with factorial powers. With a large dimension of
space n and degree of polynomials k, this procedure is quite complicated, even with
simple polynomials fy, fi and f> since Ay ~ 2k""2/(n—2)!, k — oo and one need to
calculate many surface integrals over 0S. Therefore, in this section, we propose an-
other way to construct a polynomial solution to the Dirichlet problem, which requires
only finding the powers of the Laplace operator from some auxiliary polynomials (see
equality (2.1.24)).

Let us consider the homogeneous boundary value problem (2.0.1)-(2.0.2) for in-
homogeneous m-harmonic equation in the unit ball S

A"u(x) =0(x), x€S; (2.1.1)
ou om=1y
ulas =0, ﬁv‘as 0, T gym-llas 0, ( )

with polynomial right-hand side Q(x) and for n > 2. Let us introduce the following
operator

|2k

_ |2m
A-nQ(x) = —2)1! Z (2k)”(2k T+ 2m)!!
x/ (1 = @)=Lk 2=L AV O (ax) da. (2.1.3)
0

In [72, Theorem 3] it is established that the polynomial u(x) = A_,,Q(x) is a partic-
ular solution of the polyharmonic equation (2.1.1), i.e. the equality A" (A_,,Q(x)) =
Q(x) is true. Let us slightly correct the found solution of the inhomogeneous polyhar-
monic equation so that it additionally satisfies the homogeneous boundary conditions.

Suppose that Q(x) = Q;(x) is a homogeneous polynomial of degree /. In [72,
Theorem 4] it is shown that in this case the solution (2.1.3) can be written in the form

[1/2] 25+2
P2 A0) ()
“) = 2, ”( m-1 )(2,2>s+m<21—2s+n,2>s+m’ G149

where (a,b)ry = a(a + k) ---(a + (k — 1)b) is the generalized Pochhammer symbol
(1.3), and [c] is the integer part of the number c. In the denominator of the fraction
under the sum sign in (2.1.4) there is the expression (2/ —2s + 1, 2) g1 = (21 — 25 +
n)--- (2l +2m + n — 2), which does not vanish because 2s < [.
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Let us expand the homogeneous polynomial Q;(x) using the Almansi formula into
a sum of terms of the form |x|**R;_o,(x)

Q1(x) = Ri(x) + [x|PRi2(x) + - + x| Ry_as (x), (2.1.5)

where [ — 2s > 0, and the homogeneous harmonic polynomials R;_; (x) are given in
Lemma 1.11

Rk (x)
[1/2]-k

21 -4k +n-2
(2,2 Z

(=1)*|x[*A***Q; (x)
(2,2)5(21 =4k =25 +n —2,2) 54441

. (2.1.6)

It is easy to verify (see also [77, Lemma 2]) that the equality holds

20+2m . p (x)
N 2 p _ |X| s . 2.1.7
n (- PeO) = o ST w 25+ n o

Therefore, the solution to the equation A"v(x) = Q;(x), given by the formula
(2.1.4) has the form

) = ”ﬁ] 22" Ry, ()
(25 +2,2)m(20 = 25 + n, D

(2.1.8)

Consider the operator Au(x) = >} _, XxUy, (x), which is defined on functions from
C'(S). As noted above, it has easily verifiable properties: if the function  is har-
monic in S, then the function Au is also harmonic in S; the equality A(uv) = vAu +
ulv is true; if P;(x) is ahomogeneous polynomial of degree /, then AP;(x) = [P;(x).

Let Pi(1) = le(:o cst* be some polynomial. Consider the factorial polynomial
from Definition 1.1 on page 13 corresponding to the polynomial Py (z). It is given by

the equality
k

P (1) = Z et

s=0
where the degree %] is determined by the equality t!¥] = r(r = 1)--- (t — k + 1).
Let us recall another important property of the operator A, which is already used in
Theorem 1.1.

Lemma 2.1. On the unit sphere 0S the equality holds
O u

_ Alk]
ovklas A ulgs.
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Proof. Tt is not hard to see that

ou(x) N xg Ou(x) 1
= R — :—A R
ov las kZ:; x| Oxp las  |x| u(x)ios
that is why
*u(x) 1 \k
2 =(2A) . 2.1.9
avk los (|x| u(x)ios (219)
Let us prove that
1 \k 1 (k]
(—A) = — A, (2.1.10)
x| x|

For k = 1 this equality is obvious. Let it be true for k = m. Let us prove its
correctness for k = m + 1. Indeed, since A(uv) = vAu + uAv and Alx|* = a|x|?,
then

I \m+l 1 1 1
X m

Ix| el el
= |X|L+1A[’"] (A—m) = M% m+1]
Induction is proved. Based on (2.1.10) from (2.1.9) we find
%ws B (|71|A)k“(x)|05 = Au () ps.
The lemma is proved. O

Corollary 2.1. The following equality takes place

0

Pk(a)ubs = P (A)ulss.

Proof. To prove the corollary, it is necessary to apply Lemma 2.1 to each term of the
polynomial Py (2 )ulss. m

Let us study the Dirichlet problem (2.1.1)-(2.1.2) for Q(x) = |x|**R;_»4(x). Let us
prove the following statement.
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Lemma 2.2. The solution v,(x) of the homogeneous Dirichlet problem (2.1.1)-(2.1.2)
for Q(x) = |x|* Rz (x) has the form

i) = (2

m—1 ]
S+ m m—1—i m-—1 |X|21 RZ_QS(X)
—m( . )E (-1) ( , ) ) L (2.1.11)

— i Js+m—i/ Cigp

where Cism = (25 +2,2),(21l — 25 + 1, 2),,.

Proof. Let the polynomial v(x) be defined by the equality

1 m—1 o
i) = g (P R () = 3 P H] o (). (2.1.12)
S0 i=0

where H ;—2s (x) are homogeneous harmonic polynomials of degree [ — 2s. Using the
equality (2.1.7) and the definition of Cj, from the conditions of the theorem we
obtain

1
A"vg(x) = rAm (|X|2s+2le—2s(X)) = |x|* Ry_ps (%),

i.e. polynomial v,(x) is a solution to the equation (2.1.1) with Q(x) = |x|*R_2,(x).

Now we choose homogeneous polynomials H 5—2s (x) so that the homogeneous bound-
ary conditions (2.1.2) are satisfied. Then we have

m—1

Ry 2s(x) - Z H,_,.(x) =0 = vygs = 0.
i<0

Further, using Lemma 2.1 and, for brevity, the notations ¢; = [ + 2i — 2s and
0 = [ + 2m we obtain

m—1
. ov
; 1
OR;_25(x) — iZ:O: 6iH)_,,(x) =0= (Al ]VS)laS =0= 51/s|as =0
m—l m—l
m—1 [m—=1] y4i — m—1 = 0 Y =
SR 55(x) - Z 6" H) 5, (x) =0 = (A" v = 0 = (’)vm‘lsms =0

i=0
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and therefore, to determine H f—zs (x) it is necessary to solve the following system of
equations

p—

3

5.[j]Hf_2s(X) _ 5U]Rl—2s(x)v j=0,...,m-1. (2.1.13)

1

Il
]

i

The determinant D of this system of equations for H §_2s (x) has the form

1 1 1
do 01 e O
D=| . " = W60,61,. .. 0m1] = ]—[ (6; = 6)),
[m—-1]  ¢[m-1] [m—1] 0<j<i<m-1
0y 0, e 60

where W |[dg, 01, ...,0,_1] is the Vandermonde determinant of order m. Since §; —

0; =2(i—j), we get
m—1
D= l—[(Zi)!!.
i=1

Let us denote by 9;_; the determinant obtained from the determinant 9 by re-
placing the ith column with the column of free terms of the system (2.1.13). Then
we have

1 1 1 1 1
5 cee Si 5 Y cee S
Di-1 = Ri25(x) ,,0, 2 l "=
[m—1] [m—1] m—1 [m—1] [m—1]
50 . 6;‘—2 slm—=1] 51’ .. 5m_1

= Rl_zs(x)W[(S(), cees 5,'_2, 5, 6,‘, “e ,5m_1], I = 1, ce. s M.

Let us calculate the Vandermonde determinant W |[dg,...,8;-2,0,8;,...,0m_1].
We get

Wl(do,...,0i-2,0,0i...,0m-1] =
(8= TS (6 -8)
[1726(8i-1 = 6,) TT75' (67 = 6i-1) )
(=pm ’}l=_01,j¢i—1(5 = 6)) _
(2 —2)!1(2m — 201!

= W[bo, ..., 0m1]

=W/[0, ..., 0m1]
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(=D"" (m—1 - .
:Dm(z’—l) [T G+

j=1, jEm—i+1

where it is taken into account that 6; = [ + 2i — 2s and 6 = [ + 2m. It follows from
this that

- Di- s +m mei(m—1 1
Hl_és(x):?IZRl_ZS(x)m( )( D (z—l)s+m—i+1

fori = 1,...,m. Substituting the obtained values H 5—2s (x) into the formula (2.1.12)
we get

m—1 ;
Rl 25(X) L[2542 s+ m Z _ifm—=1 |x|2l
s T NS S m —m _1 m 4 L .

This implies the equality (2.1.11) stated in the lemma. O

Let us transform the resulting solution.

Lemma 2.3. The solution (2.1.11) of the homogeneous Dirichlet problem (2.1.1)-
(2.1.2) with Q(x) = |x|*Ri_ps(x) can be written in the form

0u(0) = (1 = 1y Z 1 [ VA R

where Cgm = (25 +2,2),, (21 =25 + n,2),.

Proof. Consider the polynomial

i

m—1
s+m (m—1 T
P — Stm _ E 1 m—1-i -
(D=7 m( m )i:O( ) ( I )s+m—i

Then, in accordance with (2.1.11), the equality holds
R;_25(x)

l,s,m

v(x) = ——=P(|x*). (2.1.15)

Let us transform the polynomial P(7). Since the equality holds true

i ol | 1
— = T’/ R/’ :/ TS dy,
S+m-—1 0 0
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then

1 m-
P(t) =75 — m(s " m) / t5 ( _ )Ti(—t)m_l_idt
0 i=0

1
S+ m _
=Ts+m—m( )/ (=)™ dr.
m 0

.—A

It is not hard to see that

1 1 s+1
t 1
m/ (T—t)m_ltsdtzm/ (t-1)""'d = (o pymip

s+1 s+1 0

m(m_l) m2s+1 m—1 m(m_l) m—2s+21
s+ 1 /(T ) di= -V e T,
mim = D (m =2) N S |

TG (s+2) /O(T_[) ! ‘”""‘mm;}(s+k+1)z(m—1—k)z

m!s! ] 0, s+m-1 (S (r— 11k
— )t dt = m!s!
+(s+m—1)!/O(T ) ms;)(s+k+1)!(m—1—k)!

=m!s! —— = . T—1).
= (s+m—j)j! (s+m)!j:0 J

Therefore
m—1
P(r) = 7% - (S +_m)(‘r 1)/
=0\ J
= Z (SJ;’") r-1) = (r- 1)'"2 (kiZ)(T— k.

k=0

Substituting the resulting value P(7) into the formula (2.1.15) we get (2.1.14). The
lemma is proved. O

The proven Lemma 2.3 already allows us to construct solutions to the simplest

Dirichlet problems.

Example 2.1. Consider the Dirichlet problem (2.1.1)-(2.1.2) for Q(x) = 1. Its solu-
tion, found using the equality (2.1.14), in which R;_»;(x) = 1,1 = 0 and s = O has
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the form
(Jx|* = 1)

(2,2 (. 2)m

vo(x) = (2.1.16)

Let up(x) be a polynomial solution to the Dirichlet problem (2.1.1)-(2.1.2), when
the polynomial Q(x) is a homogeneous polynomial of degree /, i.e. Q(x) = Q;(x).
Let us construct ug(x).

Lemma 2.4. Solution of the homogeneous Dirichlet problem (2.1.1)-(2.1.2) with Q(x) =
Q;(x) can be written as

uo(x)=(|X|2—1)mZ Ql”ZHZZ( PR

s +2j+n/2—1
XZ( 1)/ - [—25+2j+n @117
'(m+s—])!(l—25+]+n/2—1)s+m+1

Proof. Letus expand the polynomial Q;(x) according to the equality (2.1.5), and then
apply Lemma 2.3 to each term, where s is replaced by k and the solution to each such
homogeneous problem is denoted by v (x). After applying the equality (2.1.6) we
obtain the solution ug(x) of the problem under consideration in the form

[1/2
o) = 3 v = (et~ 1y Y Rz §o (" X ””‘)(|x|2 Ly
k=0 ’ i=0

—
—_
~
~
[\
—

1+

—(lez—l)’"f] 2 — 4k +1n—2
B (2,2 (2k +2,2),, (21 =2k +1n,2),5

[z%k (=1 [P Ak 0, (x) Zk: k +m (P - 1)
£4 (2,2),(2 — 4k — 25 + 1~ 2. D)yumr Zd it m

(kP -1y i i (=1)5(2 — 4k +n - 2)|x|* A0, (x)
(2, 2)S(27 2)k+m(21 _ 4k - 2S +n— 2, 2)s+k+m+1

" Z (k . m)(mz =1 = (P - D" Z; A;%,ff)

Z( 1) (l—2r+2s+n/2—1)|x|2s2 (|x|2—1)"
(i +

s =2r+s+n/2—=1)r1ms1

. (2.1.18)
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The resulting expression involves the following polynomial

l .
B (r—1)
Ril) = Zi:o G+m— D)l

Let us transform it. We use the notation 7' = 7//i! and the following equality

1 1t
:—/ T‘(I—T)m_l’!dr.
0

(i+m)! !

Then, using the properties of the Euler beta function B(x) we get

! 1 i
R(1) = Z ((r - D7) (1= 7)™z

i Jo i)
1! — l.
=l_!/0 (1-1) 1";(1,)(0—1)7)617
1
=%/ (1-)" (- D+ Dldr
- J0

1 1
= ﬁ/ (1-7)" M +1-1)dr
+Jo

l

1 ! ' m—1+1—i
:(m—l)!zi!(l—i)!/o w(1-7) dr

i=0

/

1 Bi+1,m+1-i) ;
= t
(m—l)!z i1l —1)!

i=0

B 1 S(m-1+1-i0)!
_(m—l)!(m+l)!; (1 —1i)! r

Substituting the value of the polynomial R,_(|x|?) into (2.1.18) we find

"Qi(x)

4r+m

[o¢]

uo(x) = (|x[> = 1)"
r=0

P.(|x]%), (2.1.19)

where denoted
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1 Z’: (=)l =2r +2s +n/2 = 1)|x|*
(m-1)! s!U=2r+s+n/2—=1)me(m+r—s)!

r—s .
m—-—1+r—s-—1i)! -
XE ( ) |X|21.
i=0

P.(x|?) =
s=0

(r—s—1)!

Now transform the polynomial P, (|x|?). We have

1 - (-1l =2r+2s+n/2-1)
Pr(lel) = (m—-1)! SZ:(; s -2r+s+n/2—1)sma(m+r—s)!

r—s . r .
(m—-1+0D! 5 5 1 (m—-1+1i)!
% ; T AT =T ; i

Xri (=)l =2r+2s+n/2-1) X2
— s'U=2r+s+n/2=1),yme(m+r—ys)!

=Zr: (m-1 +r—i)!|x|2l-zi: (~1)°(I = 2r + 25 +n/2 = 1)
i=0

(m—1)!(r —i)! Szos!(l—2r+s+n/2—1)r+m+1(m+r—s)!°
Replacing r with s and s with j we get
N (m—1+s5—i
2\ _ - - 2i
Ps<|x|)—§( o )|x|
i :
: [=2s+2j+n/2-1
x (1) 25 2en) .
=0 ]!(l_2s+.]+n/2_1)s+m+1(m+s_])!

Substituting the resulting value P (|x|?) into (2.1.19), where r is replaced by s, we
get (2.1.17). O

Let us transform the resulting solution ug(x) a little more.

Theorem 2.1. The solution to the homogeneous Dirichlet problem (2.1.1)-(2.1.2) for
0(x) = Q;(x), where Q;(x) is a homogeneous polynomial of degree | is written as

A (s +m— 1) ASQ;(x)

uo(x) = (ke = )" 2(; m—1 |3 v

|x|2k

S k s
% ;)(_1) (k) T2+ ks, F120
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Proof. Letus use Lemma 2.4 to write the solution u((x) to the problem (2.1.1)-(2.1.2)
for Q(x) = Q;(x). In the equality (2.1.17) we use the constant

" . A +27—1
A= Y (=1) i
j=0

j!(m'l's_j)!(As‘l'j_ 1)s+m+1’

where A; = [ — 2s + n/2 and transform it to a simpler form. To do this, we use the
equality from [77, Remark 1], in which an assumption is made about the form of the
solution ug(x). From this equality it follows that

; (m + 85— i),'
A= (-1) : 2.1.21
i = ( )i!(m+s)!(As+i)s+m ( )
Let us prove this formula by mathematical induction. Leti = 0. Then
0 .

: Ag+2j—1

Aso=) (=1)- : :
' ]ZO ]!(m+s_])!(As+]_l)s+m+l
Ag—1 (m+ s)

T A Ay = Dyemetr (m+ ) (Ag)sem

and therefore (2.1.21) is correct in this case.

Let the equality (2.1.21) be true for some i € Ny. Let us prove its validity fori + 1.
Using the induction hypothesis we find

i+1

A '122 (=1)/(Ag+2j - 1) _ 4
UL m s = DU A+ = Dsamer
N (=D (A +2i+ 1) _ (=Dim+s—i)

G+ D' m+s—i— DU Ag+ ) semser Ind. i1(m + $)'(Ag + 1) gem
(- A, +2i + 1)

G+ D)!(m+s—i— DAy +0)seme1
1(Ag+2i+ )(m+s5) - (As+i+s+m)(i+1)
(Ag + Dsymri(m+s—i—1)!@+1)!

(Ag+i)(m+s5)—(As+D)(i+ 1)

(Ag + Dsymei(m+s—i—1)!1{@+1)!
~ (D) (Ay+D)(m+s—i—-1)

(A + Dgemar(m+s—i— DG+ 1)!

B (-D)* ' (m+s—-i-1)

(At i+ Dggm(m+s—i— DI+ 1!

= (-

— (_1)i+1
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(m+s—i—1)
G+ D!'m+ ) Ay +i+ Dgpm

— (_1)i+1

Substituting the value A ; from (2.1.21) into the equality (2.1.17) and and consid-
ering that

(m—1+s—i)(m+s—i),-_(m—1+s)! s! _(m—1+s)(s)

m—1 i C m-Ds!ils-0)! o m—-1 )\i

and Ay = [ — 2s + n/2 and replacing the index i with k we get

[1/2 s
() = (e~ 1y Y )

|
m !
pr 45tm(m + s)!

Xi(—l)i|x|2i(m -1 +s—i) (m+s—1i);
i=0

m=1 )il(A; + i)sem

_ (|x|2_1)m[lz/:2](s+m—l) ASQ;(x)

i\ m-1 45tm(s +m)!

|2k

s ofs |x
X kZ:(:)(_l) (k) (l-2s+k+ n/z)s+m'

The theorem is proved. O

Lemma 2.5. Ler v(x) = (|x|2 = 1)"S(x), where S(x) € C"~1(S) and m € N. Then
v(x) satisfies the condition

0

Pt (- ]v()las = 0.

where P,,_1(t) is an arbitrary polynomial of degree m — 1, which means v(x) satisfies
the homogeneous Dirichlet conditions on 0§

ov om-1y
—| =0,...,———| =0.
8v|

1% 65 = O’ - LK)
| N ovm=llas

Proof. Indeed, due to the equality A(uv) = vAu + uAv we can write

Av(x)
= A(Jx]* = 1)"S(x) = mS(x)(Jx]* = D™ 'A(x[* = 1) + (]x]* = )™ AS(x)
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= (IxI> = D" @mS @) x| + (lx* = DAS(x)) = (Ixl? = 1)"7181 (),

where S;(x) € C™2(S) and that means Av(x)|ss = 0. Continuing similarly, we
find A" 'v(x) = A" 1(|x]> = DS (x) = (|x|? = 1)S,—1(x), where S,,_1(x) € C(S)
and therefore A" 'v(x)|ss = 0. Therefore, if P,,_;(¢) is an arbitrary polynomial of
degree m — 1, then by Corollary 2.1 from Lemma 2.1 we have

0
Pm—l(E)V(x)WS = Plm-11(A)v(x)]os = 0
The lemma is proved. O
Based on Lemma 2.5, the polynomial ug(x) from Theorem 2.1 satisfies all homo-

geneous Dirichlet conditions (2.1.2).

Example 2.2. The solution to the Dirichlet problem (2.1.1)-(2.1.2) for m = 4 and
QOs(x) = x?xzxg, written in the form (2.1.20) is easily calculated using “Mathematica”
and has the form

xlxz(x% + x% + x% ~-1*
83805321600
— 616x3 +366x3 +x7 (=112 + 72x3 — 1677x3) + 28x3(5 + 12x3)).

u(xy, X2, x3) = — (- 190 + 102x7 — 30x3

Let us slightly further transform the polynomial u((x), which is a solution to the
Dirichlet problem (2.1.1)-(2.1.2) with Q(x) = Q;(x) so that we can then obtain an
equality for the case of an inhomogeneous polynomial Q(x).

Lemma 2.6. The following equality holds true

uo(x)

_ o1 RS N / (1= Py (1 =y

AQ ()" N dr. (2.1.22
T 20m-2)n £ a2 s amn Q) 2.1.22)

Proof. Using the equality (2.1.20) we write

1/2
(k2 -nm & A x)
22m - 2!t &4 25 (25 + 2m)!

(s+D(s+2)--(s+m—=1)
x}i(l)() TS Ty x|, (2.1.23)

uo(x) =
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where A = [ + n/2. Let us transform the internal sum in the resulting expression.
Using the definition of the Pochhammer symbol (a); given in Definition 1.3, the
property of the gamma function I"'(x+1) = xI"(x) and the connection between gamma
I'(x) and beta B(x) Euler functions we can write

1 1
(A=25+k)gom (A=2s+k)---(A-s+k+m—1)
_ T(+n/2-2s+k) _ B(s+m,l+n/2-2s+k)
T T({+n2-s+k+m) ['(s+m)

1
_ - 1 1)'/ (1 — p)stm=1gln/2ek=25-1 gy
S m — L Jo

Using this equality, we write the internal sum in (2.1.23) in the form

_/ (1 )s+m 1l+n/2 25— IZ( 1) ( )|x|2ktkdt

— _’/ (1 _ t)s+m—1(1 _ I|X|2)S Zl—2stn/2—1 dt.
S Jo

Therefore, the polynomial u((x) can be written in the form

(Jx? - 1>m et / (L= (1 =ty

n/2-1
22m - 2)1! 4 s+ 2l QT

uo(x) =

which coincides with the equality (2.1.22). The lemma is proved. O

Now we can find a solution to the Dirichlet problem (2.1.1)-(2.1.2) with the inho-
mogeneous polynomial Q(x).

Theorem 2.2. The solution to the homogeneous Dirichlet problem (2.1.1)-(2.1.2) can
be written in the form

(Jx> — )™
2(2m - 2)!!

1 - 2ys 1 s+m—1
-/ Z( (;s|;!|!()2§ +2m))!! A°Q(ax) o"* da, (2.1.24)

u(x) =

where the upper limit of summation over s is finite and limited to the value [ (deg Q (x)) /2].
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Proof. Let Q(x) be an arbitrary polynomial. Let us represent it as a sum of homo-
geneous terms Q(x) = >; Q;(x) and denote by u;(x) the polynomial solution of the
Dirichlet problem (2.1.1)-(2.1.2) with the right-hand side Q(x) = Q;(x). Then it is
obvious that the desired solution has the form u(x) = }}; u;(x). For uniformity of
notation, let us replace the upper summation limit in the equality (2.1.22) with oo.
Then we can write

u(x) = ) ui(x)

l

_ (|x|2_1)m - 1(1—a'|x|2)s(1_a,)S+m—1
_mz o (29)11(2s +2m)!!

(|x|2 l)m (l — af|x|2) (1 a,)s+m—1
" 2(2m - 2)"/ Z (25)!1(2s + 2m)!!

oINS Z O(ax) da
]

ASQ(ax) "* ' da.

It is clear that s < [(deg Q(x))/2]. The theorem is proved. O

Remark 2.1. The Green’s function (operator) of the Dirichlet problem (2.1.1)-(2.1.2)
in the unit ball in the case of polynomial functions Q(x) can be written in the form

a,)s+m—l

(x> =" i (1 —alx»)*(1 -
2(2m —2)!! — (2s)!11(2s + 2m)!!

and then the solution (2.1.24) of the Dirichlet problem in the ball (2.1.1)-(2.1.2) has
the form

a,n/Z—IAsQ(a,x)

G[Q](x;a) =

1
u(x) = /0 GIO](x; ) da.

Remark 2.2. The solution (2.1.24) of the Dirichlet problem (2.1.1)-(2.1.2) in the unit
ball is obtained for the polynomial right-hand side Q(x), but this circumstance is not
significantly used in the derivation of this formula. This solution will be valid even if
Q(x) is not a polynomial, but a function for which the operator series in (2.1.24) con-
verges. For example, if Q(x) = e“~, where w € R”, then since A°Q(x) = |w|*e®™
we have

u(x) =

(P -1 / (1—a|x|2)3<1—a)m“-llwlzseman/z_l o
202m - 2)!! (25)11(2s + 2m)!! '

If we introduce an entire function of the form
t—S

(1) = ZO (25)11(2s5 + 2m)1°
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then we obtain a solution to the homogeneous Dirichlet problem (2.1.1)-(2.1.2) in the
form

(x> = ™

1
— 2(1 - 2 — awx1 _ \Nm=1_n/2-1
2(2m—2)!!/0 fim (|‘“| (1=l “))e (I-a)" ™" da.

u(x) =
Example 2.3. Let us check the equality (2.1.24). Let Q(x) = x; in the Dirichlet
problem (2.1.1)-(2.1.2). Then the sum from the equality (2.1.24) has only one term
at s = 0. We get

2 m 1 m—1
olx) = 2((@%__ 12))z! /0 (1(;;))!! (axpya™™da
B(m,n/2 + 1)(|x]>* = 1)" (x>-1D™ T'(n/2+1)
T m—)nemn T @m) 2T (m +nj2 + 1)
(x|* = 1) 1 (|x]* = 1)

ST 22+ ), 2 2+ 2.2

where B(x) is Euler beta function. Let us check this solution. By Lemma 2.5 the
homogeneous conditions (2.1.2) are satisfied. Next, using the equality

A (|x|2SP(x)) = 25|x[272 (2A + 25 + 11— 2) P(x) + [x|*AP(x) (2.1.25)

for P(x) = x;, s = m, using the properties of the operator A and the generalized
Pochhammer symbol (n + 2,2),, we calculate

AMuo(x) = A1 A(|x]*™x;) _ o1 2m(n + 2m) |x |2 2x;
O (2. 2)n(n+2,2), 2.+ 20,

m—1 |X|2m—2xi = ... = A(lx—lle) ~ X

(2, 2)m—] (l’l + 2, 2)"1—1 2(1’1 N 2) i

Note that the equality (2.1.4) is conceptually similar to the equality for representing
the solution to the Cauchy problem for an ordinary differential equation with constant
coefficients from the paper [75].

Polynomial solutions to the inhomogeneous Dirichlet problem for the homoge-
neous equation are given in [80,86,91]. They are obtained using the idea from The-
orem 2.15, and can also be easily obtained using the formulas from Section 2.4.
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2.2 Green’s function for the biharmonic equation

In this section, a representation of the Green’s function for the biharmonic equation
in the unit ball, which is used in the next section, is obtained. First, in Lemmas 2.7
and 2.8 from Section 2.2.1 a representation of the Green’s function of the Dirichlet
problem for the Poisson equation is given in the form of series in the complete system
of harmonic polynomials {H,g? (x):i=1,...,hy,m € Ny} orthogonal on the unit
sphere. Then, in Theorem 2.3 from Section 2.2.2, using the representation of the
generating function for the Gegenbauer polynomials C,?[t] of order 4 = n/2 -2
in the form (2.2.9) and connections between the Gegenbauer polynomials of orders
n/2—2andn/2—1 from Lemma 2.11 and the expansion (2.2.12), a representation of
the elementary solution of the biharmonic equation E4(x, ¢) in the form (2.2.11) is
obtained. After this, in Theorem 2.4 from Section 2.2.3, based on Lemmas 2.12-2.14,
the Green’s function G4(x,¢) of the Dirichlet problem (2.2.3),(2.2.4) in the form
(2.2.20) is constructed. Theorem 2.5 yields the expansion of the Green’s function
G4(x, &) in the system {H,(,f) (x):i=1,...,h,,m € Ng}. Theorem 2.6 calculates
the integral over the unit ball S with the kernel of the Green’s function G4(x, ¢) of a
function of the form f(x) = |x|*H,,(x), where H,,(x) is a homogeneous harmonic
polynomial of degree m € Ny and [ € R;. Finally, Theorem 2.7 constructs the
Green’s function for n = 2. The main results of Section 2.2 are published in papers
[70,71,91,105,106,112,119].

In connection with the biharmonic equation, we note the results of Sections 3.5
and 3.6 presented below and devoted to the solvability conditions for some interesting
boundary value problems in a ball for the biharmonic equation.

It is well known (see, for example, [28]) that the Green’s function of the Dirichlet
problem for the Poisson equation in a ball for n > 2 has the form

G(x.€) = E(x,£) - E( 5, Inlg). (2.2.1)

x|

where
1

— &P > 2
E(r,6)={n—2" ¢ "
—In|x =&, n=2

(2.2.2)

is the elementary solution to the Laplace equation [28].
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2.2.1 Auxiliary statements

Let S = {x € R" : |x| < 1} be the unit ball in R” and f € C'(S). Consider in S the
homogeneous Dirichlet problem for the biharmonic equation

Au(x) = f(x), x€S, (2.2.3)
ou

_ _ 2.2.4

ulas =0, 37 los 0, ( )

where v is the unit outer normal to the sphere 0.

Let {H ,Ei) (x) : 1 =1,...,h k € Ny} be a complete system of homogeneous
degree k € Ny orthogonal spherical harmonics from the definition of 1.5, normalized
so that

[ @@ dse = o,
aS
where h; = %(k:ﬁf), n > 2; hy = 2, n = 2 is the dimension of the basis

of homogeneous harmonic polynomials of degree k, and w, is the area of the unit
sphere 05S.

Lemma 2.7. The following representation of the elementary solution E(x, &) of the
Laplace equation from (2.2.2) is valid

(2k+n-2) Ik

E(x,¢) = Z '2k i ZH(”(x)H“)(f) n>2,

|~ u @) ) pr0)
ZHk WH (&), n=2,

i=1

E(x,&) = —In x| +Z Ix

for || < |x|. Here the series 1) converge uniformly in & for |¢| < a < |x| and fixed
x; 2) converge uniformly in x for |£| < a < |x| and fixed &. If |x| < |&|, then in the
resulting representation on the right, the variables x and & must be swapped.

Proof. Let us prove the validity of the first equality of the lemma. Let |£| < |x| and
C) [t] be the Gegenbauer polynomial. Then, if |x| = 1 and |£| < 1 then the equality

holds true [15]
& — x| ch/z 1[(|§| )]|§|k
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It is known [15] that if {S](f) x):i=1,..., hk} is an arbitrary complete orthonor-
mal system of spherical harmonics of degree k, then
n/2-1
/wm]%h

P T

mem

where C"/2 1] = ¢k

k _and|x| = || = 1. Hence, putting S\ (x) = (1/v@n)H." (x),
we obtaln

|xﬁ"§b“ mem%) (2.2.5)

If we now notice that E (x,&) = |x|>™E(x/|x|,&/|x]) and |&/|x|| < 1, then the
equality (2.2.5) is easily reduced to the required form. The statement about the uni-
form convergence of series can be found in Lemma 3.34 on page 299.

Let us prove the second representation of the lemma. Let us transform the expres-

sion
| -2k

HM)HWHZM 3 HO @),

i=1
for n = 2 and |£| < |x|. In this case hk = 2. Assuming (x,x2) = p(cos ¢, sin ¢) and
(£1,&2) = r(cosy, siny) we have H,E])(x) = V2p* cos ke, H,(cz) (x) = V2p*sinke
and, accordingly, H ,((1)(5) = V2r¥ cos ky, H,(CZ) (&) = V2rk sin ky, since these poly-
nomials form a basis and are properly normalized

2r
/ (H](Cl)(x))2 dsy = 2/ cos’ kg =21 = wy.
as 0
Therefore, for r < p we have

© 2k
F(x,6)=—Inp + Z prkrk(cos ke cos ky + sin ko sin ki)

=—Inp+ Z —(L) cosk(p — ).
k\p
k=1
The following Fourier series expansion is known

n
In(1 —2gcos¢ + ¢%) = —ZZ q—cosncp
n
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and is true for |g| < 1. From it we find

1 2
F(x,¢) = —lnp—iln(1—22005(¢—w)+/%) =—Inp
1

1
—Eln—z(pz—ercos((p—w)+r2) =—Inp+Inp
0

1 1
-3 In (p* = 2rpcos(p — ) +r?) = -3 In (p* cos® ¢ — 2rp cos ¢ cos i
+r?cos® ¥ + p*sin® ¢ — 2rpsin @ siny + r?sin? )
1
=3 In ((pcos ¢ —rcosy)? + (psing — rsiny)?)

= —InvV(x; &2+ (2 - &) = —Inlx — &| = E(x,€).

If we repeat the derivation of this equality in the case of |x| < |£| (in this case
q = p/r < 1), we obtain the symmetry of E(x, £). O

Lemma 2.8. For x,& € S and |€| < |x| the following representation of the Green’s
function G (x, §) of the Dirichlet problem for the Poisson equation holds

G(x.6) = Z Al

(2k+n=2) _ q h

k
2k+n-2 H/(cl)(x)H/(f) (&), n>2,
i=1
xl (2k) | hi

Z H )H" (&), n=2.

i=1

G(x,¢) =—1In|x]| +%kz=:

For |é| > |x| in the resulting representation on the right, the variables x and & must
be swapped.

Proof. Since |x/|x|| =1, and ||x|§| = |x||£| < 1, then by Lemma 2.7

E( ) = sz ZH(”(x>H(’>(§) (2.2.6)

therefore from the equality (2.2.1) for n > 2 and |£| < |x| we find

x| (2k+n-2) _ I (i) (i)
G(x.é) = Z e O H W ©).

i=1

The second formula is derived similarly. The lemma is proved. O
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Let us now study the biharmonic equation. Consider the following function defined
forn > 2

! 4—n _
2(n—2)(n—4)|x‘f| , n>4,n=3
Ey(e.8) = 1-7inls— ¢l n=4 , (2.2.7)
4 2
|X_4§| (11’1|x—§|_1)’ 2

which, by analogy with the function E (x, ), we call the elementary solution of the
biharmonic equation.

Lemma 2.9. The function E4(x, &), defined for & # x, satisfies the equality
A¢E4(x, &) = —E(x,£)

and therefore is biharmonic for & # x.

Proof. Letn > 4 or n = 3. It is easy to check that

a%:ibc — &t = (2 - g) 2(& —x) | — £ = (4 —n) (& —x;) Jx — E]F7"
and that means
D e = ) (= €7+ @ =) (6~ - )
(9512 - i i .
That is why

Aelx =€ = (4=m) )" (I = ™"+ 2= m) (& = x)? |x = £17")
i=1

= (4-n) (nlx — &P+ 2 -n)lx - & Z (&i —xi)z) =2(4 —n)lx — &
i=1

This implies the equality to be proved

1 -n
AcEa(x.§) = sl €177 = ~E(x.8).
For n = 4 we have
d (&-x) 07 =€ =206 - x)?
a—&_lnlx—ﬂ— ] agizlnlx—ﬂ— =&/
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and that means

Ae(=ginb—6l) = ;o ;lf = 5 = ),
For n = 2 we have
a—glpc £P1n |y — £] = 2(& - x) lnlx—§|+lx—§|2|€’__ =5
a§2|x EPIn|x —¢&| = 21n|x—§|+4(|é;i:—;cl|12
R §|l _2§<|§41—x1-)2

and that means
Ae(lx — € Injx — €]) = 41n|x — &| + 4.

That is why

e
A‘f('x 4§| (1n|x—§|—1)):lnlx—§|+1—1:—E(x,§).

The lemma is proved. O

Let C ]’3 [#] denote the Gegenbauer polynomial of degree k. It can be represented
as [15]
[k/2]

( l)m(/l)k -m k=2m
Z m!(k — 2m)! (21) ) (2.2.8)

where (1) = A(A+1)...(1+ k —1),and (1)9 = 1. It is easy to calculate that
Ci[t] = 1 and

Z (= 1))' 1(,/1)1 20! =2az.

In what follows we assume that Cl/} [t] = 0for k < 0. For |£] = 1, |x] < 1 and
m > 2 the following representation is true [73]

[x - ¢ = Zc’"/“[( )|l
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where (x, ¢) denotes the scalar product in R”. If we put m = n — 2 here and assume
that n > 4, then we get

e — &+ = i C,’j/z‘z[(é—',g)] x| (2.2.9)
k=0

Lemma 2.10. Next function

(o) e

forn >4 and |é| = 1 is a biharmonic polynomial of degree k € N in x.

Proof. Using the representation of the Gegenbauer polynomial (2.2.8), we can write

[k/2]

o 3 D002 D o
()t = a2 80
[k/2]
(D" (1= 4Dk i i
=2, )ik —2myt FI @&

where (n,2);y = n(n +2)...(n + 2k — 2) is the generalized Pochhammer symbol
(Definition 1.3). This shows that this is a polynomial of degree k in x. Using equali-
ties

A, E)" =m(m = DIEP(x, )", Alxlh =202 +n = 2)[x[*
it is easy to see that

Alx [ (x, &)™ = m(m — D)€ |x|? (x, )" 2 + 2121 + n — 2 + 2m) |x|* 72 (x, &)™,
It follows that

A" (x, €)F 7" = (k = 2m) (k = 2m = D[P x| (x, £) "7
+2m(2k = 2m + n = 2)|x "2 (x, &)k
and therefore the following chain of equalities is true

K21 g

2m)!(k — 2m)!
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SN (1M (n - 4,2

2y, 12m k=2m—2
n;) Q2m)(k — 2m — 2)! |€]71x] 7" (x, &)

[k/2]
(D" (n =4, 2)k-m+1,_2m— k=2m
* Z @m0k = 2mn 9

k/2

(=D"(n=4,2)k-m _om-2 k—2m
*2 Z m 2Nk —2my 8

[k/2-1]

"n—4,2)k-m o
== 0 G g )

[k/2-1]
G DL ) T P
2 ) Gayntimam — gy o)

[k/2—-1]

_ _2(n _ 4) Z (_1)m(n -2, 2)k—m—2 |x|2m(x,§—‘)k_2m_2
m=0

Qm)11(k —2m —2)!
= 2(n-4)CM%¥ 1[(|x—| )]|x|k_2.

Similarly, it is not difficult to obtain

[k/2]

st [ oo
m_(ik/Z—]]

“ (P 1) ) o (.2 =0
2, Tt .

Therefore, the polynomial C"/ 2[(x/ x|, &) ] Ix|* is biharmonic for |£] = 1. The
lemma is proved. O

Lemma 2.11. For n > 4 and k € Ny the equality holds true

_ n—4 2-1 2-1
CP7M = g (1 - G ). (2.2.10)
Proof. Let n > 2 first. Equalities are valid
[k/2] m
nj2-1 n/2-1 (=1D)"(n=2,2)k-m x_om
C' 11 -C5 [t = Z t

2m)!(k — 2m)!
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[k/2—-1] [k/2]

(=D"™(n =2,2)k-m-2 k-2m-2 _ (=D)"™(n =2,2)k=m k=2m
- 2 QmN(k —2m -2 =2 Qm)\(k —2m)!

[k/2]

(=D"(n = 2,2)k-m-1 _om
+Z Qm -2k —2m)! "

[k/2]
_2k+n-4 Z/: (D" (1= 4Dk g, (1=22

n—4 L (2m - 2)!1(k —2m)! k!

The last term can be converted to the form

(n—2,2)ktk B 2k+n—4(n—4,2)ktk
k!  n-4 k!

and that means

k k=2
[k/2]
_2k+n-4 Z/l (D" =4k oo _ 2kt n =4 apoa
n-4 4 (2m = 2)!1N(k = 2m)! n—-4 '

This implies the equality (2.2.10). If we assume, as noted above, that C"~ "/ -1 [7] =0

and C”/ 2~ [t] = O, then the equality (2.2.10) is true for k = 0 (the Values of Cg [7]
and C ﬁ[ t] are calculated above)

n—4

n/2-2 1 _ n/2-1
C, [t]_l_n_4C0 [7]
and for k =1
C272 1) = 2(n)2 - 2)t = (n— 4)t = ﬂ(n ~ )t
1 2+n-4
n—4 n—4 n/2-1
= —2n/2-1)t=—"—C t].
LU il sy i RN
The lemma is completely proved. O

2.2.2 Representation of the elementary solution E£4(x, &)

Now we can construct an important representation of the function E4(x, &).
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Theorem 2.3. Let n > 4. For the function E4(x, &) for |x| < |&| the following repre-
sentation is valid

E4(X, é:)

1 S (2k+n 2) |§|2 |X|2 hi " "
:ag e e~ e | L HY @HP @, @21

1=

For |€| < |x|, the corresponding equality for E4(x, §) is obtained from the equality
(2.2.11) by interchanging the variables x and &.

Proof. It is known [15] that if {S,(:)(g—") ci=1,..., hk} is an arbitrary complete
orthonormal system of spherical harmonics of degree k and |x| = |£| = 1, then the
equality
2-1
GO w,

i I

S@( )S\ (),

holds true, where C"/2 1] = C]’;L _5- From here, putting S,(f)(x) = (I/Vw_n)H,Ei)(X)
we get
2k+n—-2
ZH(’)( JH () = == (v, 0)). (2.2.12)

Therefore, for |£| = 1 and |x| < 1 we have

()t = 5 D oo

Consider the biharmonic polynomial C Z/ 22 [ (x/1x], )] lx|* from Lemma2.10. Let
us transform it using the equality (2.2.10) from Lemma 2.11. We get

& (e e
e A (ot el (|

Let us recall the equality (2.2.9). From it, for |¢| = 1 and |x| < 1, we obtain

D 2l [ [ S ety (v
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= n-—4 w—11( X _
~x? _nTR e 1[(m, )]|x|k 2

2k +n—4 k=2

S e [ o | O sz e (o) et

= n-—2 n—4 2n ) (i) (i)
k:02k+n—2(2k+n—4 g Z ()8, ().

Let us remove the constraint |£| = 1, but at the same time we assume that |x| < |£].
In this case, |x/|£|| < 1 and |£/|€]| = 1 and therefore

<

4—n
=(n-2)(n—-4)

= 4 = e =

£

£~ (2k+n—4) hi

% i | ( 1 _ |X|2/|f|2) Z H(i) (X)H(i)(f)
k=02k+n—2 2k +n -4 2k +n — k k

—(2k+n-2) 2 2 hi _ ,
& ( €| _ |x| )ZH](;)(X)H](;)(f)’
i=1

_ o |
_(”_2)(”_4); Yk+n-4 2k+n

! 2k+n-2

whence, taking into account the definition (2.2.7) of the function E4(x, &), it follows
(2.2.11).

For the final proof of the theorem, we note that in the equality (2.2.12) the variables
x and ¢ have equal rights and, therefore, if we swap them, then when deriving the
equality for E4(x, &), provided that |£| < |x|, we get the equality (2.2.11) in which
the variables x and & are swapped. The theorem is proved. O

2.2.3 Representation of the Green’s function G4(x, &)

Let us begin constructing the Green’s function for the problem (2.2.3)-(2.2.4).

Lemma 2.12. Let n > 4. For the biharmonic function E4(x/|x|, |x|£), where x, & € S
the following representation holds

Eaf i le)

li 1 L xPler iH(i)(x)H(i)(f) (2.2.13)
_2k= 2k +n-2\2k+n—4 2k+n|LH komom
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in which the series converge uniformly inx € S as ¢ € S.

Proof. Let us denote £ = x/|x| and £ = |x|&. Then || = 1 and || = |x]|£] < |%]. We
use the equality (2.2.11) to represent the function E4(%, £)

Ey(2 Ixlg) = Ea(2.8)
x|’
I I €2\ S ) o), 2
5;2k+n— (2k+n—4_2k+n);Hk (D)

o0 Iy
1 1 1 x| 2 1€ (i) (i)
Y - H H .
2;2k+n—2(2k+n—4 2k +n ; ¢ ()

By Lemma 2.7 the resulting series converge uniformly in |x| < 1 for |£| < a < 1
since || = |x||€] < a < 1 = |£|. The biharmonicity of the function E4(x/|x|, |x|&) in
both variables for £ € S and x € § follows from the equality

e /1| = xl€[™" = e/ Ll = xelé[ ™" e/ Lx] -

: . 2-n . o :
since the function |x /x| — |x|§| " is harmonic (it is the Kelvin transform of the har-
monic function [183]) and

x|

|ﬂ_§| || W‘2(| B |)+|§| x> = 1-2(x,8) + P15 (2.2.14)

and the product of such functions is a biharmonic function. For n = 3, the bihar-
monicity of E4(x/|x|, |x|&€) is proved in a similar way. The lemma is proved. O

Remark 2.3. The function on the right side of the equality (2.2.13) is symmetric with
respect to x and &, but this is not immediately obvious from the left side. However,
due to (2.2.14) there is symmetry.

It is easy to see that the function

Es(x,8) = Ex(x,8) = Ea( . xl¢) (2.2.15)

has the property E4(x,&)|ss = 0. In the harmonic case, this difference give the
Green’s function (2.2.1) of the Dirichlet problem. In the biharmonic case this is not
enough. Let us calculate the normal derivative of the function E4(x,&) on 8S. To
do this, we use the homogeneous operator Au = .} _, xiuy,, which obviously has the

property (Au — 2% big)|ss = 0
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Lemma 2.13. For & € S and x € 0S the following equality holds

) ) _1 o0 1 hi ; ;
AE4(x, &) = |§|2 ;}2]( +n_2ZIIH,(€)(x)H]E)(f). (2.2.16)

Proof. Let the point & € S be fixed. If we use Theorem 2.3 for |£| < |x| and Lemma
2.12, then we have

A Ly [ 7@hn2 e €2\ < 0 )
E == - H, " (x)H
4(x. ) 2442k +n-2 \2k+n-4 2k+n Z ¢ H(E)

1=

li 1 xPlEr iH(i)(x)H(i)(f)
2 L 2k+n— dk+n—4 2k+n e s

i=1

and for |x| < |£| the variables x and & should be swapped. Let us apply the operator
A to this equality. Due to the uniform convergence of series for |£| < |x| and & € S,
x € S (see Lemmas 2.7 and 2.12), differentiation can be entered under the sum sign.
Then we go to the limit at x — d§ under the sum sign, which is again possible due
to the uniform convergence of series in x. We have

. | © 1 (k+n-4) (k+n-2)|&>
AE - _
<B4 (x. ) 2;)2k+n—2( 2k+n—4  2k+n
hi
k (k +2)|&)? (i) (i)
— H H
Yk+n—4 ' 2k+n ; ¢ DHE)
00 hy
€12 -1 1 (i) (i)
= H H .
2 sz+n—2z ¢ (WH (&)
k=0 i=1
The lemma is proved. O

Remark 2.4. For fixed & € S the following equality holds

2 b '5'22 B(2 141) (2.2.17)

Indeed, if we use the equality (2.2.6) from Lemma 2.8 in the equality (2.2.16) and
the properties of the operator A, then we obtain the equality (2.2.17).
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Lemma 2.14. Let w(x) be a function harmonic in S, continuous in S, with derivatives
bounded on S, then the biharmonic function

2
-1
() = W) (2.2.18)
has the property
ov
v]as =0, vlos = w(x)|as- (2.2.19)

Proof. From (2.2.18) it is clear that v(x) is a biharmonic function in § and v|ss = 0.
Besides,

2-1 2-1
Av(x) = A S—w() = xPw() + =1
and therefore, since the function Aw(x) is bounded on 9, the second condition from
(2.2.19) is also satisfied. The lemma is proved. O

Theorem 2.4. Let n > 3. The function

X Ix|>? =17 =1 /x

=, IXIé) - £ E(—, |x|g) (2.2.20)
x| 2 2 x|

is the Green’s function of the Dirichlet problem (2.2.3)-(2.2.4). The Green’s function
G4(x, &) is biharmonic for x,& € S and x # &. The solution to the problem (2.2.3),
(2.2.4) for f € C1(S) can be written in the form

Ga(x,€) = Ea(x,€) - Eq

) = = [ Gut 615 de.
Wy Js
Proof. Letn > 4orn =3 and ¢ € Sbe fixed. Letus prove that the function G4(x, &) is
biharmonic for x € S and x # ¢ and satisfies the homogeneous conditions (2.2.4). The
biharmonicity of the function G4(x, ¢) for x € § and x # £ follows from Lemma 2.9,
Lemma 2.12 and Lemma 2.14 (harmonicity E(x/|x|, |x|¢) is known [28]). Further,
as noted above, for & € S the equality E4(x, &)|ss = 0 holds, which means that since
the function E (x/|x|, |x|¢) is bounded by x € S, the first condition from (2.2.4) is
satisfied
Gy4(x,&)|9s = 0. (2.2.21)

Let us prove the second condition. Consider the function harmonic in x € S

P -1
2

E(Z Ixl€).

x|’

w(x)
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In these notations, according to Remark 2.4 from Lemma 2.13 and according to
Lemma 2.14, taking into account (2.2.15) we find

2 _
L6ue8)| = Lhues) (M)
=w(x)|gs —w(x)|as = 0. (2.2.22)

The case n > 4 or n = 3 is proved. Let n = 4. The biharmonicity of E4(x, &) for
x # & is proved in Lemma 2.9. If we designate (to within a factor of -4)

Ea(75 le) = In |~ Ilg] = 51n1 = 20v.8) + 1P = 5

then
d —&+xilE) 02 x
—E = E.l=
o elg) = = e (e e
&, 1 12)2 2
_ L ErnlP?
12 t
fori =1,...,4 and, therefore, we get
|§I (1 —2(x, &) + |x]| Iflz) Ifl2 €]
AE4|— =2
4(| K -l If) 12 t t
20¢)? B 20|

/el - el P - g

. : . : 2
The last function is the Kelvin transform on x of the harmonic function 2|&|?/ |x—§ I
for n = 4, and since the Kelvin transform preserves the harmonicity [183], then this
function is harmonic in x € S, and therefore the function E4(x/|x|, |x|€) is bihar-
monic.

Let us check the boundary conditions (2.2.4). We start with the second one. It is
not hard to calculate

—& P -8

~4AEq(x,€) = AyIn|x - €] = | _flz x— 2]

M;

l:

and
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_4A 154(ﬁ |x|§) —A In (1 -2(x,€) + [x||€]%)

L, o2l e -
2472008 + WPIEP T |y - Il

and therefore for x € 95

LR = PP eP-1 1
(e 8) = B o)) - Al - e 4 il - P
2 _ 2 _ 2 _
:Elz : (|x| +lé) = A (Mz 1|€|2 : (|x| +lé))

Hence, after moving the function from the right to the left side of the equality,
we obtain that for n = 4 the function G4(x, ¢) from (2.2.20) for x € § satisfies the
condition (2.2.22) %G4(x,§)|55 = 0. The condition (2.2.21) G4(x, ¢)|ss = 0, where
x € § is obviously also satisfied.

It is known [183, p. 25] that integrals of potential type

p(&) ¢

s lx =&l

are functions from the class C?(R") for a bounded integrable function p(x), and

differentiation is possible under the integral sign for any non-negative integer p such
that @ + p < n. In our case @ = n — 4, which means for the integral

() = o [ Es )0 de

n

p =3and u; € c3 (R™). Therefore, taking into account Lemma 2.9, for x € § we
obtain

s = - [ sE o f @ de =~ [Eof@ de.

n

which means

Ny () = A - /S E(x.6)[(€)dE) = f(x). x€5.

The condition f € C'(S) is necessary to satisfy the equality A(Au(x)) = f(x) in
S [28]. Further, by Lemma 2.12, the function

B 5 ekg) - L (2
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is biharmonic with respect to x in S for any ¢ € S and can be differentiated with
respect to x under the integral sign over & any number of times. Denoting the integral
of this function multiplied by 1/w, f (&) over & € S by u;(x), we find

A%us (x)

- (j | A3 le) + |x|22_1|§|22_1 E( i) ) £ (&) de =o0.

Therefore, taking into account (2.2.20), we get
A%u(x) = A%uy(x) + A%up(x) = f(x).
Finally, due to the fact that u € C3(S), from (2.2.21) and (2.2.22) we find

(as = o [ Gl E)leas () de =0,

il _L/6G4(x,§)
avles  w, Jg  dv

which means the conditions (2.2.4) for u(x) are satisfied. The theorem is proved.
O

f(&)dé =0,

x€os

The form of the Green’s function obtained in Theorem 2.4 differs from that found
in [56].

Remark 2.5. The Green’s function G4(x, ), taking into account Lemma 2.9, can be
written as

1etg) + LT g (X ).

G4(x,€) = Eq(x,€) - E4( 5 5

Theorem 2.5. Let n > 4. The function G4(x, &) for || < |x| can be written as

G ( f) 1 i |X| (2k+n-2) |)C|2 |§|2 1
X, = — — —
* 244\ 2k+n-2\2k+n-4 2k+n| 2k+n-2

I xPle P |x|2—1 ) ) D)
x (2k+n_4— S+ (|g| )))Z;Hk WH (). (2.223)

For |x| < |&|, the representation for G4(x,&) can be obtained from (2.2.23) by
interchanging the variables x and &.
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Proof. In Lemma 2.13 for |£| < |x| the representation is given

) 1 o ||~ (k+n2) x| €2\ 60,
E - _ § H H

2k+n—-4 2k+n
hi

_li 1 1 _|x|2|§|2 ZH(i)(x)H(i)(f)
2442k +n-2\2k+n—4 2k+n) Ll IS

which for |x| < |£| can be obtained from this representation by interchanging the vari-
ables x and £€. Recalling the equality (2.2.6) from Lemma 2.8, the equality (2.2.15)
for the function E4(x, £) and the definition of the function G4(x, &) from (2.2.20) we
get (2.2.23). Finally, the symmetry of the function G4(x, £) and the equality (2.2.23)

with respect to x and & occurs due to Remark 2.3. The theorem is proved. O
Theorem 2.6. Let f(x) = |x|* H,,(x), where H,(x) is a homogeneous harmonic
polynomial of degree m € Ny, [ € Ry and n > 4. Then
1 x|+ -1 - (1 +2)(|x]*> - 1
L[ Garerre de - DB Dy, @224
Wn J)g|<1 Cim

where Cy, = (2L +2)(21 +4)(21 +2m + n) (2l + 2m + n + 2).

Proof. Let first f(x) = |x|21H,§1j ) (x), where H,Sf ) (x) is some polynomial from the
complete system {H,(,? (x):i=1,...,h,,m e Ny} of homogeneous degree m € N
orthogonal spherical harmonics and [ € R;. Let’s denote the left side of the formula
(2.2.24) by u(x) and calculate it. Let € > 0 be so small that |x|+& < 1 and |x|—& > 0,
then due to the integrable singularity of the function G4(x, &) we have

1
u(x) = — /S Ga(x, &) (&) dé = /0 o dp [ Gutx p) () dse

1
Wn Wn Jg|=1

|x|—& |x|+e 1
—tim ([ [ o= [ Gutwpe)f(oe)
0 0 Wn J|£)=1

e—0
= lim (/7 (x) + I5(x)).
£—+0

Here the integral I{ (x) for x = 0 must be omitted. Let us calculate the first integral
I7(x). Since in this integral |§| < |x| — & = a < |x|, then by Lemma 2.7 the series
from (2.2.23) representing the function G4(x, &), converges uniformly in &, which
means integration and summation can be interchanged
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|x|—& & —(2k+n-2) 2 2
Is(x) — l p21+m+n—1 Z |X| |X| _ P
! 2 Jo L2k +n-2 \2k+n-4 2k+n

1 1 5 |x)? |x|2—1(2
- - + —1) d
2k+n—2(2k+n—4 Pok+n’ 2 \P P

SN Yy
TOWACH [ e e s

Wy

Taking into account the orthogonality of the polynomials {H](:) (x):i=1,...,h, k €
Ny}, we will have

. 1 |x|—& e |x|—(2m+n—2) |x|2 p2
Il(X) ZEL p2l+2 + 1( ( )

dm+n—-2\2m+n—-4 2m+n

21412 2 _ .
1 ( 1 _ Pl l(pz_l)))dew(x)

T Odm+n-2\2m+n—-4 2m+n 2

1 |x|—(2m+n—2) |X|2(|X| _ 8)21+2m+n
- §(2m+n—2 ((21+2m+n)(2m+n—4)
(|x| _ 8)21+2m+n+2 1
- (2m+n)(21+2m+n+2)) C2m+n-2
(|x| _ 8)21+2m+n |x|2(|x| _ 8)21+2m+n+2
((2m+n—4)(2l+2m+n) - 2m+n)2l +2m +n +2)

s |x|2 -1 ((lxl _ 8)2l+2m+n+2 ~ (|x| _ 8)2l+2m+n)))H’§1j)(x)'

2 21+ 2m+n+2 2l +2m +n

In the limit at € — +0 we have

1 |x|21+4
lim I7(x) =
e—+0 22m+n-2)\ 2l +2m +n)(2m + n — 4)
~ |x|21+4 ~ |x|21+2m+n
Cm+n)2l+2m+n+2) (Cm+n-4)2l+2m+n)
|x|2l+2m+n+4
+
2Cm+n)2l +2m +n +2)
~ |x|2 -1 |x|21+2m+n+2 ~ |x|21+2m+n H(j) (x)
2 2042m+n+2 2+2m+n "o
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Similarly, using the symmetry G4(x, &), we find

1 —2m+n—
qu)—lp/ p%ﬂmm—TF’Q * 2)( p* x| )
°(x) =

2 Jipee 2m+n-2\2m+n—-4 2m+n

1 1 2 21 ,
( _pz |x| + |X| (pz_l)))de;n])(x)

T dm+n-2\2m+n—4 2m+n 2

1 1 — (x| + &)+ |2 1 — (x| + &)?*?
= — |x

22m+n-2)\ 2l +4)2m+n—4) 2m +n) (21 +2)
- 1 - (lxl + 8)21+2m+n s |x|2 1 - (|x| + 8)2l+2m+n+2
2m+n—-4)2l +2m + n) 2Cm+n)2l +2m +n +2)

|x|2 —-1/(1-= (lxl + 8)21+2m+n+2 1= (|x| + 8)21+2m+n .
- Hy! (x).

2 2+2m+n+2 2 +2m+n

In the limit at € — +0 we have

1 1 = |x|2l+4 ~ |x|2 _ |x|21+4
2I+4)2m+n-4) (Cm+n)(2l+2)
1— |x|21+2m+n

lim I2(x) =
Jm L&) = o =)

|x|2 _ |x|21+2m+n+4

T Qmen—H2A+2m+n) | @m+n) 2 +2m+n+2)

2 2[+2m+n+2 2l+2m+n
xl“==1(1-|x 1-|x ;
o ( i i ))ngi,)(x).

2+2m+n+2 20+42m+n

From here we get

0 0 1 |x|2l+4
=7 I =
ux) = L)+ L) = e o\ @ s am s @m =)
|x|21+4 1 - |x|21+4 |x|2 _ |x|21+4
—_ + —_
Cm+n)2l+2m+n+2) QRI+4)2m+n-4) (Cm+n)2l+2)
) 1 ) X2
Cm+n—-4)Q2l+2m+n) Cm+n)2l+2m+n+2)
x|? -1 1 1 )
- - H . (2.2.25
3 \dxamens2 2ixamn) |Hn (- 2229

Using “Mathematica”, we calculate the coefficients for |x|2l+4H,§1j ) (x)
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| 1 1
2(2m+n—2)((21+2m+n)(2m+n—4) - 2m +n)(2 + 21 + 2m + n)
1 1 1
TR+ Cman—4) (21+2)(2m+n)) TG’
then for |x|2H,(nj) (x)
| ( 1 )+ 1
22m +n—2) (21 +2)(2m + n) I +2m+n+2)(2m +n)
1 N 1 )_ [ +2
22l +2m+n+2) 2Q1+2m+n))  Cpy
and finally for H,g,j ) (x)
1 ( 1 1
22m+n-2)\2l+4)2m+n-4) QI +2m+n)(2m+n-4)
N 1 B 1 ) 1+
2L +2m+n+2) 2Q21+2m+n)))  Cup’

where Cj,, = (21 +2)(21 +4) (2] +2m + n)(2] + 2m + n + 2). Substituting the found
values of the coeflicients into (2.2.25) we get

IX|?*4 = (I +2)x)>+ 1+ 1

(/)
H ;
Cim m (%)

u(x) =

which coincides with (2.2.24) for H,,(x) = HS (x).

Due to the completeness of the system {H,Sf) (x) :i=1,..., hy,m € Ny} for the
homogeneous harmonic polynomial H,, (x) the representation H,,(x) = 2?21 a;H ,51] ) (x)
is true, which means for f(x) = |x|* H,,(x)

Wy |€]<1

1 O -
— [ GuxOf(€)dE= ) a;— /|§ , Gale )P H,(©) de
j:1 n <

him

P -1 -2 (P - ZQ'HU)

= JH
Cl,m =1

24 =1 — (1 +2)(Jx]> = 1)
= Hm
Cl,m

(x).

The theorem is proved. O
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The result of Theorem 2.6 coincides with the result obtained in [91] for m € Ny.
The method for constructing these solutions is based on Almansi type expansions
[70,71]. Note that polynomial solutions of the Dirichlet problem for the 3-harmonic
equation is constructed in [77].

Theorem 2.4 can be supplemented with the following statement.

Theorem 2.7. Let n = 2. The next function
G4(x,&) = E4a(x,§)

_E“(ﬂ b |f) |x|22_1|§|22_ ( (| K -l |§) %) (2.2.26)

is the Green’s function of the Dirichlet problem (2.2.3), (2.2.4). The Green’s function
G4(x, &) is biharmonic for x,& € S and x # &.

Proof. Let us prove that the function G4(x, ¢) is biharmonic for x € § and x # ¢ and
satisfies the homogeneous conditions (2.2.4). Biharmonicity of the function

)
B8 = “ (g - 1)

for x # £ is established in Lemma 2.9. Let us study the function E4(x/|x|, |x|€).
Similarly to the case n = 4 we denote

In| 55 = I¢1¢] = 3 In[1 - 26.€) + +PleF| = S n,
Then
_£ 1£12 2 _e 1£12)2 2
illntz & + xi|€] , 0 _1 ‘= 2( &+ xi[€]7) +|§|
0x; 2 t o0x 22 12 t

and that means

€17 (1 = 2(x, €) + x| Iflz) Ifl2
t

1
Axilnt =-2 t2

=0,

i.e. In Ix /x| = |x|& | is a harmonic function in x. Since the factor before the logarithm
is equal to |x/|x| - |x|§|2 = 1-2(x, &) + |x|?|&£|?, then the function E4(x/|x|, |x|€) for
n = 2 is biharmonic in x for x, £ € S. Finally, the function

|X|22_1|§|22_ ( (| e |§) )
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is biharmonic since the function E (x/|x|, |x|¢) is harmonic for x € S. Let us check
the boundary conditions (2.2.4). We start with the second condition. It is not hard to
see that

xI* = (x,€)

Ade = €17 =2(Ix* = (x,6)),  Aclnlx—¢| = X — £

and therefore

4AxE4(x’§)
=2(Ix* = (¢, ) (Infx = &[ = 1) + [x|* = (x,&) = (Ix]* = (x,€)) (2In|x = &] - 1).
Similar to the case n = 4

X211 = (x, £)
e/ Lx| = 1x)é]

A/ 1x] = xlé]" = 20xP1€P = (x.€), AcIn|x/|x] - [x|¢] =

and therefore, since the operator A is of the first order, we find

AN Eq(x/1x], 1x1€) = 2(IxPIE” = (x, ) (In |x/lx] = |x1¢] = 1)

21e2
F /bl — el R (x’f? = (IXPIEP - (x,£)) (21nx/lx] — Ixlé] - 1).

e/ 1x| = |x|¢
Thus, for x € 9§
AN (Ea(x, &) — Eq(x/Ix], 1x|€)) = (2In|x/|x| = |xl€] = 1) (1 = [£]%)

1\ €7 -1 1\ [€]* -1
= 4( = Infx/Ix| - Ixl¢] +5) -1 _ 4{E (/1. Ixl€) +5) €1

2 2
= an (B e i) + 2)).

After elementary transformations we obtain the equality %64()@6) |x cos = 0
where £ € S. Condition G4(x,€&)|regs = 0, where & € § is obviously also satis-
fied. The further proof repeats the end of the proof of Theorem 2.4, due to which
differentiation and passage to the limit can be entered under the integral sign in

u(x) = - /S Ga(x. &) F(£) dE.

Wp

Therefore, the function u(x) defines a solution to the problem (2.2.3)-(2.2.4) for
f € C'(S). The theorem is proved. O
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2.3 Green’s function of the Dirichlet problem for the polyhar-
monic equation

In this section, based on the results of Section 2.2, the Green’s function of the Dirich-
let problem for the polyharmonic equation in the unit ball is constructed. First, the
fundamental solution of the m-harmonic equation &,,,(x, &) is determined and its
properties are studied in Lemmas 2.15 and 2.16. The function &,,,(x, &) differs
slightly from the elementary solution of the polyharmonic equation E»,, (x, ¢) studied
in section 4.2.1. Theorem 2.8 defines the Green’s function G,,, (x, &) of the Dirichlet
problem, Theorem 2.9 finds a solution to the homogeneous Dirichlet problem for the
polyharmonic equation in the unit ball, and in Theorem 2.10 a special case of the
right-hand side of the equation in the form f(x) = |x|*H(x) is considered. The
main results of Section 2.3 are published in papers [77,110, 123,124, 127].

The explicit forms of Green’s functions for various boundary value problems are
presented in many works. Let us list just a few of them. For example, in the two-
dimensional case, in the work [20], based on the well-known harmonic Green’s func-
tion, the Green’s functions of various biharmonic problems are presented. An explicit
form of the Green’s function for the Robin boundary value problem is found in the
papers [22,107,156], and the Green’s functions in a sector for the biharmonic and 3-
harmonic equations are considered in [187,188]. The papers [32,56,57] are devoted
to the construction of the Green’s function of the Dirichlet problem for the polyhar-
monic equation in the unit ball, and the paper [116] finds solutions to the Dirichlet
and Neumann problems for the homogeneous polyharmonic equation. The explicit
form of the Green’s functions for the biharmonic equation is obtained in Section 2.2.
In [77,110] the explicit form of the Green’s functions for the 3-harmonic equation in
the unit ball is given. As the most general results on the generalized Neumann prob-
lem containing powers of normal derivatives in the boundary conditions, we note the
paper [164].

In the equality (2.2.7) from the previous section, the elementary solution of the
biharmonic equation is defined in the form

1 . )
2(n_2)(n_4)|x—§| , n>4,n=3
Ey(x,&) = _%ln lx =&l n=4 . 23.1)
|X—§|2(1 _
7 (Inlx—¢gl-1),  n=2
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Theorem 2.4 proves that for n > 3 a function of the form

2_1 2_1
Gi(.&) = Exlx.8) - Es( T ole) - P ECZRp (L wie). 232)

where E (x, £) is an elementary solution of the Laplace equation [28], is the Green’s
function of the Dirichlet problem for the biharmonic equation in the ball S, satisfy-
ing the equalities G4(x, &) |xeos = 0G4(x,&)/0V|xegs = 0 for & € S. In [110], the
function

v o
2 4 -Dn-Dm—6 "ZI"EHO
Ee(x,&) ={ 64 n2|x ¢l n | .
e - T
i g “
il
64 (ln|x—§|_§)’ n=2

is introduced, which, by analogy with the function E4(x, €) from (2.3.1), is called the
elementary solution of the 3-harmonic equation. For x # £ the equality A Eg(x,&) =
—FE4(x, &) holds. The Green’s function in this case for n > 3 and n # 4 is presented
in the form

1|x]? =1
Ge(x, &) = Eg(x, &) — E6(ﬂ||§) |x|2 |§|2

(P = 12 (jgP - 1)2
xE4TT||f) y y Qll xl€). (234

In the resulting equality, the singularity is contained only in the first term Eg(x, &),
similar to (2.3.2), and all other terms are 3-harmonic functions in S. In this section,
we study the representation of solutions to the homogeneous Dirichlet problem for
the m-harmonic equation in the unit ball § = {x e R" : |x| < 1}

A"u(x) = f(x), x €S, (2.3.5)
ou (9’"_1
ulas =0, ==las = 0., =—2 1|as 0. (2.3.6)

The work [32] shows that the Green’s function G, (x, &) of this problem has the
form (Boggio formula)

g(x.8)
Gom(x,€) = km|x - §|2m_n/ (> = )",
1
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where
X

. ) 1
S " wn(2m - 22

and in the work [25] the function G, (x, &) is constructed in the case of n = 2. In the
work [57] an explicit representation of the function G, (x, ) is found depending on
the parity of n and the positivity of 2m — n. In [47,52] some estimates of the Green’s
function G, (x, &) are obtained using Boggio’s formula. This section gives another

representation of the Green’s function G, (x, £), which coincides, in particular, with
the equalities (2.3.2) and (2.3.4).

|X|é‘: ’ km
x|

2.3.1 Fundamental solution of the m-harmonic equation

Let m € N. Then the set N \ {1} can be divided into two disjoint sets N,, = {n € N :
n>2m>1}U (2N + 1) and its complement N¢, = {2,4,...,2m}. Since the set N¢,
is finite, then N, is infinite. It is clear that N’fn_l Cc N¢ , and therefore N,,, C N,,,_;.

Definition 2.1. The fundamental solution of the m-harmonic equation A"u = 0 is a
function of the form

(=1)"| = &P

ne€N,,
_ (2 —n, 2)m(2, 2)1’11—1’
82m(X, é:) - (_1)m|x —flzm_" 1 m_n/2 | NC (2.3.7)
2 -1, 2m(2, 2>m_1( ale-gl- 2 %) n e,

where (a,b);y = a(a+b)...(a+kb—b) is a generalized Pochhammer symbol with
the convention (a, b)o = 1, and the symbol (a, b); means that if there is 0 among the
factors a, (a + b), ... (a + kb — b) included in (a, b);, then it should be replace with
1. For example, (-2,2); = (-2) - 1 -2 = —4. In addition, if in the sum included in
(2.3.7) the upper index becomes less than the lower index, then the sum is considered
equal to zero.

It should be kept in mind that Ny = N U {0} and this notation is not related to
827)’! (xa f) *
Remark 2.6. From the equality (2.3.7) it follows that &, (x, &) coincides with the el-

ementary solution of the Laplace equation E(x,¢) [28] and, moreover, E4(x, &) =
Eq(x,&) forn >3 (2.3.1) and Eg(x, &) = Eg(x, xi) forn >3, n # 4 (2.3.3).

Remark 2.7. The fundamental solution &y, (x, &) differs slightly from the funda-
mental solution of the polyharmonic equation G, ,(x) considered by S.L. Sobolev
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in [162]. For n € N, the difference is in the factor (—1)", and for n € N¢ the
difference is more noticeable: instead of In(C|x|), as from Sobolev, the expression

In |x| — 22/221 5 is taken.

Let us introduce the notation
&5 (x, &) = Exm(x/|x], x]€),

(2.3.8)
h(x, &) = |x — €%, ha(x, &) = [x/x] - x[€[.

It is clear that h(x, £) and h.(x, &) are second-order polynomials. Some statements
are necessary regarding the functions &;,,(x,&) and & (x, £).

Lemma 2.15. a). The symmetric function Ey,,(x, &) is m-harmonic in x € S for
x # &

b). The symmetric function & (x,£) is m-harmonic in x € S for & € S.

Proof. a). The symmetry of the function &y, (x, &) is clear from the definition (2.3.7).
In Section 4.2.1 on page 344 we will study the function Ey,,(x, £), which is related
by the following equality to the function &y, (x, &)

82m(X,f), n E Nm

Eo(x, &) = (=1)"|x — gmn mod @39
En(e8) = G 2,

Lemma 4.2 proves that the function Ey,,(x, &) is m-harmonic in x € § for x #
¢. Therefore, for n € N, the function &,,,(x, €) is also m-harmonic in x € § for
x # &. Next, for n € N we consider the difference &,,,(x, &) — Eo,(x,€). Since
forn € NS = {2,4,...,2m} the inclusion 2m — n € 2Nj is true, then the function
Clx — £|*"" is a polynomial of degree less than or equal to 2/m — 2, which means
it is an m-harmonic function everywhere. Here C is the corresponding numerical
coefficient from (2.3.9). Therefore the function &, (x, &) = Eopm(x, &)+ Clx =&
is m-harmonic in x € § at x # £. Statement a) is proved.

b). It is easy to see that |x/|x| — |x|&| > |x/Ix|| - x||¢] = 1 - |x]|€] > 1 - |x] > 0
forx € S, & € S and hence the function &S (x, xi) is defined and differentiable
for given values of x and £. The symmetry of & (x,£) follows from the equality

|x/|x| — |x|f|2 =1-2x-&+ |x]?€)? = |§/|§| — |§|x|2. Further, it is easy to see that

0
a—xif(—XIfl +&/1€6D) = =&l fi(=xl&] + £/1€D),
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where f;(x) is the derivative of the function f(x) with respect to the ith variable. For
f(x) = |x|*" " (cq In|x| + ¢2), the derivative f;(x) exists if |x| > 0. In our case, the
argument is |x [1x] — |x|& | > (), which means there are derivatives of any order of the
function f(x). Therefore, by virtue of the first statement of the lemma, we have

A"E;, (x,&) = A" (Eam (=xI&] + £/1€1))
= (=[€D)*" (A" En) (—xlE] + £/1€])) = 0.

The second statement of the lemma is proved. O

Remark 2.8. In Section 4.2 (see Definition 4.3 on page 344) an elementary solution of
the polyharmonic equation Ej,,(x, ¢) is considered, which is related to the function
Eom (x, xi) by the equality (2.3.9). By Lemma 4.2 such a function E»,, (x, &) satisfies
the equality A, Ey,, (x, &) = —Eym—2(x, &) for x # &, which is used when constructing
the Green’s functions of the Navier and Riquier-Neumann problems in Sections 4.4
and 4.5.

Let us study the product of polyharmonic functions. It is known that the prod-
uct of harmonic functions can be either a harmonic function or a function that is
not m-harmonic for any m € N. For example, the functions u - v and u? with
u(xy,xp) = e*'cosxy and v(xy,x2) = e*'sinx,. In addition, according to the well-
known Almansi formula, the function |x|*"2u(x) is an m-harmonic function if the
function u(x) is harmonic. Let us introduce the operator

n

Au(x) = )" xing,, (2.3.10)

i=1

for which, as is easy to check, the equality AAu = (A + 2)Au is true. From this
equality it follows that A" Au = (A + 2m)A™u, and therefore, if the function u(x)
is m-harmonic, then the function Au is also m-harmonic, although its representation
contains terms of the form x;u,;.

The following result requires a slight modification of the method of mathematical
induction.

(*) Let statements A, be given for n,m € N and the following conditions are
satisfied for them: 1) statements A, and Ay, are true for n,m € N; 2) from the
truth of the statements An—1 , and A, m-1, the index of which belongs to N2, the truth
of An.m follows. Then the statements A, are true for all n,m € N.
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Proof. Suppose that under conditions 1) and 2) there are statements A, ,, that are not
true. Let us choose among them A, ,,+, for which the sum of indices n* + m” is the
smallest and (n*, m*) € N? . By condition 1) for A, there can be neither n* = 1
nor m* = 1. Then, by condition 2) either the statement A,-_; - or the statement
A+ m—1 must not be satisfied. For these statements, the sum of the indices is equal
to n* 4+ m* — 1, which cannot be due to the choice of the statement A: ,,,~. This means
that all statements A, ,, are true. O

Lemma 2.16. Let k1, k), € Ny, k3 € Nand k = k| + ky + k3. Then the function
11 (x, )3 (x, €) 8y (x,€)

is k-harmonic in x € S for & € S.

Proof. 1°. Let us prove that the function

Flo s (x,8) = B2 (x, )83 (x,€)

for ko € Ny, k3 € Nis (k2 + k3)-harmonic in x € S. Let first n € Ny, 4¢,. Itis easy to
see that in this case n € Ny, and therefore from (2.3.7) we obtain

_ Cry .
Fk2,k3(x9 é‘:) = Ck3h:f3 n/2+k2(x’ é:) = ﬁ82k2+2k3(x, g),
2TK3

where Cy, is the numerical coefficient of [x—¢&|?%3™" in &y, when n € Ny,. Therefore,

by Lemma 2.15, the function Fy, ,(x, &) is (ko + k3)-harmonic inx € S. If n €
sz ks but n € Ny,, then there is a positive integer s such that k3 + 1 < s < kp + k3
and 2s = n. In this case

Floks (£, &) = Ci, B8 (x, ).
Further it is easy to calculate that
-2
Ale/Ix] = 1x1é]" = a(a +n = 2)IEP|x/Ix] - |xlé]" (2.3.11)

and that means since 1 < k3 + ko — s + 1 < ko, then the polynomial Fy, x,(x, &) is
(ko + 1)-harmonic in x € §. Since k> + 1 < k, + k3, then what is asserted in 19 s
true. Let now n € Ni3. Then there is a positive integer s < k3 such that 25 = n,

and therefore the polynomial phas (x, &), similar to the previous case, is (k3 — s+ 1)-
harmonic. From the equality (2.3.7) we find

E3, (1. 6) = C, k™ (x, &) In[x/[x| = |x|€] = Ciy Liy hi ™ (x, &),
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where Cy, is a numerical factor for |x — £|*™", and Ly, is a numerical term for a
logarithm in &y4,, when n € Nis. That is why

Fiops (x, &) = Ciy B2 (x, ) Inx /x| = [x[é| = CryLis K7 (x, €).

Since n € Niz ks then from (2.3.7) it follows

P 0 &) In eIl = ] = Ol Etpaana (6 €) + Liriahs™™ 7 (x,6)

and that means
_ N ko+k3—
sz,k3 (xa ‘f) = Ck3Ck21+k382k2+2k3 ()C, f) + Ck3 (Lk2+k3 - Lk3)h*2+ : S(x, ‘f)

The first term in the resulting equality, according to Lemma 2.15, is a (ky + k3)-
harmonic function in x € S, and the second term is (k, + k3 — s + 1)-harmonic
polynomial. Since s > 1, then the statement 1Y is proved.

20, Now we prove that the function Gk, (x,&) = WM (x, f)Fké (x, &), where Fi;, (x,¢)
is an arbitrary k}-harmonic function over x € § and k; € Ny, k), € Nis (k; + k))-

harmonic in x € §. We carry out the proof by induction (*) using two indices k| € Ny
and k7, € N.

D If ki = 0, then G, (x,¢&) = Fi (x, &) and therefore Go, (x, &) is k-harmonic
by condition. If kK = 1, then we have Gy, 1(x,¢) = h* (x, €)Fi(x, &) and since
h(x,€) = |x — €|, then according to Almansi formula the function Gy, 1(x,£) is
(k1 + 1)-harmonic.

2) Suppose that the functions A%1 71 (x, f)Fké (x,&) and A% (x, f)Fké_l (x,&) are (k1+
k’, — 1)-harmonic in x € S. Because by (2.3.8)

0 _
S h(x,8) = 2k (= )W (x, £),
then using the operator A from (2.3.10) we get
MG, i (x,€) = Fiy (x, &) Ach" (x,8)

n 0F (x,8)
A (1, 8) Y = ) —
i=1 !
= 2k1(2ky +n = 2R (6, 6) Fiy (x, &) + 4k 17 (x,6)

X (AxFy (x,€) = € - VuFi (x,€)) + W (x, ) AcFy (x,€). (23.12)

+ W (x, €) A Frg (x, €)

www.irispublishers.com 1 16


www.irispublishers.com

Iris Journal of Mathematics Chapter 2, Section 2.3 V.V. Karachik

In the last equality the following identity is used, similar to (2.3.11)

AR (x, &) = 2k 2k +n = 2)HM 7 (x, &).

By the induction hypothesis and by the property of the operator A, each term on the
right-hand side of (2.3.12) is a (k1 + k} — 1)-harmonic function in x € S. Therefore,
the function Gy, k, (x,&) is (k1 + k%)-harmonic in x € §. Statement 20 is proved.

30, Now we choose Fi (x,€) = Fron3(x, &), where k), = kp + k3. This is possible
because, firstly, by Lemma 2.15 the function Fi(x,&) = Fo1(x,€) = Ej(x,€) is
harmonic in x € S, and secondly, according to the statement 19 of the lemma, the
function Fy, i, (x, £) is k) -harmonic in x € §, when & € S. Therefore, in accordance
with 2°, the statement of the lemma is true. The lemma is completely proved. O

2.3.2 Green’s function G,,,(x, &)

Now we are able to obtain the Green’s function representation for the Dirichlet prob-
lem (2.3.5)-(2.3.6).

Theorem 2.8. The Green’s function Gy, (x, £) of the Dirichlet problem (2.3.5)-(2.3.6)
forn > 2 and m € N can be written as

(Ix[* = D*(éPP = D*
(2m — 2, —2)k(2, Z)k

X

Szm_zk(m, |x|g). 2.3.13)

m—1
Gon(x.€) = Exn(x.6) = )
k=0

The symmetric function Goy, (x, &) is m-harmonic inx € S, x # ¢ € S and satisfies
the equalities for € € S

0Gon(x, ) 0 0" Gy (x, &)
ov x€dS U avm—l x€as

Gom(x,&)lxess = 0, =0. (2.3.14)
Proof. 1. First, let us check the correspondence of the function G, (x, ¢), defined
in (2.3.13), with the previously found functions (2.3.2) and (2.3.4). For m = 1
from (2.3.13), taking into account the notation (2.3.8), the condition (a,b)y = 1
and the equality E(x, &) = E,(x, &), we obtain the well-known Green’s function for
the Laplace equation. For m = 2 from (2.3.13) we get

(k= D€ - 1)
2-2

G4()C, ‘f) = 84()6, f) - SZ(X’ é‘:) - SZ(X’ é‘:)’
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which coincides with (2.3.2) for n > 3, since in this case, according to Remark 2.6,
E4(x,€) = E4(x,€). f m = 3 and n > 3, n # 4, then by Remark 2.6 Eg(x,¢&) =
E¢(x, &) and therefore, taking into account the previous equalities, (2.3.13) gives the
equality

G6(X, f) = 86(3(?, f)
(IxI* = DR - 1)

_82(x7§)_ 4.2

which corresponds to (2.3.4).

(* = D¢ - 1)?
8-8

SZ(X,é‘:) - 8;(x7§)’

2. Let us check whether the function G, (x, ¢) from (2.3.13) is m-harmonic with
respect to x € S for x # £ € S. To do this, note that in accordance with the notation
(2.3.8) the equalities are true

Ro(x, &) = h(x,€) = 1= 2x - & + |x[[€]* = |x|* + 2x - & — |€]* = (Ix|* = D(|€]* - 1),

and therefore the equality (2.3.13) can be rewritten in the form

" (ha(x, &) — h(x, f))k
m\As =& M- B
Gan(x,€) = Ean(x.) ;) (2m 2.2, (2.2);

E3 i (X, 6). (2.3.15)

By virtue of Lemma 2.135, it is sufficient to check the m-harmonicity of functions
under the sum sign in (2.3.15). But this immediately follows from Lemma 2.16 since
the common term of the sum in (2.3.15) is a (k + m — k)-harmonic functionin x € §
foré €S,

3. Now let us check the fulfillment of the boundary conditions (2.3.14). The outer
unit normal derivative of the function G,,,(x, &) to a sphere of radius |x| < 1 is equal

anm(X ‘f) Z Xi 8G2m(3C é:) 1

L A Gon
o Sl ax G

Therefore

azGZm(-xaf) _ 1 1 — 1
Erraah (mAxmAx)GZm“’f) R ! A G,

and therefore, using the notation Al = A(A — 1) ... (A — k + 1), we can write

a G2m(x é:) ( 1
vk |x|
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= LAX(AX —1) . (A =k + DGap(x, &) = LA)E"]GQm(x,g). (2.3.16)
|x[* |x[*

Thus, to satisfy the boundary conditions (2.3.14) we must prove that the equalities
hold true

sz (x, g) |xeaS = 07 AxGZm(X, §)|x€6S = Oa st A}[Cm_l] G2m (-xa é‘:) |X€8S = 0
It is easy to see that these equalities are equivalent to the following equalities

G2m(x» f)|xeé)5 = 07 Aszm(-xa f)lxeaS = O, LIRS AT_Isz(x, f)lXEaS = O (2317)

Let us prove that they are true, which means that the boundary conditions (2.3.14)
are also satisfied. If we putx € 45 in (2.3.15),i.e. |x| = 1, then for &£ € §, taking into
account that &y, (x, &) = &5 (x,€) and h(x, &) = h.(x,€) on S, we get

Eom (%, £) =0  (2.3.18)

Gom (X, &) |xeos = Eam(x, €)|ress — (2m — 2, —2)0(2, 2)o lxeas

forany m > 1.

Let us explore other boundary conditions from (2.3.17). It is easy to verify the
equality

m—1

_ R (B, €) = h(x, )

ArGon (x,€) = Ao (x, £) ;) G52, L),

(he(x,€) = h(x, £)*!
(2m -2, _2)/{(2’ 2)k

A&, 9 (X, )

m—1
- Z kA (ho(x, &) = h(x, £)) & L (x,€). (2.3.19)
k=1

Consider the last term in the first sum on the right in (2.3.19), which has the form

(ha(x,€) = h(x, &))"
(2m -2, _z)m—l (2’ 2)m—l

em-2(x) = A& (x,6).

By Lemma 2.16 this function is m-harmonic in S. Since h.(x,&) = h(x, &) for
x € 05, then after applying operators A to the function &,, _»(x) fork =0,...,m-2
the limits for x — 0§ of all functions obtained in this case is turn to 0. The subscript
of £,,_(x) indicates the maximum degree of the operator A¥ for which this property
holds. Therefore, in the following presentation, all functions that have this property
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are denoted by one symbol &,,_,(x). These functions do not affect the fulfillment of
boundary conditions (2.3.17).

Let n € N,,,. Then, in accordance with (2.3.7), the equalities are true

(1) — g2
(2 - n, 2)m(2’ 2)m—l

Ax82m (.X, f) = Ax

_ (_l)m m-—n/2
S 2@ )
_ _82m—2(x’ f) _ _Axh(x’ f)
= (m = n/2) G A (1.) = =55 S a(x.6). (2:3.20)

Let us study the case n € N, . Let first n = 2m and that means n € N,,,_;. Then, in
accordance with (2.3.7), we have

~ (=)™ In |x — &
AEom(x,E) = A, (2 =2m,2)5(2,2) -1
] (1" 1
S 2 D 2 2 e E)
_ —Eapa(x,€) _ Ah(x8)
= —2om-2 Ach(x, &) = 2am=2) 2)82m_z(x, £).

Letn € N¢ , but n # 2m. Then again, in accordance with (2.3.7), we have

m—n/2

L —gpr :
AxEom(x, &) = Ay 2-n,2)5(2,2)m-1 (ln Sl kzz; ﬁ)

(=D x = EP" 2 AK(x, €)

== e T am =D (2=, 2 (2, 2ma
m-n/2 1
X (ln|x—§| - kzz; ﬁ)
(=1)™|x — &[Fmn 1
T em—n)@m -2 -n2),_ (2 2)ma A Inh(x. &)
__ABEE) (D) g A
T 202m-2)(2-n2)"_,(2, 2),%_2(ln b=l - ; 2% 2m - n)
Ah(x,
= —ﬁam—z(% £).
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Thus, the formula (2.3.20) is valid for all » > 2. Similar to the calculations done
above, it is easy to obtain for n > 2 the equality

Axh*(x’ é:) *

A)68>2km (xa f) = _m82m—2

(x, ).

In accordance with (2.3.20) we rewrite the equality (2.3.19) in the form
Ach(x, §)
2(2m —2)

¥ mZZ (he(x, &) ~ hx )" Avhu(x.8)
= (2m - 2,-2)1(2,2), 2(2m - 2k - 2)

AGop(x, &) = — Eom—2(x, &)

Emnikn (X, &) + & 2(X)

(he(x,€) = h(x,€))"
(21’}’1 -2, _2)k+1(2’ 2)k+1

Ema—a (X, ).

(2.3.21)

m—2
= Tk + DAL(h(x,€) = h(x,£))
k=0

Note that in the last sum the substitution of the index k — k + 1 is made. Let us
combine the last two sums, which have the same upper and lower indices, into one
sum

& (ha(x, &) — h(x,&)F _,
(2m —2,-2)(2, 2)k82m—2k—2(x’ £)

(ke (ks Dilha(s8) — s £)
2(2m - 2k - 2) (2m — 2k — 2)(2k +2)

5 ) SR O Ak g
) k=0 2m —2,-2)x(2,2)r 2(2m — 2k — 2) 2m—2k-2\A>S )5

o

k=0

and then, using the equality
2m—-2,-2)s1 = (2m—-2,-2);2m -2k -=2) = 2m - 2)(2m — 4, -2);,

we can write

m-2
Akt ) %3 (her,§) ~h@x N e
k=0

2(2m —2) & (2m —4,-2)(2,2), "2

Thus (2.3.21) is converted to the form
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Ach(x, &)
2(2m - 2)
(m-1)-1

AxGZm(xa f) = 82m—2(xv 5)
" Axh(xs 6) Z (h*(x’ é:) - h(xa f))k
2(2m —2) 2m—-1)—-2,-2)r(2,2)x

k=0

Sz(m—l)—zk (x,&) + gn2(x),

from which we get

Aszm(X, f) = A(h()i f)) GZm—2(-xa f) + 3m—2(x)- (2322)
It immediately follows that
A2h Axh
AJZCGZm(xv f) = 4( (i f)) GZm— ( f) 4( (i ‘lg:))A G2m—2(~xa 5) + Axgm—Z(x)°

Due to the equality (2.3.22), taken for m = m — 1, and taking into account the
equalities

Ah(x &)
4( _1) Em-3

and also since g,,_3(x) + €,,_3(x) = &,,_3(x) we can write

AxEm—2(x) = gm-3(x), (x) = em—3(x),

A%ug)

2 —
Aszm(X, ‘f) - ( _ 1)

G2m—2 (X, f)

(Ach(x, £))?
2(m-1)(m -2)

Gom-4(x, &) + &m-3(x). (2.3.23)

Let us apply induction on k. Based on the equality (2.3.23) and taking into account
(2.3.22), where k = 1, we assume that for some 1 < k& < m — 1 the equality is true

k-1
AT Gon(x,8) = ) 85tV (6,6 Gamoi(x, €) + Eni (%), (2.3.24)
i=1

where gé )(x &) are some polynomials of degree 2i in x. For example, from (2.3.22)

and (2.3.23), where k = 1 and k = 2, respectively, we find

(1) _ Ah(x,6) ) Azh(x &)
g2 (.X, f) - 4(m _ 1) ’ 82 (xv f) ( _ 1)
gf)(x,f) _ (Axh(x,&))?

16(m — 1)(m - 2)
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Using (2.3.24) and (2.3.22) with m = m — i we write

A h(x &)
4(m —i—-1)

k-1
AfGom(x,8) = D" Mgy (x,8)Gami(x, €) = Zg”‘ Vé);
i=1

X Gom-2i-2(x, &) + Z 8§f_1)(X, E)em-i—2(x) + A& (x).
i=1

Hence, since

Zgéf‘ (0 6) o Gania ()

1)
k
- ) e T G ),
i=2
we get the equality
k
NeGon(x,8) = Y (A " (x,8)
i=1
Axh(x, &)

= 84 (6 ) T G i (4, €) + Bk (1), (23.29)

4(m —1)
where we should assume that gg.‘_l) (x,&) =0fori =0o0ri > k — 1. In addition, it is
taken into account that

k-1

k—1

D85 O)emia(x) + Ak (x) = &t (%),

i=1
since the smallest index of the functions &,,_;_>(x) under the sum sign is equal to
m — k — 1. If we designate

gzl)(x f) = xgzl_ )()C f) géi{ 1)( f)A(h(if:))

then (2.3.25) coincides with (2.3.24) for k = k — 1. It is clear that the function

gg.() (x, &) is apolynomial of degree 2i in x, since by the induction hypothesis deg gg( b (x,€) =
2i. Therefore, the induction step is proved. Thus, for 1 < k < m — 1 the equality is

valid

k
AI;GZm(x’ §) = Z gg-{)(% §)Gom-2i(x, &) + Em—-1(x).
i=1
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If we use the equality (2.3.18) here, then, taking into account the definition of the
functions & (x), we get

k
ASGo(x,€)lxess = Z g3 (%, €)Gomozi(x, &) Ixeas + Em—t—1(x)lreas = 0
i=1

for k =0,...,m — 1. This means the fulfillment of the boundary conditions (2.3.17)
and therefore the equalities (2.3.14). The theorem is proved. O

Remark 2.9. The previously obtained formula (2.3.2) for the case m = 2 is not correct
for all n > 2. For n = 2, in accordance with Theorem 2.7 on page 108, the Green’s
function has the form

G4(X, 5) = E4(X, 5)

2 2
TR (- 114(|§| lJ

) |
Ei(x,6) + 5). (2.3.26)

Nevertheless, the equality (2.3.13) is correct in this case as well. Indeed, since
= {2,4}, and N{ = {2}, then by virtue of (2.3.9) we have

Er(x,¢) = 82()6 &),

e = &7

x — §I2
(0,2)3(2,2)1 sz Ea(x.8) -

E4(X, é':) = 84()6’ f) -

Substituting these values into (2.3.26) and taking into account that &, (x, £)—h(x, &) =
(Ix]?> = 1)(J€]* = 1) we get the equality (2.3.13)

|x - flz

Ga(x,8) = E4(x,8) — - &,(x,8)

N x/|x| — lefl2 (kP =D(EP -1
8 4

= 84(X,€:) - SZ(X,f) -

(&30 +5)

(x> =D (&P -1
4

&3 (x.8).

Form = 3 and n = 4 we have n € N7. In this case, in [110, Theorem 2] a
representation of the Green’s function is obtained, which also differs in form from
(2.3.4), but coincides with (2.3.13).
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2.3.3 Solution of the homogeneous Dirichlet problem

To construct a solution to the Dirichlet problem, we formulate the following statement
following from Theorem 2.8.

Theorem 2.9. The solution to the homogeneous Dirichlet boundary value problem
(2.3.5)-(2.3.6) for the polyharmonic equation in the unit ball S for f € C'(S) and
n > 2 can be represented as

(="

n

u(x) =

/S Gom (3, €) £ (€) dé (23.27)

where w,, is the area of the unit sphere in R".

Proof. Let us calculate the result of applying the operator A”~! to the function u(x)
given by the equality (2.3.27). To do this, note that potential-type integrals /S | f _(§|)(, dé
are functions from the class C” (R") for a bounded and integrable function p(x) and,
in this case, differentiation of order p € Ny with respect to x can be entered under the
integral sign for any p such that @ + p < n [183, p. 25]. In our case, for the singular
term of the function G,,,(x, £) from (2.3.13) we have @ = n — 2m + 1, and therefore

for the integral
(=D~

n

u(x) =

/S B, ) (&) dé

we have p = 2m — 2 and therefore u; € C¥"2(R"), which means the operator A"~!
can be entered under the integral sign.

Let n € N,,, then from (2.3.9) it follows that E,,,(x, &) = Ey,(x, ) and therefore
since due to Lemma 4.2 AE>,,(x,&) = —Eppo(x, &) for x # £, then A&y, (x, &) =
—Eom—2(x, &) for x # £. That is why

A" Exp(x, &) = (=1)"1Ex(x, &) = (=1)" ' Ea(x, &),

where E>(x, £) coincides with E(x, &) from [28]. If n € N¢ and n # 2, then taking
into account the equality Alx — &|* = a(a + n — 2)|x — £|*~? and in accordance with
(2.3.9), we get

- _ e mot (D" =g S 1
A8 (3, €) = A By (x,8) 4 A S e — k:zn;zzk
(=1)"(4 =1, 2)n1(2,2)m

(2 - n, 2);;1(2’ 2)m—1

= (=1)" ' Ey(x, &) + [x - €77
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m—1
x 3 5= ()" B, 6)

k=n/2

The fraction is turned to zero because among the factors in the expression (4 —
n,2),—1 from its numerator, due to the conditions n € N¢ and n # 2, there is one
zero. In the case n = 2 we similarly find

A" 80 (x, &) = (-1)" Ea(x,€) — M),

where M = Y7 ﬁ This means that for n > 2 we have

(J)n n

Am_lul(x) = (_l)m AAT—lazm(x,f)f(f) dé‘ - _wL/SEZ(x"f)f(f) déja

and for n = 2 we get accordingly
_ 1
Ay (0) =~ [ (Ba) = M)F(©) e
Wn Js
As aresult, for n > 2, by the property of the volume potential, we can write

W) = A= o= [ Exn )7 de) = ), xes

and for n = 2 we have the same equality
1 M
W) = 8- o- [ Enor@de+ T [ f@de) = fw. xes.

The condition f € C'(S) on the function f is sufficient to satisfy the equality
A(A™ 1u1)(x) = f(x)inS) [28]. In Lemma 2.16, taking into account the notation
(x> =1 (|€]> = 1) = h.(x, &) — h(x, &) from Theorem 2.8, it is proved that a function
of the form

-1 -1
5 (P = DEEP - D _ N (e ) —h(x,6)
Z‘) (m =2, 2.2y a0 6) = kZ::‘) (2m —2,-2)1(2, 2

Expmai (X, &)

is m-harmonic with respect to x in S for any ¢ € S and can be differentiated with
respect to x under the integral sign over & any number of times. Let us denote the
integral over & € S of this function multiplied by (—1)"/w, f (&) by us(x). Then we
have

(- 1)”““ (kP = Dl - Dt
W) = Y Sy B (€ dE =
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Therefore, the function u(x) from (2.3.27), taking into account the equality (2.3.13),
satisfies the equation (2.3.5)

A"u(x) = A"ui(x) = A"ur(x) = f(x), x€8S.

Further, due to the fact that for the function u(x) from (2.3.27) we ultimately have
the inclusion u € C?"~2(S§), then passing to the limit x — 9.5 for functions A,[Ck]u(x),
k =0,...,m— 1 can be entered under the integral sign. Using (2.3.17) and (2.3.16)
we find

0 u (=™ (K]

Foklas w—n/SAx Gom(x,&)|, 55/ (£) d€ =0,
fork =0,...,m—1, which means the function u(x) from (2.3.27) satisfies all bound-
ary conditions (2.3.6) . The theorem is proved. O

2.3.4 The simplest right-hand side of the equation

Let us consider the simplest special case of the polynomial right-hand side in the
equation (2.3.5). We generalize the result of Theorem 2.6.

Theorem 2.10. Let in the equation (2.3.5) f(x) = |x|*Hi(x), where Hiy(x) is a
homogeneous harmonic polynomial of degree k € Ny, [ € N and n > 2. Then the
solution to the Dirichlet problem (2.3.5)-(2.3.6) has the form

(=D"

Wy

u(x) =

[ Gontr P () de = (1>
£1<1

"l +m ) i Hi(x)
_;( i )“x' _1))(21+2,2)m(2l+2k+n,2)m’ (2.3.28)

where (a, b),, is the generalized Pochhammer symbol (see Definition 1.3).

Proof. The case m = 2 is considered in Theorem 2.6. For m = 3 in [110, Corollary 2]

itis established that the solution to the Dirichlet problem for the 3-harmonic equation

for f(x) = |x|*H,,(x) can be written as

[P0 = 1= (L 3) (P = 1) = 30+ D+ 3) (e - 1)?
(21 +2,2)3(21 + 2k +n,2)3

u(x) = Hy(x).

Due to the uniqueness of the solution to the Dirichlet problem (Theorem 2.16) and
the equality (2.3.27) we easily obtain the equality (2.3.28) for m = 3. The equality
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(2.3.28) generalizes this formula to arbitrary m € N. Let us check that the func-
tion u(x) given by the right-hand side of (2.3.28) is a solution to the homogeneous
Dirichlet problem with f(x) = |x|? Hy(x). It is not difficult to see that since

Alx|* Hy (x) = 2121 + 2k + n = 2)|x|?2Hy (%),

then from (2.3.28), taking into account that the functions |x|** Hy(x) for k < m — 1
are m-harmonic polynomials, we find

A"u(x)
2L+ 2m) .. 2L+2)- 2+ 2m+2k+n=2) ... (2l + 2k + n)
B (20 +2,2)m (21 + 2k + 1,2),
X |x|* Hy (x) = [x|* Hy (),

i.e. u(x) satisfies the equation (2.3.5).

Let us check the boundary conditions (2.3.6). First, we select a constant factor
from the function u(x), i.e. consider the function u*(x) = (2 + 2,2),,(2] + 2k +
n,2),u(x). It is clear that if u*(x) satisfies the conditions (2.3.17), then the function
u(x) also satisfies them, which means it also satisfies the conditions (2.3.6). Next, let
us represent the function u*(x) as a product of two polynomials u* (x) = G, (x) H (x),
where

m—1
Gm(X) — |x|21+2m _ Z (l 'tm)(lx|2 _ l)l
i=0

It is easy to see that G,,(x)|ss = O for m > 1, which means u*(x)|gs = 0. Let us
calculate Au*(x). We have

Au(x) = Hy(x)AG 1 (x) + G () AHg (x) = ((21 +2m) |x|* 2

m—1
- Z (l -:m)2i|x|2(|x|2 - 1)"—1)Hk(x) + kG (x)Hi (x)
i=1

m—1
= (21 + 2m)(|x|21+2m—2 - 2 (l Jrl’i“ . 1) (x| - 1)"‘)|x|2Hk(x)
+ kG (xX)Hi(x) = (21 + 2m) G -1 (xX) Hi2(x) + kG (x) Hy (),

whence it follows that Au*|55 = 0 for m > 2. Here we denoted Hy2(x) = |x|>Hy (x).
Further we assume that Hy2i42(x) = |x|*Hyi0i(x) for i € N. It is easy to see that,
similar to what was done above, the equality holds
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A(G i (x)Hies2i (x))
= (21 4+ 2m = 20) G i1 (X)) His2i42(x) + (k + 20) G i (x) Hi2i (x),

where m —i — 1 > 1. If we now continue to apply the operator A to Au*(x), we
can see that the polynomial A*u*(x) is written as a sum of polynomials of the form
G—i(X)Hjs2i(x), where i = 0,. .., s with some coefficients.

Next, separating separately from the polynomial A’u*(x) the term with the lowest
index i from the polynomial G;(x), and the sum of the remaining terms with a higher
index i from G;(x) denoting as O;(x), we can write the equality

Nu (x)=QL+2m) ... 21 +2m — 25 + 2)G s (X)) Hys25(x) + O s (x),

where Hj4o5(x) = |x|*Hy(x) and m — 1 > 5. Since G;(x)|ss = 0 fori > 1, which
means O,,_s(x)|gs = 0, for s < m — 1, then from the resulting equality it follows that
ANu*(x)|sps = 0, for s = 0,...,m — 1. Thus, the boundary conditions (2.3.6) for the
function u*(x), and therefore for the function u(x) from the right side of (2.3.28),
are satisfied. From the uniqueness of the solution to the Dirichlet problem (Theo-
rem 2.16) and the equality (2.3.27) it follows that the equality (2.3.28) is valid. The
theorem is proved. O

2.4 Dirichlet problem for the homogeneous polyharmonic equa-
tion

In connection with the explicit representation of the solution to the Dirichlet problem
with zero data on the boundary 9, obtained in Theorem 2.9, in order to find a solution
to the complete Dirichlet problem for m-harmonic equation in a ball, there is a lack of
a way to construct a solution to the Dirichlet problem for a homogeneous m-harmonic
equation with nonzero functions ¢;(x),i = 0,...,m—10ndS. This section is devoted
to that issue. For polynomial data, Theorem 2.15 provides a formula for finding a
solution to the Dirichlet problem for the Poisson equation. The results of Section 2.4
are published in papers [86, 116, 120].

In the work [112] it is established that the solution to the Dirichlet problem for the

homogeneous biharmonic equation in S can be transformed to the form

1 —|x|?
2

1 —|x|?
2

u(x) = ug(x) + Aug(x) — ui(x), 2.4.1)
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where the harmonic functions ug(x) and u;(x) are solutions of the Dirichlet prob-
lems with values ¢g(x) and ¢;(x) on the boundary 4S5, respectively. Obviously, the
functions u;(x) for i = 0, 1 can be represented in the form

1 0GH(x, 1 1 —|x|?
u;(x) = ——/ M%‘(S) dsg = — | ln
wy Jogs OV Wy Jos |x — €|

@i(&) dse,

where G, (x, £) is the Green’s function of the Dirichlet problem for the Poisson equa-
tion.

The goal of this section is to obtain a formula similar to (2.4.1) to represent the
solution to the Dirichlet problem for the homogeneous m-harmonic equation in the
ball § = {x € R" : |x| < 1}, but without using the Green’s function (see remark 2.14
on page 147).

Consider the complete Dirichlet problem

A"u(x) = f(x), x€8, (2.4.2)
ou 0" u
ulga = ¢o(s), o los = 01(8),..., 5o s = Ym-1(s),s € 08, (2.4.3)

where v is the outer normal to the unit sphere dS. The required smoothness of the
functions f(x) and ¢x(s), k =0,...,m — 1 will be indicated below.

2.4.1 Preliminary transformations

Similarly to the representation of the solution to the Dirichlet problem in the bihar-
monic case (2.4.1), we take an m-harmonic function in § satisfying the boundary
value conditions (2.4.3) in the form

m—1
u(x) = > pr) (x> = D%, (2.4.4)
k=0
where py(x) € C"1(S), k =0,...,m — 1 is a set of harmonic functions in S. The

above required smoothness of the functions p(x) is necessary, since the function
u(x) must satisfy the boundary conditions (2.4.3).

Let Pr(t) = ’s‘:o cst* be some polynomial. We use the factorial polynomial cor-
responding to the polynomial Py () by the equality P () = Zf:o cst1¥1, where the
factorial monomial #'¥] is defined by the equality (Kl = #(r—1) ... (r—k +1). Recall
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n
that the operator Au = ), xjuy, has an important boundary property (see Lemma
k=1
2.1)
o u
dvkla
and if the function p(x) is harmonic, then the function Ap(x) is also harmonic.

= A ulaS, (2.4.5)

To apply the operator A to a product of functions, the following lemma is needed
(see Lemma 3.33 on page 288).

Lemma 2.17. Let p, g € C*(S), then the operator A satisfies the equality

k

H(pq)ZZEE(f)AUHN\M—ﬂq. (2.4.6)

i=0
Let us prove the following main relation.

Theorem 2.11. Let, for the given harmonic in S functions q;(x) € Ck(S), i =
0,...,m — 1, where k; > 0, there exist harmonic functions p;(x) € C™1(S), i =
0,...,m — 1, such that the equalities hold:

m—1
() = Z( 0 (prton 50 = 3 @0,
$=0 (2.4.7)

i

%m:ZC%HMm,

j=0

where s, j,i = 0,...,m — 1. Then, for such po(x),..., pm-1(x), the m-harmonic
function u(x) € C™1(S), determined in (2.4.4), satisfies the Dirichlet boundary
value conditions .

0'u
ov! |aS

=qi(x)lss, i=0,...,m—1. (2.4.8)

Proof. 1t is easy to see that due to (2.4.6), we have

m—-1 i .
Aly(x) = ZA Pt =1 = 37 3 (FJAT T peal i - 1y

k=0 j=0

m—1 i .
=, Z (;)A“—ﬂpm) g;(—l)"—S(’j)(zs) (25— j+ DR,

k=0 j=0
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where i = 0,...,m — 1, and therefore, in accordance with the formulas (2.4.5) and
(2.4.7) and the required smoothness of functions p;(x) and ¢;(x), we obtain

; ] m—1 k
o'u k .
[i—Jj _1\k-s [/]
P ’as [y ()95 = Z ( )A Z( 1) (S)(QS) Pr(x)as
j=0 k=0 5=0
i ; » — m—
- () S § - !(&)peonas
j=0 J s=0 k=s
] . m—1 I .
l T . 1 .
= (A @9V = 3 AT sy s = asonas
=0 v 5=0 =0 v
wherei =0, ...,m — 1. The theorem is proved. O

Theorem 2.11 implies that if by the given harmonic in S functions {g;(x) € C*(S),i =
0,...,m — 1} we are able to find functions {s;(x),j = 0,...,m — 1}, and then
{r¢(x),s =0,...,m—1}, and finally, {ps(x) € C"1(§),k =0, ...,m—1} such that
the equalities (2.4.7) hold, then the m-harmonic function u(x) € C™!(S) satisfies
the boundary conditions (2.4.8). Therefore, we need to reverse the transformations
(2.4.7). This requires auxiliary constructions.

Let a polynomial P (A1) be written in factorial monomials
m
P(A) = Z pealkl, (2.4.9)
k=0
Consider the following operation of “factorial” differentiation of polynomials

POy = (P4 V)Y = PED A+ 1) - PED), (2.4.10)

where P(9 (1) = P(A). It is easy to see that this differentiation reduces the degree of
a polynomial by 1 and

(AN = e D Z AR 2 AT 41— (2= &+ 1)) = kal*,

which means that

T Tkm i .
(/l[k])(j) _ KUIAL=IT > 7 |
0, k<j
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Therefore, (2.4.9) implies

PY(0) = Zpii[k]ﬂ[i_k]h:o = pik!
i=k

, and hence, we have the equality

m_ k)
P(/l):ZP ©) a1, 2.4.11)

Moreover, the definition (2.4.10) of the derivative implies the following equality

k
PR (1) = Z(—l)k‘i(k)P(/l +i), (2.4.12)
i=0

i

and therefore, coefficients of the polynomial P (1) from (2.4.9) can be calculated by

the formula )
PR©0) 1 wilk\
pe=— = H;‘(—l) (l-)P(’)'

The equality (2.4.12) can be easily proved by the induction. For k = 1, it coincides
with the definition of the derivative. If it is true for the (k — 1)th derivative, then

PR ) = P*Da+1) - PR

k-1 k-1
= Z(_nk—l—i(k B I)P(/l +1+i0)+ Z(—l)""’(k B 1)P()L +1)
i=0 ! i=0 !
k—1
=P(A+k)+ Z(—U’H‘ ((k - 1) + (k B 1)) P(A+i)+ P(Q)
=1 L — l

1
k
[k
=Y (5,
i=0 !
and hence the induction step is proved.
Now let us look at the last transformation from (2.4.7).

Lemma 2.18. The last transformation from (2.4.7) is invertible in the form

i

si(x) = Z (;)(—A)[i_j]qj(x), i=0,...,m—1.

j=0
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b

Proof. Let the operator matrix B(A) be of the form B(A) = {(i.)A["_j ]}

J i,j=0,m—1

where (;) = 0if i < j. We prove that
(B(A)™ = A(A) = {(l.)(—A)“-”} .
j i.j=0.m—1

Let us calculate the product B(A)A(A) = (c;,;(N)), =0T where

m—1 /.
crj(A) = ) (,Z)A“‘” (i)(—A)[k-ﬂ.

k=0

Leti > j. Since (,’() (lj) = (;) (;(‘_J]), then

(i

k=
; i—j i

=() ( J)A[f—f—kl(—/\)[ﬂ. (2.4.13)
I\ k

By virtue of the binomial theorem, we have

0=(A+(-A)" = > (’Z)A[’"‘k](—l\)[k],
k=0
where m € N. Hence, it follows that in the case i > j, we have ¢;; = 0. Fori = j

from (2.4.13), we find

)3

(O)A[‘k](—A)[k] = 1.
k=0 k

k
and hence, (B(A))~! = A(A). Thus, keeping in mind that Q (x) = (go(x), . . ., gm-1(x))7,
and S(x) = (s0(x), ..., sm_1(x))T, wehave Q(x) = B(A)S(x) = S(x) = A(A)Q(x).
The lemma is proved. O

If i < j, then since (}) (]J‘) = 0, it follows that ¢; ; = 0. Therefore, B(A)A(A) = 1,

Consider the following polynomials in A

hm(A)
(A= 20)h,, (20)°

m—1
(D) = [ [(A=2k), (D) = (2.4.14)
k=0
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wherei =0,...,m — 1 and

m—1
w2 = || @i-2k) = (-1)" 7 @2)1@m -2 - 2)11 £ 0.
k=0,k+i

It is clear that deg &, ;(4) = m — 1. Using the polynomials %,, ; (1), in accordance
with the formula (2.4.9), we can define the coefficients h,(qf)l by the following equalities

m—1
B (1) = > DAV, i= 0, m -1, (2.4.15)
By virtue of (2.4.11), we have hfr{)l = hfq{’)l.(O) /j!. Consider the matrix H,, =

Lemma 2.19. The second transformation from (2.4.7) can be reversed in the form
m—1 .
ri(x) = Z h,ggjs,-(x), j=0,....,m-1.
i=0

Proof. Denote

11 | R 1
o 20 4l @2m-2)W

C = (@), 5o = N
0 2= glm=1  (om —2)lm-1]

and prove that

C™' =Hy = (b)), 5o (2.4.16)
It is easy to see that fori = 1,...,m -1
(0,21, ..., (2m —2)ll Z(zk)[l . Z(Zk) [l X R )

Consider the following polynomials of degree m — 1

& 2O R, ()
£ by, (2k) (4 =2k)°

m—1
gi() = > (20) My i () =
k=0
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Using the notation of the formula (2.4.15), we write

gi(d) = Z(Zk)[’] Z L Z ALl Z(Zk) In, = Z_‘jgi(j)/l[j],
=0

and therefore, (2.4.17) can be written as

0,2,...,em -2 . H, = (¢, ¢",...,g" ). (2.4.18)

el
It is not hard to see that for j = 0,...,m — 1, the equalities

& oW 25 @2

’ N (]
e hyy (2k) (2] — 2k) T (2)) h, (27) = (2))

gi(2j) =

hold. Since g;(1) is a polynomial of degree m—1 and the equalities (g;(1)— /l[i])| A=2j =
0 are true at m points 4 = 2j, where j = 0, . — 1, then g;(1) = AU, Therefore,
from (2.4.18) it follows

(0,2[i], oo (2m— 2)[i]) -H,, = e¢;

which means CH,,, = I. Thus, if S(x) = (s¢(x), ..., Sm—1(x))T and R(x) = (ro(x), ...
then S(x) = CR(x) = R(x) = H,,S(x). The lemma is proved. O

Remark 2.10. In Theorem 3.4 on page 174, it is established that the following con-
nection between the kth (0 < k < m — 1) row of the matrix H,, and the coefficients
in the representation of the value Afu(0) (function u(x) is m-harmonic in S) through
the values of its normal derivatives in the form

m—1

2,2)i(n,2 j

AFu(0) = ( )k(” )"/Zh%g” k=0,...,m—1, (2.4.19)
yJ

where (a,b)r =a(a+b)...(a+ (k—1)b) is the generalized Pochhammer symbol
with convention (a, b)g = 1.

Remark 2.11. The last row of the matrix H,, gives the necessary solvability condition
of the Neumann boundary value problem for the (m — 1)-harmonic equation with
boundary conditions: %las = ¢, J = 1,...,m — 1 (see also Corollary 3.1 on

page 173) in the form
/ Z h @ dse =0, (2.4.20)

because in this case A" lu(x) =01in S.

www.irispublishers.com 136

s Fm—1 (X))7


www.irispublishers.com

Iris Journal of Mathematics Chapter 2, Section 2.4 V.V. Karachik

Example 2.4. Let us find the matrix Hy. Since /h4(A) = ]‘[2:0(/1 -2k) =A(1-2)(1-
4)(A — 6), then
(0)!!

ny(2i) = (=1)> == (2.4.21)
G,
Therefore, according to (2.4.14),
hy(A) G
ha (1) = = (- A—=2k).
4(4) (A= 20K, (20) (6)” klo_[#( )

From here, we can find A4 (1) = —ﬁ(/l —2)(A1—=4)(1—-06). Let us use (2.4.12)

B0 = 3D (5ot

i=0
Then, we obtain
hiy (0) = —W 2)(-4)(-6) = 1,
h<”<0)——@<( D(=3)(=5) = (-2)(-4)(=6)) = %
h§?3<o>=—@<o 2 (=1)(=3)(=5) + (-2)(-4) (- 6))—@,
M) =~ (1(-)(=3) =30+ 3+ (<1)(-3)(-5)
(D (A)(6) =~
whence by virtue of (2.4.11)
k
hao(d) = g) h‘("é!(o)a[k] =1- %A“] + 49—84[ I %/l[ 1
and therefore, the first row of the matrix Hy has the form (1, — 1 6, 1 <> ——) To find

the expansion of the polynomial /4 (1) = 6”/1(/1 4)(A — 6) we can also use the
Stirling triangle of the second kind (1.1.3) from which we get A2 = A + Al?l and
23 =1+ 3221 + A3 which means

1 1
ha1(A) = E(ZM — 1022 + %) = 1—6(151 — 72121 4 2Bl
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This means that the second row of the matrix Hy has the form (O, i—g, —%, 1—16).

Similarly, we can find polynomial expansions /4 (1) = —%/l(/l—2) (1-6), ha3(A) =
LA(1 - 2)(A - 4), whence we get

6!!
(( 113 1)
16 16 48
1571
m,=| 16 16 16 (2.4.22)
0o > S _1
16 16 16
111
O 1% 16 8

According to (2.4.19), for the four-harmonic function u(x), the first row of the
matrix Hy gives the equality

1 11ou 30*u 1%
- L A
u(0) wn/as(” 160y | 16912 48(91/3) %

Moreover, according to (2.4.20), the fourth row of the matrix Hy gives the solvabil-
ity condition of the Neumann boundary value problem for the 3-harmonic equation
(see also triangle B on page 187)

/ (3¢1 — 32 + ¢3) dsg = 0.
as

Lemma 2.20. The first transformation from (2.4.7) can be reversed in the form

m—1 ;.
pi(x) = Z (])rj(X), k=0,...,m-—1.

Jj=k k
Proof. Let us prove that if

9

C = {(‘Uj_i({)}i,j:o,l—l
c = {({)}sz

To do this, let us make sure that the matrix CC™' = (c¢; i) j=o7=1 is the identity
matrix. Indeed, it is not difficult to see that

then
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¢ij = g(—l)k_i(];)(i) - g(—l)k-l’(’;)(i)

N Ji .
J k[J —1
= —1 =
(2o
k=0
and therefore for j # i we have ¢; ; = 0, but ¢;; = 1. So CC'=E

Thus, if P(x) = (po(x),...,pm-1(x))" and R(x) = (ro(x),...,rm-1(x))", then
R(x) = CP(x) and therefore P(x) = C~'R(x). This proves the lemma. O

2.4.2 Inversion of the basic relation

From the proved Lemmas 2.18-2.20 and Theorem 2.11 the following statement fol-
lows.

Theorem 2.12. Let g;(x) € C*"27(S),i = 0,...,m — 1 be some system of a har-
monic in S functions and a harmonic in S functions ps(x), defined by the equalities

N

1 .
pe(x) = Z —H (-N)g;(x), s=0,....m—1, (2.4.23)
=0/
where {
Hy () = W/l(/l ~2)---(1=-25+2), seN, (2.4.24)
S).!

with convention Hy(A) = 1, and the jth-order derivative H §j )(/l) of the polynomial
H(A) is taken in the sense of definition (2.4.10). Then the m-harmonic function

m—1
u(x) = Y pr)(x? = Dk (2.4.25)
k=0

satisfies the boundary conditions of the Dirichlet boundary value problem (2.4.8) and
u(x) € C"1(9).

Proof. Letus use Theorem 2.11 and consider the equalities (2.4.7). If we consistently
apply Lemmas 2.18-2.20, then the equalities (2.4.7) can be inverted in the form

m—1 k m—1 ; i . o
ps(x) = ) ( ) >ony, (l.)(—/\)[l_]]q S(x), (2.4.26)
k=s S i=0 j=0 J
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where s = 0, ..., m—1 and the numbers h( £) . are the elements of the matrix H,, from
(2.4.16). Therefore by Theorem 2.11, for such polynomials pg(x), the function u(x)
from (2.4.25) satisfies the Dirichlet boundary conditions (2.4.8).

Simplify the equalities (2.4.26). It is not hard to see that

m—1 k m—1 ; m—1 m—1 k ;
pe0 = 3, 5) 1o = Y 3 £, 2.427)
k=s i=0 i=0 k=s

where (i) denotes the internal sum over j in (2.4.26). Consider the following poly-

nomial »
A0 = 3 (s

k=s
where the polynomials 4, ; (1) are defined in (2.4.14). Using (2.4.21), the polyno-
mial A, ; (1) can be written in the form

hm(4) _ (=prt (m— 1) hm(4)

Ik = A 0w - Gm-on\ k J-26

_ (—1)m*-1 hin ()
2N C2m =2 =2k (1 =2k)

Here, as in (2.4.14), it is denoted that £,,(1) = A(1-2) - - - (1—2m+2). Therefore,
we have

N hn(4) (- !
Hi(d) = (s) () = Z(Zk—Zs

= (2s)! & M (2m =2 =2k)NA =2k
B B () " m =1 = s\ (=1) k]
2N (2m =2 =2s)!! i\ k-s A—2k
1-

3 Ny () " (m—1 =5\ (=1)nks]
@2)N(2m =2 = 2s5)!! kZ‘) ( )/1—2k—2 (2.4.28)

Next, we use the simple equality

(m)(—l)m—k ~ (2m)!!
k) w=2k  p(u—2)---(u—2m)’

which is obvious for m = 0 and can be easily proved by the induction on m > O:

2

=0
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(2m)!! B (2m — 2)!! ( 1 _l)
p(p=2)---(u=2m)  (u=-2)---(u=-2m+2)\u—-2m pu

mlm_l(l)mlk m—1 _1(1)m1k
( ),U 2k22( )#—2k

k=0
% = 1) (<) (= 1) (<)
:Z:;( )#—2k +Z)( )#—Zk
N ((m—1 m — (D)% & (m) (-1
Z;)((k—l)Jr( k ))M—zk :kZ::A)(k),u—Zk'

Thus, from (2.4.28) form’ =m — 1 —sand u = A — 2s, we get

m=1 k hi ()
Hg(Q) = ; (s)hm,k(/l) = (2s)!1M(A=25) -+ (1 —2m +2).

Hence, for s = 0, we find Hy(4) = 1. If s = 1,...,m — 1, then using the value
of hy, k(A1) from (2.4.14) we obtain Hy(A) = ﬁﬂ(ﬂ —2)---(1—=2s+2), which is
the same as the polynomial defined in (2.4.24). Further, we expand the polynomial
H,(2) in monomial powers A1l as in (2.4.11)

s (D)
HS (0) /l[l]

Hi(1) = i

i=0

By the definition of H (A1) and using (2.4.15), we get

=5 (oo -3 ()5 -5 005 s
k=s i= i=0 k=s

whence it follows that | .

< (k G _Hs(l)(O)
s|omk g

k=s

Substituting the found value of the sum into the equality (2.4.27) and using the
definition of ¥ (i), we get

(i)
Ps()—ZH (O)Z()( A) q](x) s=0,...,m-1.

i=0
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Reversing the order of summations and using the expansion of the polynomial
HY () in the form (2.4.11), we have

N o s .
po(x) = Z (Z(H (i)_j;'(o)(—/\)[l_]])qj(x)=Z%H§])(—A)Qj(x),
| 27

where s = 0, ...,m — 1, which is the same as (2.4.23).

Let us check the smoothness of the functions p(x). In Theorem 2.11, it is re-
quired that po(x), ..., pm-1(x) € C™1(S). Since degH (/1) — J, then for
such smoothness from the formula (2.4.23), for example for s = m — 1, it follows
that g;(x) € C?m=27J(§). For s < m — 1, the smoothness conditions for ¢ j(x) are
weaker than those indicated. Hence, in Theorem 2.11, we can take k; = 2m —2 — j,
j =0,...,m— 1. The theorem is proved. O

Remark 2.12. The formula (2.4.25) is similar to the well-known Almansi formula
[5,71], but in (2.4.25), the harmonic components pj(x) are known. In (3.1.5) the
equality for finding p;(x) from a known u(x) is given.

2.4.3 Solution of the Dirichlet problem

The assertions proved above allow us to formulate the main result on the Dirichlet
boundary value problem.

Theorem 2.13. Solution of the Dirichlet boundary value problem for the polyhar-
monic equation

A"u(x) = f(x), x€8,
PRI
avlas ~ T GumeTlgs

for f € C(S), pr € C*"27k+¢(98), k =0,...,m — 1, € > 0, having smoothness
u € C"1(8) can be written as

ulgs = ¢o(x), = on_1(s), s€d8,

m—1

u(x) :Z; K (=5 1 = 1)g;(x) + /S Gn(x, &) f(£)dE,  (24.29)

=0
where

m—1
K1 (G 1P = 1) = 3" (1xI” = D*Hi(4), (2.4.30)
k=0
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the polynomials Hy (1) are determined from (2.4.24), KIE{_)I (A; |x|?> = 1) is the deriva-
tive with respect to A of order j, which is taken in the sense of the definition (2.4.10),
and the harmonic functions qi(x), k = 0,...,m — 1 are solutions of the Dirichlet

problems
Aqr(x) =0, x €S;  qilos = ¢r(s), s € S, (2.4.31)

and G, (x, §) is the Green’s function of the Dirichlet boundary value problem in the
unit ball for the m-harmonic equation.

Proof. Let g;(x) € C?"271(§),i = 0,...,m — 1 be a system of harmonic functions
in S that are solutions to problems (2.4.31). Then, by Theorem 2.12 and using the
properties of Green’s function G,,(x, &), the function

m—1
u) = Y (W=D + [Guor@de. @43
k=0 S

where the harmonic functions p (x) for k = 0, ..., m—1 are found from the equalities

k
1 .
pr(x) =’ FH,((])(—A)qj(x), k=0,....m-1,
=0 .

J

the polynomial Hy(A) has the form Hy (1) = ﬁﬂ(/l —2)---(1-2k+2),k €N,

and the jth-order derivative H](Cj )(/1) is taken in the sense of the definition (2.4.10),
satisfies the equation (2.4.2) and the Dirichlet boundary conditions (2.4.3)

O'u 0'G,, (x,
s = alas + [ 2D 1) dlas = (o). 5 € 05,
vilas S ov

fori =0,...,m — 1. We transform the first term in the resulting solution (2.4.32). It
is easy to see that using the notation (2.4.30), we can write

p—

3

m—1 k m—1
(2= 1) = Y (e = DF Y —HI (Mg (0) = 5+
k=0 =R =k

k=0
S 2 k ) ISR () 2
x (50 =0 Hin) 7| a0 = 3 S (Al = g0,
k=j o j=0 7"

where it is taken into account that the jth-order derivative of Hy(u) for k < j is
equal to zero. Finally, by virtue of paper [4, Lemma 2.7], in order for the harmonic
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in S functions ¢;(x) to have the smoothness ¢;(x) € C?"~27(§), it is sufficient to
require that ¢, € CHm=27k+2(98), k = 0,...,m — 1 for some € > 0. Therefore, the
m-harmonic function u(x) from (2.4.29) is a solution to the Dirichlet boundary value
problem (2.4.2) and (2.4.3). The theorem is proved. O

Remark 2.13. The existence of a solution to the Dirichlet problem is also considered
in Lemma 3.21 on page 211.

Corollary 2.2. In Theorem 2.13 the smoothness of the boundary functions ¢y, k =
0,...,m — 1 can be reduced if instead of the condition u € C"~1(S) we require only
Aku|as = ¢ for k = 0,...,m — 1. In this case, Theorem 2.13 remains true for
o € C"17k+¢(98), k = 0,...,m — 1 and the solution has the same form (2.4.29).

Proof. Let f(x) = 0, since we are studying the smoothness of boundary functions.
Let us rewrite the solution (2.4.29) of the Dirichlet problem again in the form (2.4.4)

m—1
u(x) = > pe(x)(Jx? = D,
k=0

where the harmonic functions py (x) have the form

m—1

peo) = Y S HY (N (0.

J=k

Since ¢; € C™17/*¢(§S), then by [4, Lemma 2.7] g; € C" 17/*¢(S) for j =
0,...,m—1, which means H,({])(—A)qj e C"1-%+2(§) and therefore p; € C"17k+2(S),

whence u € C4(S). Let! =0,...,m—1. Let us split the function «(x) into two terms
m—1-/ m—1
u(@) = > pr@ P =D + > pr@)(x? = D = up(x) + u(x).
k=0 k=m—I

Let us study the limit of the function Alu(x) atx — 9. for the m-harmonic function
u(x). If the smoothness of the functions ¢; is the same as in Theorem 2.13, then the
limit at x — &S of the function A'u(x) exists as in Theorem 2.13 it is proved that
u € C™1(S). It is easy to see that Alug € C?(S) and therefore the limit of the
function Alug(x) exists, which cannot be said for the function Au;(x). Let us prove
that for the terms included in Alu;(x), for which, due to the reduced smoothness of the
functions ¢;, the existence of a limit at x — J. cannot be guaranteed, this limit will
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still be equal to 0. Itis clear that the limit of these same terms with greater smoothness
of the functions ¢; as in Theorem 2.13 will also be equal to 0, which means that the
limit of A’u(x) with decreasing smoothness of boundary functions will not change.

For this purpose we will use [4, Lemma 2.2]. By virtue of this lemma, for the
harmonic functions py € C?(S) for [ > 0 the following inequality is true:

|(1 = IxD'A'pr(x)] < C(1 = |x])%, (2.4.33)

where x € § and C > 0 is some constant. We will examine the terms in the sum
representing A'u;(x) for which the existence of a limit cannot be guaranteed. Let us
first estimate the last term in the sum representing A'u;(x). Since p,,—1 € C¢(S) and
Al(Jx]? = 1)1 = P(x)(|x|?> = 1)1~ where P(x) is some polynomial whose value
does not interest us, then in accordance with (2.4.33) for [ > 0 we get

l

_ [ _ e
A Pt (1) (Jx)> = )" < Z (ll)lAllpm-1(X)Al =Py
[1=0

l
< PN = 1) S 1A pyc () (1 = e)!t] < Co(1 = ]y,
[1=0

where C; > 0, C, > 0 are some constants. For [ = 0, the considered term is included
in ug(x). It follows that

lim A (ppot (¥) (x> = 1)) = 0.
x—0S

Let 0 < i < [. Consider the term A/ (p,,—1-i(x)(|x|> = 1)1~ included in the sum
representing A'u;(x). Since p,,_1_; € C*¥(S), then when applying the operator A’
to a product of functions, we consider only terms of the form A% p,,_1_;i(x) A2 (|x|? -
"= forl; > i,1; + I, = I, since the limits for other terms are defined. Denoting
gi(x) = Alp,_1_i(x) € C?(S), similarly to the previous case, we have

A P (A2 (Jx)? = D)™ 1] = |AD gy () P(x) (1 = |x|?)™ 10
= [P (1 = )" A g () (1= k)17 < G5 (1 = ey,

whence it follows that

lim Alp,_ 1 (x)A2(|x> - )™ 17 = 0.
x—0S
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Thus, the limits at x — S of all terms included in A’u;(x), for which the existing
smoothness of the boundary functions does not guarantee the existence of the limit,
are equal to 0. If we consider the same function Alu;(x) if the data is smooth as
in theorem 2.13, then the limits of the same terms from A’u;(x) exist and must be
equal to 0. This means that the limit A’u;(x) will not change as the smoothness of the
boundary functions decreases. Since the limit Aluq(x) exists, then Al'lu|ys = ¢;. O

Example 2.5. Let us find the solution to the Dirichlet boundary value problem for
the three-harmonic equation in the unit ball. In this case m = 3. First, find the
polynomials Hy(1), H{ (A1) and H,(A) by the formula (2.4.24). We have

1 1 1
Ho(1) =1, H(1) = 51[”, Ha(2) = 75A(A-2) = Eum —alh,

which means

Ky (4; |x[* = 1)

2
1 1
= D (WP = DFH(D) = T S (el = DA+ (e = PR - alh),
24 I

If we recall the equality (/l[k])(m) = k" A= “then it is not hard to find

Dy 1412 _ _l 2 L 2 132 1] _
Ky (7 = 1) = 5 (] 1)+4”(|x| oAt - 1),

D o2 1y — 2 2 12
K2 (I = 1) = (bl = 1)

Hence, by the formulas (2.4.29) and (2.3.27) from Section 2.3, we can write

2

N D A D) - L
08 = 3K s = D) - o [ Getx01(6) e
= (1= 0 = DA+ 7o = DA% +24) o)
# (50062 = 1) = g8 = 17 A+ 1) 1) + 7 = ()

1
L / Go(x, &) f (&) d¢, (2.434)
(" S

where Gg(x, &) is the Green’s function of the Dirichlet boundary value problem for
m = 3.
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Remark 2.14. Note that the equality (2.4.34) for f(x) = 0 implies a representation
of the solution to the biharmonic Dirichlet problem (2.4.1), if all terms containing
(|x|> = 1)? are removed from it. This is so because, in accordance with (2.4.30), it is
precisely these terms that distinguish the functions K> (2; |x|>=1) and K (1; |x|>=1).

The possibility of recursive construction of the solution (2.4.29) to the Dirichlet
boundary value problem (2.4.2) and (2.4.3) for the homogeneous polyharmonic equa-
tion is given in the following theorem.

Theorem 2.14. Let u,,(x) be a solution of the Dirichlet boundary value problem
(2.4.2) and (2.4.3) with f(x) = 0, written as (2.4.29). Then, the (m + 1)-harmonic
function u,,+1(x) is a solution to the Dirichlet boundary value problem (2.4.2) and
(2.4.3) with the same boundary functions ¢x € C*"27%+¢(3S), k =0,...,m—1and
©m € C"*(0S) can be written as

m

1 .
t 1 (%) = 10 (6) + (2 = )" )" —H (=A) g (x), (2.4.35)
j=0""

where the polynomial H,, () is defined in (2.4.24), the derivative H,(nj )(/l) is taken
in the sense of (2.4.10), and the harmonic functions q;(x), k = 0,...,m — 1 are
solutions of the corresponding Dirichlet boundary value problems, as in Theorem

2.13.

Proof. By Theorem 2.13, solutions of the Dirichlet boundary value problems ,,,+.1 (x)
and u,,(x) can be written as (2.4.29). Transform the difference of these solutions

m—1
1 . .
et (9) =t () = 3 (Kt (A = 1) = K (A ol = 1) g ()
j=0""

m—1
| 1
+ =Ky (=N [P = Dam(x) = (52 = )" > —H, (=A)g;(x)
m. ]:O .] *
1 1
+—(xI? = D" Hy (=N gm(x) = (2 = )" > —HJ (-A)g; (x).
This equality proves the theorem. O

Example 2.6. Let us use the formula (2.4.35) to construct a solution to the Dirich-
let boundary value problem for the homogeneous four-harmonic equation using the
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solution (2.4.34) of the Dirichlet boundary value problem for the homogeneous three-
harmonic equation obtained in Example 2.5. To do this, we need to use the “factorial”
representation of the polynomial H3 (1) given in Example 2.4. Its coefficients are lo-
cated in the last row of the matrix Hy from (2.4.22):

1 1
Hy(D) = (1= 2)(A1-4) = @(w“] = 320204 ).

Using the equality (/l[k])(m) = klmplk=ml e get

Dy _ L I 2 @y L 1) g® gy
H (A)_@(3—61”+3A“),H3 (/l)—m(—6+6/1[]),H3 ) =1,

and hence, by (2.4.35) for m = 3, we obtain

ug(x) — u3(x)
(Ix]> = 1)

= T( —(A>+6A%+8A)qo + BAZ +9A +3)q; — (BA +3)gq2 + q3),

From here, using (2.4.34), we find

ug(x) = (1 - WT_DA § (|X|:—!_!1)2(A2 +24)
_ (|X|26—'_'1)3(A3 +6A + 81\))6]0(36) + (WT_D
_ WQA +1) + WBAZ +9A + 3))611(36)
L 2 O, 2 _1)3
+ ((|x|4” D™ _ (|x|6” D (3A+3))qz(x) + %qﬂx)

When solving the Dirichlet problem for polyharmonic equation with polynomial
boundary data, the harmonic functions ¢ (x) also turn out to be polynomials. There-
fore, when applying Theorem 2.14 to such a problem, the following result will be
useful.

Consider the Dirichlet problem for the Laplace equation in the ball S
Av(x) = Q(x), x €S vl|ss = P(x)las, (2.4.36)

with polynomial boundary function P(x) and right-hand side Q (x) and for n > 2. Let
us formulate a statement that complements the statement of Theorem 2.2 on page 84.
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Theorem 2.15. The solution to the Dirichlet problem (2.4.36) for the Poisson equa-
tion can be written in the form

v(x) = P(x)

Wi (L—al) (=) ot
/ Z (25 + 2)!1(25)1! A*(Q — AP)(ax) a da. (2.4.37)

Proof. Using theorem 2.2 we find a solution to the following Dirichlet problem

Au(x) = AP(x), x € S; ulgs = 0.

From the equality (2.1.24) for m = 1 it follows

2 2\s _ s
u(x) = |x| / Z (2:—||-X|2))!!gs)!i¥) A P(ax) a"* ! da.

Then a polynomial of the form
v(x) = P(x) —u(x) = P(x)

|X|2—1 (1-alx?)* (1 - )" nj2-1
/Z s+ iy~ Plax)eTda

is harmonic since Av(x) = AP(x) — Au(x) = 0 and satisfies the boundary condition
v(x)|as = P(x)|ss. If we add the solution from (2.1.24) at m = 1 to v(x), then we
obtain the desired solution to problem (2.4.36) in the form (2.4.37). O

Remark 2.15. A similar formula for a polynomial solution to the Dirichlet problem
for the biharmonic equation is given in Example 3.7.

Note that in the paper [90] a similar method is used to solve the Dunkle-Poisson
equation and related equations in superspace.

Example 2.7. Let us find a solution to the Dirichlet problem for the 3-harmonic equa-
tion
A3u(x) =0, xesS,
ou 0%u
= s o = 0, _ = 2 R
ulas = qo dvlas av2los =i los

where g¢ = const.
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In accordance with the equality (2.4.34) it is necessary to find the harmonic func-
tions go(x), g1(x) and g,(x). It is easy to see that go(x) = go, g1(x) = 0. To find
g>(x) we solve the problem (2.4.36) with P(x) = x?

Av(x) =0,x€S; V]|gs = x7|ss.

The sum from the equality (2.4.37) have only one term at s = 0. Therefore we have

2 1

-1 1 1

v(x) = xl-2 - x| 7 / 5 20"* 1 da = xl-2 +—(1- |x|2)
0 n

and that means ¢ (x) = xl.z + %(1 — |x|?). Substituting the found values of the poly-
nomials go(x), g1 (x) and g, (x) into (2.4.34) we obtain the desired solution

1 x; 1
u(x) = qo(x) + = (* = 1)q2(x) = qo + o (Ix|* = 1) = —=(Ix|* = 1)°.
411 8 8n
Let us prove the uniqueness theorem for the solution of the Dirichlet problem in
the class of m-harmonic functions in which the existence of a solution was proven.

Theorem 2.16. The solution to the Dirichlet problem (2.4.2), (2.4.3) is unique in
the class of m-harmonic functions of the form 22”_1(|x|2 — D*uy(x), in which the

harmonic functions uy (x) have the smoothness uy € C"~17k+¢(§).

Proof. By virtue of the Almansi formula on the representation of the m-harmonic
function u(x) in the starlike domains [162] we can write

m—1
u(x) = > (Il = D*ue(x).
k=0

Let in addition u; € C™ '7%+¢(§). Let us prove that if in this case the equalities
ulgs = ... = A lu|ys = 0 are satisfied, which are equivalent to the homogeneous
Dirichlet conditions u|gs = ... = " 'u/0v™ 55 = 0, then u(x) = 0 in S. Similar
to the reasoning from Corollary 2.2 on page 144, we are convinced that the limits for
x — 05 of all terms of the form A!(|x|?> — 1) uy(x) for i = 0, ..., m — 1 exist. Let us
write u(x) in the form

m—1
u(x) = uo(x) + D (Ix* = D*u (),
k=1
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whence, taking into account that ug € C"174(S§), for x — 0 we obtain 0 = u|ys =
uolgs, which means ug(x) = 0. Let us rewrite the previous equality in the form

m—1
u(x) = (x> = Duy (x) + ) (= DFue(x)
k=2

and apply the operator A to both sides of this equality

m—1
Au(x) = (Ie? = D Au (x) + 20xPur (x) + A D (P = 1DFue (x).
k=2

Hence, since Au; € C™2*2(S), then for x — S we have 0 = Aulgs = 2u1lss,
which means u(x) = 0. Proceeding in a similar way we get

u(x) = (|x* = )"y (x).
From here we can find

m—1
A" u(x) = Z (m]: 1)Ak(|x|2 — ARy (). (2.4.38)
k=0

Since u,—1 € C2(S), then using [4, Lemma 2.2] we write the inequality
(1= 1D A1 ()] < C(1 = ],

where [ > 0. Therefore, for all terms of the sum in (2.4.38) except the last one, i.e.
for k <m — 1, wecantake [ = m — 1 — k and then we have

AR (e = "t A R, ()] < C(1 = [x])°,

The last term in the sum (2.4.38), i.e. for k = m — 1 is equal to

A" (X = D)™y (x).

If, taking into account the last inequality and equality, we pass to the limit in
(2.4.38) at x — 35, then we obtain 0 = A" 'u(x)|ss = Cium—1lss, where C; =
A" 1(|x)> = 1) Y55 # 0. Therefore u,,—;(x) = 0 and consequently u(x) = 0in S.
The theorem is proved. O
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Chapter 3

Neumann type problems for the polyharmonic
equations

One of the classical high-order elliptic partial differential equations is the polyhar-
monic equation, and the classical problems for this equation are the Dirichlet (see
Chapter 2) and Neumann boundary value problems. By Neumann problem we mean
the problem (3.2.1), the formulation of which is proposed by A.V. Bitsadze [29], al-
though in the literature there is no established definition of which problem among the
Neumann type problems (see Section 3.4) should be considered as Neumann prob-
lem. Conditions for the solvability of problems of this type are studied in the classical
theory of boundary value problems for elliptic equations and systems of equations
satisfying the so-called complementarity condition. It has been established that all
problems of this type are Fredholm and therefore their solvability for homogeneous
boundary conditions is guaranteed by the orthogonality of the right-hand sides to all
solutions of the homogeneous adjoint equation. In Section 1.1 (see also [60]) a more
general boundary value problem for a polyharmonic equation is considered, contain-
ing high-order polynomials of normal derivatives in the boundary conditions. Theo-
rem 1.2 on the solvability of this boundary value problem and on the representation
of the solution is proved. The solvability conditions had the form of orthogonality of
some vectors depending on the problem data. To find out under what data a particular
problem can be solved, it is necessary to perform some difficult calculations. Since
the Neumann problem is a classical problem, it would be nice for it to have solvability
conditions in an easily verifiable form. In addition, it is also better to choose a classi-
cal domain of the problem, say the unit ball, and give a way to construct solutions to
the problem in the case of the simplest boundary functions, for example, polynomial
ones. The conditions obtained in this case can serve as a test example for studying
more general problems for elliptic equations.

This chapter is devoted to the study of the solvability of Neumann-type problems
for the polyharmonic equation in the unit ball. First, as preliminary results, in Sec-
tion 3.1 the property of the mean value (3.1.4) over the unit sphere dS of normal
derivatives of polyharmonic functions is studied and the number triangle H (3.1.24)
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is defined. Using the rows of this triangle in Theorems 3.2 and 3.4, a connection is
established between the values of the powers of the Laplacian of the polyharmonic
function at the center of the ball with the values of the linear combinations of some
normal derivatives of that function on the boundary. Examples 3.1-3.3 are given to
illustrate the results obtained.

In Section 3.2 another integer triangle B (3.2.18) is introduced, related to the solv-
ability conditions of the Neumann problem for a homogeneous polyharmonic equa-
tion. Using Lemmas 3.9-3.15 it is possible to obtain recurrence equations for the el-
ements of this triangle b7, and then solve the resulting recurrence equation explicitly.
In Theorem 3.7, based on matrices H, of the form (2.4.16) associated with Theorem
3.4, necessary and sufficient conditions for the solvability of the Neumann problem
are given and an explicit representation of its solution is found. Example 3.4 is given.

In Section 3.3, in addition to Section 3.2, the Neumann problem for an inhomoge-
neous polyharmonic equation is studied. First, in Theorem 3.10, based on Theorem
3.8 and Lemmas 3.18-3.20 the case of polynomial right-hand side f(x) is studied.
Then, in Theorem 3.11, this result is extended to the case of f € C!(S). Theorem
3.12 proposes a method for finding a solution to the Neumann problem (3.3.1)-(3.3.2).
In the case of polynomial data, an effective way to construct a solution to the Neu-
mann problem is given. The main results are illustrated by Examples 3.5-3.7.

In Section 3.4 necessary and sufficient conditions for the solvability of Neumann
type problems N (3.4.1)-(3.4.2) are found. Lemma 3.21 investigates the smoothness
of the harmonic components of the solution to the Dirichlet problem Nj. Further, in
Lemmas 3.22 and 3.23 sufficient conditions for the solvability of the problem N are
found in terms of the function v(x) — a solution to the auxiliary Dirichlet problem
and depending on the integer triangle B. Theorem 3.15 from Section 3.4.3 provides
necessary conditions for the solvability of the problem Nj in terms of the boundary
functions of the problem. In Lemma 3.29 and Theorem 3.17 from Section 3.4.4 the
conditions from Theorem 3.15 in the case of even k — [ are expressed through the
auxiliary function v(x), in the case of odd k —[ this is done in Theorem 3.18. Finally,
Theorem 3.19 from Section 3.4.5 proves that for & < m the necessary conditions of
Theorem 3.15 are also sufficient conditions for the solvability of the problem N;. Ex-
ample 3.9 gives the dynamics of the emergence of solvability conditions in problems
Ny depending on k for the 7-harmonic equation. For the inhomogeneous equation in
Example 3.10 the problem Nj; is also considered for the 7-harmonic equation.

In Section 3.5 the solvability of the boundary value problem (3.5.1)-(3.5.2) with
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boundary conditions of general form for the biharmonic equation in the unit ball,
which we called the Dirichlet-Riquier problem, is investigated. Special cases of the
problem under consideration are the classical problems of Dirichlet, Navier, Robin,
listed above, the Steklov spectral problem, as well as many other boundary value prob-
lems generated by these boundary conditions. Theorem 3.23 formulates conditions
for the uniqueness of a solution to the problem under study. Then, in Theorem 3.24,
conditions for the unconditional solvability of the problem for the homogeneous bi-
harmonic equation are found, which coincided with the uniqueness conditions from
Theorem 3.23. Theorem 3.25 considers the case when the conditions of Theorem
3.24 are not satisfied, but a solution to the problem under consideration still exists.
Finally, Section 3.5.4 considers five special cases of the general problem.

In Section 3.6 we studied the Neumann type problem (3.6.1)-(3.6.2) for the bihar-
monic equation in the unit ball, which does not fit into the class of Neumann type
problems N from Sections 3.4 and 3.5, but is included in the general problems stud-
ied in Section 1.1. In Theorem 3.26, the condition for the existence of a solution to
the problem under consideration (3.6.1)-(3.6.2) for a homogeneous equation is for-
mulated and the explicit form of this solution (3.6.15) is given. Then, in Theorem
3.27, the uniqueness of the solution to the problem is established up to an arbitrary
constant. Finally, in Theorem 3.28, with the help of Lemmas 3.34-3.35, necessary
and sufficient conditions for the solvability of the problem under consideration for an
inhomogeneous equation are found. In Example 3.11 solvability conditions for the
problem with a simple right-hand side of the equation in the form f(x) = [x|"h(x)
are given.

Finally, in Section 3.7 we construct the Green’s function of the Neumann and Robin
problems for the Laplace equation in the unit ball, which is needed in Chapter 4. In
Lemma 3.36 a polynomial solution to the Neumann problem is found under zero
boundary conditions and a polynomial right-hand side of the equation. Then in The-
orem 3.29 the resulting solution is written through an integral over S with the kernel in
the form of the function N (x, &) defined in (3.7.7). Theorem 3.30 shows that the func-
tion N (x,¢) is the Green’s function of the Neumann problem and gives an explicit
representation of the solution to the Neumann problem. Then the Robin problem is
studied. In Lemma 3.37 the case of a polynomial right-hand side is studied. Further,
based on this, the case of the right-hand side of the equation of a general type is stud-
ied. Equality (3.7.17) from Theorem 3.31 gives the Green’s function N, (x, &) of the
Robin problem and gives an explicit representation of the solution to this problem
in integral form. The found Green’s functions of the Neumann and Robin problems
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complement each other.

3.1 Boundary properties of normal derivatives of
polyharmonic functions

Section 3.1 is organized as follows. Theorem 3.1 from section 3.1.1 proves the prop-
erty of the mean value (3.1.4) over dS for normal derivatives of a polyharmonic func-
tion. Sections 3.1.2-3.1.4 examine the number triangle H. This triangle appears in
the equality, which specifies the value of the k-harmonic function at the center of
the unit ball u(0) through the integral of normal derivatives of this function along
the boundary of the ball S. The properties of the numbers /; are studied in Lemmas
3.1-3.7. In Theorem 3.2 of Section 3.1.5 the equality (3.1.7) is proved, and then in
Theorem 3.4 it is generalized for values of A”u(0) for m < k. The main results of
Section 3.1 is published in papers [81, 85].

Let the function u(x) be harmonic in the domain Q C R” and B,(x) = {y € R" :
|y — x| < r}. The property of the mean value for harmonic functions [165] is well
known: if x € Q and B,(x) C Q, then for every function harmonic in Q the equality
holds

1

u(x) = ———
) 0B, (x)| JoB, (x)

u(y) dsy.

This property of the mean value is generalized by Pizzetti (see [42, 147]) for the
k-harmonic function u(x) in Q in the following form

1
0B, (x)| JaB, x)

r2 Al (x)
i'TGi+n/2)

k-1
u(y) dsy =T(n/2) ) 5
i=0

where I'(«@) is the Euler gamma function. This property can be easily rewritten for
the k-harmonic function u € C*~1(S) in the unit ball S ¢ R” in the form

1 u(0)

k—1
— ds, = —_ 3.1.1
o )y O = 2 G, G40

where w,, is the area of the unit sphere 45, and (a, b); is the generalized Pochham-
mer symbol. Theorem 1.10 on page 52 proved a similar formula for calculating the
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integral of the homogeneous polynomial Q,,(x) over the unit sphere

0, m € 2N -1

On(x)ds, = A2
o 2 On® " me
m!''n---(n+m-2)

Let us look again at the operator

S
= ina_x,-' (3.1.2)

This operator plays an important role in subsequent studies because, as noted ear-
lier (see Section 1.1.1), the following equality holds on 0§

O u
— Alk]
vl A, (3.1.3)
where v is the outer normal to the unit sphere 85, and t!*l = r(r = 1)... (t =k + 1) is

the factorial power of ¢ of order k. In addition, if u# is a harmonic function, then the
function P(A)u, where P(A) is a polynomial, is also a harmonic function.

Let us extend the equality (3.1.1) to the normal derivatives of the polyharmonic
function over the sphere 5. Let Ny = N U {0}.

Theorem 3.1. For any m € Ny and any polyharmonic function u € C™(S) in the unit
ball S the following equality holds

1 (2k)tml
o avm Z 7 2)k(n,2)kA u(0), (3.1.4)

where v is the outer normal to the unit sphere 0S.

Proof. In [89, Theorem 7.3] it is proved that for any polyharmonic function u(x) in
S the Almansi representation is valid

1 |x|2k 1 (1 _ a,)k—l nj2-1

“(x)zv(’(x“;?« K Sy k=11 ¢

vi(ax) da, (3.1.5)

in which the harmonic functions vo(x), ..., vi(x),... in § are given by the formula

vi(x) = Afu(x)
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0 S |42 s=1 451
Z ( 1) |x| (1 (S z 1)' an/Z—lAk+Su(a/x) da. (316)
s=1

The limits of summation in the sums above are infinite, then since the function
u(x) is polyharmonic in S, then in essence the summation is finite and vi(x) = 0
starting from some k. It is easy to see that the equality A(lxlzku) = x|k 2k + A)u
is true and therefore

AP (1x %) = (A = D (X Q2k + A)u) = x| (2k = 1+ A)(2k + A)u,
which means

A (1x ) u) = |xP*Qk-m+1+A) - -
2k =1+ N2k +MNu = "™y + 0, (A)u,

where Q,, (1) is some polynomial such that Q,,(0) = 0. Therefore, in S the equalities
are true

2k 2k 1 1 — k—1
Ay (x) = Ay (x) +Z( "l (1-a) o1

&Kt Sy (k=1 vi(ax) da

P At
4kk!/ (k— 1), 2 1Qm(/\)vk(ax) da.

Using the mean value property for harmonic functions and the harmonicity of Avy,
itis easy to obtain the equality /a ¢ Om(A)vi(ax)dsy = 0. Therefore, using the equal-
ity (3.1.6) we find

1 > (2k)Lm] ! _ _
_ Alml ds, = / 1 — o)k 121 g4 0
o Jog N ) ds ;4"k!(k—l)! , (e et davi(0)

_ i 20"y (0) T (KT (n/2) _ i (2k)"hvi(0) _ i (2k) "1 A*u (0)
S LAk (k- D! T(k+n/2) — &(2,2k(0,2)r - A (2,21 (n,2);

Hence, by virtue of (3.1.3), we obtain what is stated in the theorem for m > 0. If
m = 0, then by virtue of the equality (3.1.1) the formula (3.1.4) is true in this case as
well. The theorem is proved. O
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Example 3.1. 1°. Let the function u(x) be harmonic in S and u € C™(S), then from
Theorem 3.1 it follows that

am
/ aTZde:O’ m> 1.
oS

A more general statement for the polyharmonic function can be found in Corollary
3.2 on page 223.

2. For a biharmonic function u € C™(S) in S, from theorem 3.1 it follows that
0"u 2lml
L W de = (UHEAM(O) = O, m >3

since 20" = 0 for m > 3 (see also example 3.3).
30, In general, if the function u(x) is k-harmonic in S and u € C™(S), then from
Theorem 3.1 it follows that

k-1

OMu (20) " ATu (0)
—ds, = wy =0, m=>2k-1
/as ov™" ;‘ (2,2)i(n,2),

since (2k —2)"™ = 0 for m > 2k — 1.

3.1.1 Number triangle H

Below (see Theorem 3.2) we prove that for every k-harmonic function u € C k=1(8)
the equality

u(0) = o /as (hk“ + hkg +oo+ Iy avk—l) dsy., (3.1.7)
holds true, where v is the outer normal to the sphere S, and h’}( are some numbers. It
is easy to see that hg = 1, since for a harmonic function u € C(S) (k = 1) in S we

have
0

h
u(0) = =~ /Mu(x) ds, = h0u(0).

n

If we choose the function u(x) biharmonic in § (k = 2) and u € C'(S), then by
the Almansi formula we have u(x) = ug(x) + |x|?u; (x) and therefore

Au(x) = Aug(x) + A(xPur (x)) = Aug(x) + 2|x w1 (x) + [x]*Auy (x).
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Therefore, integrating the previous equalities over S we obtain

— [ uyds = / (o) + 11 () diss = 140(0) + 1 (0),

Wn Jos

—/ —ds, = Au(x) dsy

aS
= L/‘ (Aug(x) + 2u1(x) + Auy(x)) ds, = 2u;(0)
Wn Jos

and therefore we can easily find

1(0) = ug(0) = wi /68 (u(x) - la—z) ds,.

The study of the numbers i, for s = 0,k — 1 and k € N is the subject of research
in Sections 3.1.2-3.1.4. For example, we made sure that for k = 1,2 we have h(l) =1
and hg =1, h% = —1/2. Let us arrange the numbers 4, in the form of a triangle H like
Pascal’s triangle. Rows are numbered with a subscript k € Ny, and slanted columns
parallel to the left side are numbered with a superscript s € Ny, but s < k

|
~1/2
1 2
: 1h3 2h3 3
Lt
hS hS h5 h5

H = (3.1.8)

1
hS

Let us put in the equality (3.1.7) u(x) = |x|*v(x), where v(x) is a harmonic func-

tion v € C*~1(S) such that v(0) £ 0 and 0 < i < k — 1. Then
Au(x) = v)AIxX]? + [x[FAv(x) = v AP + vi(x),

where v;(x) = |x|¥Av(x) and therefore
/ vi(x)ds, = / Av(x) dsy = w,Av(0) =
as as

From here

APlu(x) = AA = Du(x) = v()AA = D |x|¥ + Av(x)Alx|?
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+ (A= 1)vi(x) = v()AA = Dx[H +va(x) = v) AP x])P + vy (),

where v2(x) = Av(x)Alx|¥ + (A — 1)vi(x) and therefore

/ vo(x)ds, = / (2iAv(x) + (A= 1)vi(x)) dsy
EN S
= w,(2iAv(0) + (A = 1)v;(0)) = 0.

Consequently we have
APlu(x) = v AP P+ vi(x),

where the functions v,(x) are such that fa ¢Vs(x) dsy = 0. So, according to (3.1.7)
and (3.1.3)
1

0= w_ A ((2[)[0]}12\)()(3) + (2[)[1]}1]1(\)()5) + .-+ (2i)[k—1]hi—1v(x)) dsx
n

_ v(O)((Zi)[O]h2 +2)WRl 4t (2i)[k—1]h§—1) (3.1.9)
and therefore for 1 <7 < k — 1 we have the equalities

20)ONAY + 20y + -+ @) nit = 0.
( k k k

This means that the vector iy = (hY, h}(, ce hi‘l) must satisfy the following sys-
tem of equations

2[0];,2 + e 2[k‘2]h’,§_2 = —2[k‘1]h£_1

: . (3.1.10)

(2k = 2)IRY + .o 4+ 2k = 2)2Ipk=2 = —(2k — 2) =TIkt

Since the solution to this homogeneous system is unique up to a constant factor (the
determinant of the matrix on the left is different from 0), it is necessary to choose a
solution for which hg = 1. Then, with such a vector hy = (1,hl,..., h’]z‘l) the
equality (3.1.7) will be true. The opposite is also true, i.e. if by = (1, h}(, U L)
satisfies the system (3.1.10), then the equalities (3.1.9) are true, and hence the equality
(3.1.7) is also true for a k-harmonic function of the form u(x) = |x|¥v(x), where
0 < i < k and v(x) is harmonic in S function v € C*~1(S). By virtue of the Almansi

formula, what is stated in (3.1.7) is also true for an arbitrary k-harmonic function
u € Ck1(8).
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We denote the determinant of the matrix in (3.1.10) on the left by Ak, and the
determinant of the matrix obtained from this matrix by replacing the sth column at
0 < s < k — 2 with the column (21, ... (2k — 2)*"1)T we denote by A, i.e.
(similar formulas are discussed in Section 3.2.1 on page 177)

AS
k
210] . 2ls=11 k1] pls+l] . 21k=2]
4101 . 4ls—1] 4lk=1] 4ls+1] . 41k=2]
k —2)01 . 2k -2)ls=1 2k —2)k-1 2k —2)ls+ 0 (2k - 2) 1k
It is easy to see that
2101 . plk=2]
4101 . 4lk=2]
Ay = _ _ , =WI[2,4,...,2k =2] = 2k —4)!!--- 211,
2k —=2)101 ... 2k —2)lk2]

where W{Ag, ..., Ax_2] denotes the Vandermonde determinant of order k — 1. There-
fore, the system (3.1.10) is uniquely solvable for any h’li‘l. Let us choose h’,i‘l so that
h =1.

k

Let us calculate the determinants of A;. We consider a more general case. Let
Ao, ..., Ar—» € R. Let us denote

A (D) = Ay (Ao, ..., Ak—2)

[0] [0] [0] [0]
4, R e 4, cee A,
[s‘—l] . [s.—l] [s‘—l] . [s.—l]
/lPk 1 /lkk_ %) k—s—2 /l? 1 /11[;_21
= /l? L /ll[f—_Z] = (=)~ /105“' .. /lks—+2] (3.1.11)
s+1] s+1] . .
LR L
[12—2] - [ka—z] /1{)](:11 ﬁ%k':zli
A SRR A e A
and Ag (A1) = det (/lg.i]). o It is obvious that A; (A1) = A’,i‘l(/l).
l,]=U,K—

Lemma 3.1. For an integer s such that 0 < s < k — 1 the equality holds true

k-2
SOTAY () + -+ + sPIAS (1) = —Ar() ]_[(s — ). (3.1.12)
i=0
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Proof. Let s be an integer and such that 0 < s < k — 1. Consider a determinant of the
form

ol 4l0] (0]
sOF At A
51 ol s
V(s;A) = (1] oy
0 A SR T
S ke
O 10 .. /lk—Z

Let us expand it along the first column. In accordance with (3.1.11) and taking
into account the equality sIl = 0 true for i > s we have

V(s:d) = (=D* 210929 (2) — (=1)F3sAL () + -+
+ (=) (=) 2B (1) = (-1)F2 (S[O]Ag(/l) et S[s]Ai(ﬂ)) .

On the other hand, it is easy to see that the determinant V (s; 1) is reduced to the
Vandermonde determinant W s, Ao, . . ., Ax—2] using linear operations on rows. That
is why

V(s;) =Wls, Ao, ..., Ak=2] = | |(Ai=s5)W][Ao, ..., k-]

k=2
(A = $)Ar () = (=D [ (s = A,
i=0
Therefore the equality is true
k=2
(DR ] = A = (=R (sPIAQ) + -+ s11AG ()
i=0
This immediately implies the equality (3.1.12). O

3.1.2 Auxiliary equalities for numbers /;

Let us use Lemma 3.1 to determine the numbers hi.
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Lemma 3.2. For any integers k > 1 and s such that 0 < s < k — 2 the equality holds
true

—1)k-1 [k-1]
SO0 4y lsl s = D) (Z-1) . (3.1.13)

T (k-1)!\2

Proof. By virtue of the notation made above, Ai(2, o 2k=2) = Ai and therefore,
by Lemma 3.1 with 4; = 2i + 2 we have

k-2
[k=1]
SOIAY oo slIAY = — A ]_[(s —2i—2) = -2k (% - 1) Ar.  (3.1.14)

i=0

Hence, for s = 0 and k£ > 1 we get

A = A2 (DT = (—DR 2k - 2) 1A,

Z&S
Remembering the system (3.1.10) we find & = —hi‘l —k  For s = 0 we have

k
AO
0 k-1"k k—=171 k-1
== = DT k- )

and therefore for 2f~! = (=1)*71/(2k — 2)!! we have A% = 1. Thus

Z&S
= (-1)* .
(2k — 2)!11A;

Therefore, dividing both sides of the equality (3.1.14) by (2k — 2)!!Ax # 0 and
multiplying by (—=1)* we get (3.1.13). The lemma is proved.

O
From the proof of Lemma 3.2 it follows that for & > 1
_1)k—1
peot = D 3.1.15
k (2k —2)!! ( )

Thus, we have defined the left and right sides of the numerical triangle (3.1.8),
consisting of the numbers £, .
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3.1.3 Formulas to determine hi

Lemma 3.3. For k € N and an integer s such that 0 < s < k — 2 the numbers h, are
defined by the equality

k+s S [k—1]
h;—s,((kl)_ 1)‘2( )J“( )( - ) . (3.1.16)

Proof. Let us denote 712 = s!h} and assume that (;) = 0 for b > a. Then (3.1.13) can
be rewritten as

S170 S =5 A “k=2 ( 1)k1 S [k-1]
(1)hk+"'+(s)hk+"'+(k—2)hk (k—1)v( 1)

and therefore the vector i = (R, ..., h¥72) is a solution to the algebraic system

- (=D& [k-1]
civ= o ((G-)")

j=0,k—2

with the matrix C = ((;)) N It is easy to verify that the triangular matrix C is
1] SK—

invertible and C~! = ((—1)”1 (’)) . This follows from the following
J i,j= overline0,k—2
equality

=3 i\ (s
S () -+

s=0

DS () (2 )
K v |

i=0,k-2

Therefore we have

b‘z

and therefore, taking into account that 712 = slh; we get

g (=DF S 1S\ (J =l
i sema ) E)

This immediately follows (3.1.16). O
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Let us check the resulting formula (3.1.16) for s = 0. It is easy to see that hg =
(=D (=) /(k = 1)! = 1, which coincides with what is found earlier. Next, let
us calculate the unknown numbers h}(. For k > 1 from (3.1.16) we find

_(=D)k2 _ p\ethy (2k - 3)!!
G4 ) -2 o

So, we found the elements of the triangle (3.1.8) on the first diagonal parallel to
the left side of the triangle. For k = 2 we have the value calculated above h% =-1/2.
Let us try to transform the equality (3.1.16) to a more compact form.

Lemma 3.4. For k € N and an integer s such that 0 < s < k — 2 the equality holds

) ( l)k 1 (k=1)
= ,(k_l)‘( (Vi - )

(3.1.18)

=1
Proof. 1t is easy to see that
: [k—1] : : .\ (k=1)
J J J L1
=—-1 =(Z-1]...|5-k+1]= |12
eI ER R R N

Therefore, for integer k > 1 and s such that 0 < s < k — 2, in accordance with
(3.1.16), the equalities hold

S ( 1)k+s s N : [k-1]
h"_s'(k—l)'z( 2 1( )(_ )

(=D s o\ (k=1
s'(k—l)'z( b ](j) ((\/;)J 2)

(k=1)

_ (_1)k+1 \ s—jS -2
“osl(k=1)! ;)(—1) ](j)(\/;)] |t=1

( l)k—l 1 (k-1)
'(k—l)'( N‘”) =1’

=1

t=1

that is the formula (3.1.18) is correct for the specified k and s. O

www.irispublishers.com 165


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.1 V.V. Karachik

3.1.4 Recurrence equation for numbers /;

Let us transform the equality for writing the numbers /7, a little more. Let us prove
an auxiliary lemma. Let us remind that

k k!
I1...10 i) ... i)

Lemma 3.5. Let f; € C*(a,b) fori=1,...,s then

(FiD) f@P = ) (l.l_'_‘.l.) @ 10 (3.1.19)

i1+...+is=k

att € (a,b), whereiy,...,i; € Ny.

Proof. For k = 0 the equality is obvious. For k£ = 1 we have the equality

(f1@) - f5(0) = [{(0) fa(0) -+ fs(O) + L@ f5(0) -+ fs(O) + 1) o (@) -+~ [0,
and using the equality (3.1.19) we get
2 ( b )f<“><r> ()
l1...1g

i1+...+ig=1
=1-fi) () - fs(O) +1- i) [5(0) -+ f5() + 1+ fi(0) fo(2) - -+ £(0),

and therefore the equality (3.1.19) is correct for k = 1. Let now (3.1.19) be true for
some k € N. Let us prove its validity for £ + 1. We have

(fie) - file)?
=(<f1(r)---m>><k>)'=( > (l.lk l.)fl(il)(t)---fsi‘“)(t))
v,

i+ tig=

k 1+ ) I is+
= ) (l.l.“,.s)( @) S0+ 0@ £ 0)

i1++ig=k

_ k k () gy ... £
- Z ((il—l...is)+ +(i1...is—1))f1 () f(0)

i1++ig—1=k
k1) .
S P ORI

I1...1
i1 +ti=k1 V1 §

k

where we should assume that if i; < 0, then (il...is) = 0. That is what needed to be

proved. O
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Remark 3.1. The equality (3.1.18) is also true for s = k — 1. Indeed, from (3.1.18)
for s = k — 1 using the Lemma 3.5 we find

=1

k-1 _ (k! 1 1)
M = (k= D)!(k = 1)! (?(\/;_ D )

~ (=1)%1 k—1\1; 1 \k-1
T (k= 1)!(k - 1)!(01-..1)?(2_\/;)
G A (e O L I o Ve
S (k=DW k=1 21 7 2k =2)!V

=1

which is the same as (3.1.15).

Using Lemma 3.5, the equality (3.1.18) allows one to find the numbers #; for large
values of s, which is quite difficult to do using the equality (3.1.16). For example,
similar to Remark 3.1

k-2 _ (—Dk! 1 k2 (k=1) B (—1)*
b "= (k —2)!(k — 1)! (?(\E— D ) Ll T 2k2(k = 2)!(k —1)!

k—1\ k=2 k=-1) _ (=DF? k42 (-DF2
X((l...1)+T(02...1))_4(2k—4)!!(4+k_2)_ 4 (k-4

Lemma 3.6. For the numbers h;_ the recurrent equality

1
B = (1- %) o+ 5y (3.1.20)

holds true, moreover, hi =0fors > k and hg =1 keN.

Proof. For k € N and s € Ny we introduce the notation

1 (k=1)
al = (;(\/Z - 1)8) . (3.1.21)
First, let us prove that the recurrence equality is true for the numbers a;,
al,, = (% - k) ay + Say, (3.1.22)

where a} = 0 for s > kand a)) = (-D)* (k- 1), k e N.

Let us examine the triangle A, similar to the triangle (3.1.8), but consisting of the
numbersai forkeN,seNpands < k—-1.1Ifs = 0or k =1, then the value of
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N

alf can also be calculated ag = (-D)*'(k -1)! and aj = 0. In addition, by (3.1.21)

a, = %anda? = 1.

Itis easy to see that if the degree of s is higher than or equal to k, then from (3.1.21)
it follows that a; = 0. The value of ag is calculated using the equality (3.1.21) above.
Let us use the equality (3.1.19) from Lemma 3.5 for s = s + 1 and fy(t) = 1/¢,

fi(t) = V't — 1. Since
(Vi—1)™ = % (% - ) (l —m+ 1) t%_m = (_l)m_1(2m — 3)!!t%_m,

2 2m

then we can write

1 (k=1)
[Fi -]
_ Z ( k—l.)(_l)k_s_l(Zio)!!(Zil—3)!!---(2is—3)!!t%_k

i()il...ls 2k-1

ip+i+-+ig=k—1
i0=0,i1>0,...,is>0

.. 3 ( k-1 )(_l)k_s(Zio)!!(Zil—3)!!---(2is_1—3)!!

Il ...0g_1 2k-1

ig+i1+--+ig_1=k—1
i0=>0,i1>0,...,i3_1>0

s=1_ k—1 _
xt 2 *(Vi-D+s(s-1) ( C )(—1)" o
ig+ig+-+ig_o=k—1 ol ls=2
10=0,i1>0,...,is_2>0

)12 =3 - (20 — 31 s=2 s
X(zlo)..(zll 3).. (le_z 3)“t57_k(\/;—1)2+~-Zaitz_k

k-1
s—1 s=2
+ sai_ltT_k(\/; —1) +s(s— l)ai_th_k(\/Z 1%+, (3.1.23)
Therefore
\/_ s (®) _ %—k—l s—1 %—k—l \/’
(( t—l)) =a, +sa; .t (Ve=1)+---.
On the other hand, differentiating (3.1.23) we get
(k) s 5=2
((\/Z— l)s) = (% - k) ay2™ 4 %ai‘lt 2 K+ (VE= DF (1),

where F(t) is some function. Assuming ¢ = 1 in the previous equalities we get

S S
s _ ) s—1
@t = (3-K)at+ 34
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Remembering that a; = hi(—l)k‘ls!(k —1)! we find

R, (~1)kstk! = (% - k) 1 (=1 s1(k = 1)1
+ %h;—l(-nk—l(s Dk =1).
Dividing both sides of this equality by (—1)¥s!k! we arrive at (3.1.20). For s = 0

we have the equality h? = a0 /((-=1)*"'(k — 1)!) = 1 and, in addition, &} = 0 for
s > k. Which is what needed to be proven. O

Remark 3.2. Note that the equation
s _ s 1 s—1

similar to (3.1.22) is obtained in (1.3.24) and is used in the construction of special
polynomials. Moreover, the equality

bi., = (2k —s)bj — b}
(3.2.17) is used when examining triangle B from (3.2.18), and the equality

S S
N N s—1

is solved in Lemma 3.14.
An equation of the form (3.1.20) defines an arithmetic triangle like Pascal’s, Euler’s
or Stirling’s triangles (see (1.1.2)), but its elements are rational fractions. Calculating

h;. using the equality (3.1.20) we expand the number triangle H from (3.1.8) to five
TOWS

1
1
1 —=
521
1 == =
8 8
H= 31 . (3.1.24)
16 16 48

93 29 7 1
128 128 192 384

hy,, =1 —s/(2k)h} = 1/(2k)h}!
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Note that the 4th row of the triangle H coincides with the first row of the matrix
Hy from Example 2.4 on page 137.

Another look at the numbers 7, is given by the following lemma.

Lemma 3.7. The rows of triangle H have the property: the numbers h; for 0 < s <
k—1and k > 2 are coefficients of the expansion of the polynomial of (k —1)th degree

(-D*!

Hi () = (2k — 2)!!

(A1-2)---(1-2k+2)
by factorial powers A1
Hy(2) = il k=2 k=2t g a4 g,
Proof. Consider the following polynomial of (k — 1)th degree in A
() = KA 4 k=24 162 Lt g0
From the equality (3.1.13) of Lemma 3.2 it follows that forO < s < k—2and k > 2

ﬁk(s) = hllz_ls[k_l] 4o hllcs[l] + hg

_1)k-1 [k—1]
sl g o0 = (5D (2-1)
=hp st 4+ s RUEAY 1 .

Because if the values of two polynomials of degree k — 1, having the same free
terms equal to 1, coincide at k — 1 points, then they are equal everywhere. Further,
for even values of 4 = 2,...,2k —2wehave 1/2 -1 € Ny, 1/2 -1 < k — 2 and
therefore due to properties of factorial degree

_ [k—1]
. _ (—1)k1 (/l 1) _o.

2

However, the polynomial Hy (1) has the same k — 1 zeros, and therefore Hy (1) =
CHy(A). To find the constant C, let us put A = 0 in this equality. Then we get

(~D*!

(=2) -+ (=2k+2) = C

and that means Hy (1) = Hi(A). O
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3.1.5 The value of polyharmonic function at the origin

Taking into account the research done, we can prove the following statement.

Theorem 3.2. For any k-harmonic function u € C*=1(8) in the unit ball S the fol-
lowing equality holds

d X9
Wy, ov (91/"—1) >

where the numbers h;_are taken from (3.1.16) or (3.1.18), satisfy the recurrence equa-
tion (3.1.20) and are the expansion coefficients of the polynomial

1 0 o+
u(O)z—/ (hgu+h,1<—u+---+hi_1 Y
as

(_l)k—l
Hi ()= —""——1-2)---(1-2k+2 3.1.25
1) = Gy (=2 ) (3.1.25)
in factorial powers A%
Hy_1 () = pE 1A=l g2l a4 9, (3.1.26)

Proof. For any polyharmonic function u € C*~!(S) in the unit ball S the numbers A
from the equality (3.1.7) must satisfy the system of equations (3.1.10). By Lemma
3.3 the solution to this system is represented in the form (3.1.16), and from Lemma
3.4 it follows that they are also written in the form (3.1.18). Lemma 3.6 proves that
h;, also satisfy the recurrence equation (3.1.20). Finally, by Lemma 3.7 the equality
(3.1.26) holds. The theorem is proved. O

Remark 3.3. The equality (3.1.7) due to (3.1.26), using the operator A and the equality
(3.1.3) can be rewritten in the form

o) = - /a Hia (M) ds.

Example 3.2. For the 4-harmonic function u € C3(S§), in accordance with the 4th
row of the triangle H from (3.1.24), the equality holds

1 110u 3 0%u 1 83u
u(0) = w—n/as (= Teav * Teg2 ~ 35903)

Consider the polynomial
H™@) =A4A1-2)--(A-2m+2)(A=2m=2)---(A-2k+2), (3.1.27)

where the factor A—2m is missing. Obviously, the equality H;_;(1) = H ](C(i)l (1)/ H,(C(i)l (0)
is true for it and H,(C"_”i(2m) # 0.
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Lemma 3.8. Let the Almansi representation of the k-harmonic function u € C*=1(S5)

in S have the form

|2k—2

u(x) = uo(x) +- -+ x| up1 (x).

Then for m € Ng and m < k the following equality holds

1o OHM(A)
u,(0) = / ————u(x) ds,. (3.1.28)
wn Jos H") (2m)

Proof. Let 1 € R,i € Ny, i < k and v(x) be a function harmonic in §. It is easy to
see that in S the equality is true

(A—zmuﬁwm)=uﬁ«m—aw@o+Awm)
and therefore

H" (W) (P ()] = P (H 20w () + it (M)v(x)),

where Q_1(A) is some polynomial of (k — 1)th degree, depending on H ]E'fi and such
that Q;_1(0) = 0. The function Q4_1(A)v is also harmonic in S. Let S, be a sphere
of radius » with center at the origin. For any r € (0, 1) we have Qx_1(A)v € C(S,).
Then

/ Qr-1(A)v(x) dsy = Qk—l(O)/ v(x)ds, = 0.
aS, oS,

Therefore, if i # m, then H](Cn_li (2i) = 0 and that means

[ e () as
= H](C'ﬂ(Zi) [n v(x)dsy + -/as Oi-1(A)v(x)ds, = 0.

If i = m, then similarly to the previous

1
— [ H (P ) ds
Wy J5S,

1
:H,(C’fi(Zm)—/ v(x)ds, = (m)(Zm)v(O)
wy Jas,
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where w, is the area of dS,. Therefore, for the function u(x) the equality holds

1 m
—r/a H,(C_i(/\)u(x)dsx

Wy

r

k-1

:Z / H(m)(A) [ ¥u; (x))dsx_HiT{(zm)um(O). (3.1.29)

i=
Since u € C*1(S), then dividing this equality by H,E"_?(Zm) # 0 and passing to
the limit at  — 1 — 0 we get (3.1.28). The lemma is proved. O

Theorem 3.3. For every k-harmonic function u € C*(S) in the unit ball S the fol-
lowing equality is true

/ H,((k) (A)u(x)ds, =0,
aS
where H'¥' (1) = 2(1=2) -+ (1 - 2k +2).

Proof. 1t is easy to see that Vi < k, H]Ek)(Zi) = 0. Therefore, due to the equality
(3.1.29) from Lemma 3.8 for r € (0, 1) we can write

=~
—_

1 1 '
— [ HONu(x)dsy =Y — / O (8) (1xP i) ) ds, = 0.
Wy Jos, @Wn JoS,

Il
]

i

Passing to the limit at r — 1 we obtain the asserting equality. The theorem is
proved. O

A natural generalization of the well-known property /a S g—ﬁ ds, = 0 of harmonic
functions to polyharmonic functions is the following statement.

Corollary 3.1. If the numbers a; are found from the equality
H}({k) (/1) = ak/l[k] + ak—l/l[k_l] R Cll/l[l],

then the function u € C*(S), k-harmonic in the unit ball S, satisfies the equality

ou o*u
/ ((1154' +akm) ds, = 0.

To prove Corollary 3.1, it is enough to recall (3.1.3) and use the statement of The-
orem 3.3. Theorem 3.2 can be generalized as follows.
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Theorem 3.4. For any k-harmonic function u € C*=1(S) in the unit ball S the fol-
lowing equality holds

A"u(0) =

(m) A
(2,2)m(n,2)m/ H 2 (A )u(x)de, (3.1.30)

W as H,i’fi@m)
where the polynomial H (/l) is found from (3.1.27)atm =0, ...,k — 1.

Proof. Let
u(x) = up(x) + - + [x|*2up_; (x) (3.1.31)

be the Almansi representation of a k-harmonic function u(x) in S and such that u €
C*=1(§), then for m € Ng and m < k the equality (3.1.28) holds. Moreover, if v is a
harmonic function in §, then

A(|x|2mv(x)) = |x|*"72mQ2m + n — 2 + 2A)v(x).

Therefore, for i < m we have

m

Af(|x|2mv(x)) = WP [ 2j2)+n-2+20)v(@)

J=m—i+l

which means that A’ (lxlzmv(x)) lx=0 = 0. If i = m, then we have

Am(|x|2mv(x)) - L[ 2i(2) +n—2+2A)(x)

]_[2](2] +1n—2)v(x) + Pe(A)v(x) =2m!!n-- (n+2m —2)v(x)
j=1
+ Pr(A)v(x) = (2,2)m(1n,2)mv(x) + Pr(A)v(x), (3.1.32)

where P (A) is some polynomial of kth degree such that P;(0) = 0. Therefore we
have

A (1P () ez = (2, 2 (2, 2)v (0),
From (3.1.31) it follows that for i > m

A"(|x|2mv(x)) = (2,2) (1 DA (x) + AP (A (x) =
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Therefore, acting on the equality (3.1.31) with the operator A™ for m € Ny and
m < k, then setting x = 0 and using (3.1.28) we obtain

k=1
A" u()limo = D A (120 | luzo = (2,20 (1, )it (0)
i=0
1 (2,2 2
- 1 22Dnn 2D / H"™) (A)u(x) ds.
wn H™ (2m) Jos
The equality (3.1.30) is proved which means the theorem is true. O

Remark 3.4. Tt is easy to see that if the function u € C*(S) is (k + 1)-harmonic in the
unit ball, then for the numbers a; from Corollary 3.1, according to Theorem 3.4, the
equality holds true

(n,2)k / du 8"
Ak — ... .
u(0) — | (alc')v +---+a S )ds

Remark 3.5. In Theorem 1.9 the values of derivatives of the form G () (D)u(x)|.=o are
calculated for the harmonic function u(x), where G, (x) is a harmonic polynomial
(1.3.6) of the complete system {G(,y(x)} on L,(95S).

Example 3.3. Let the function u(x) be 3-harmonic in S and u € C2(S). It is not hard
to see that

HP (1) = 21 -2) = =l 4 221
Héz)(4) =38, (2,2), =8, (n,2), = n(n + 2) and that means the equality is true

2) ou 0%u
A2u(0) = 10 / - ds,.
u(0) W @S( v av2) ’

If the function u(x) is biharmonic in S, then by Corollary 3.1 we obtain

? az ik
[ -5+ =0 [ Ztas= [ Zas,
98 ov  dv os 0V

From the last equality it immediately follows that if a function u € C?(S) bihar-
monic in S satisfies the Neumann conditions on the boundary

0 9*
olas = S Tl = o).

then the functions fi(x) and f>(x) must satisfy the equality

/ Si(x) dsy = / fo(x) ds,. (3.1.33)
0S oS
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3.2 Neumann boundary value problem for homogeneous equa-
tion

In this section, we study the conditions for the solvability of the Neumann problem
for a homogeneous polyharmonic equation in the unit ball § = {x e R" : |x| < 1}

o'u '
Goilys = fils): s €08, i =1k, (3.2.1)

Aku(x) =0, x€eS;

where v is the unit vector of the outer normal to 95S.

In Section 1.1 a more general boundary value problem is considered, containing
high-order polynomials of normal derivatives in boundary conditions. Theorem 1.2
on page 27 on the solvability of this boundary value problem and on the representation
of the solution is proved. A special case of this theorem is the following statement.

Theorem 3.5. A solution to the Neumann problem (3.2.1) for f; € Ck*4(95S),
i = 1, k exists if and only if for any vector by which is a solution to the equation
N,Z(O)b r = 0 the condition is satisfied

/(b,lcf1+---+b’,§fk)ds:0,
A

where

b= (bl bY), M) =(@+27-21)  _.c,
i,j=1,k

—((_1\i(J 7\ = P
C= (( 1) (i))i,j=0,k—1’ and (l) 0 when j <.

The subject of this section is the study of the numbers b; for s = 1,k and k € N,
which appeared in Theorem 3.5. It is clear that if we multiply the numbers b!, . . ., b’lj
by the same number, then the conditions of the theorem is not change. We normalize
these numbers so that b,lC > (0 and |b]]§| = 1. Using Lemmas 3.9-3.15 it is possible to
obtain a recurrence equation for the numbers b;, and then solve the resulting recur-
rence equation. The necessary condition for the solvability of the Neumann problem
is given explicitly in Theorem 3.6. Finally, in Theorem 3.7, based on matrices H,, of
the form (2.4.16) associated with Theorem 3.4, necessary and sufficient conditions
for the solvability of the Neumann problem are given and an explicit representation
of its solution is found. Using Lemmas 3.9-3.15, the equivalence of the solvability
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conditions for the Neumann problem from Theorems 3.6 and 3.7 is established. Il-
lustrative Example 3.4 is provided. The main results of Section 3.2 is published in
papers [87,88].

Let us return to the numbers b; . For example, for k = 1 we have bi = 1 and for
k = 2, according to the equality (3.1.33) from Example 3.3, we have bé = —b% = 1.
Let us arrange the numbers b, in the form of a number triangle similar to Pascal’s
triangle [35]

1
I -1

bl b2 b
by, b; b, b
b: bl bg b3

B= (3.2.2)

1
bS

At the moment it is not clear that the triangle B consists of integers, but this become
clear later.

3.2.1 Integer triangle B

Let us find solutions to the homogeneous system N] (0)by = O for k > 1. Let us write
down the matrix N,{(O). It looks like

N =cT-(@i-2W)
i,j=1,k
where the last matrix can be written in more detail in the form

0 0 0
2111 o2 L Al
LJ=1, : : :
2k =) (2 —2)[21 ... (2k —2)[K]

Since the matrix C is non-singular, we arrive at a system of equations of the form

2[1]bllc +oeeF z[k—llblg—l — _2[k]bi
: (3.2.3)
2k =2)Mpl 4+ + 2k = 2)UHpk=T = —(2k — 2) Kl pk

We denote the determinant of the matrix on the left by A?, and the determinant of
the matrix obtained from this matrix by replacing the sth columnat 1 < s < k—1 with
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the column (2[k], oo (2k - 2)[k])T we denote by A} (see Lemma 3.1 on page 161),
i.e.

2[1] . 2ls-1] 2 [k] 2[s+1] . 2[k-1]
4l1] . 4ls=1] 4lk] 4ls+1] . 4lk=1]

2k =) . 2k -2l 2k =) 2k —2)s*+1 . (2k — 2) k-1

It is easy to see that

0
Ak
pAb) . oAl 1 ... [ k=2l
411 .. 4kl 1 ... 3lk-2l
= . . : =2-4---(2k-2)|. . .
2k -2 ... 2k = 2)lk-1] 1 -+ 2k -3)lk12
1 ... 152
1 ... 3k=2
= (2k=-2)!1|, : = 2k -2)'W[1,3,...,(2k = 3)]
1 - (2k=3)k2

= (2k —=2)N1(2k — )1 - 21,

where WAy, ..., A;x_1] denotes the Vandermonde determinant of order k — 1. There-
fore, the system (3.2.3) is uniquely solvable for any b’,ﬁ. Let us choose b]]j = +1, but
so that b}( > 0.

Let us calculate the determinants A;. We consider a more general case. Let
A1, ..., dk—1 € C and then we denote

AL = AL (A, i)

[1] [1] [1] [
At A} i
=AM Q= cpfest sl bl (30.4)
[s+1] [s+1] . .
1 oo :
1 k-1 :
/ll ce /lk—l /11 e /lk—l
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dA°(1) =d t(/l[.i]) .
and Ay (4) = det | 4; Q=1 k-1

The following statement follows from Lemma 3.1.

Lemma 3.9. For s integer and such that 1 < s < k the equality holds
k=1
sIAL () + -+ sBIAL () = =A% ()s ]_[(s — ). (3.2.5)
i=1

Proof. Letus apply Lemma 3.1 to determinants of the form Aj (41— 1,..., 4x-1—1).
We multiply the resulting equality of type (3.1.12) by the number (s + 1)A; ... Adx_q,
where 0 < s < k — 1. Then we have
k-1
(s+ DUALQ) + -+ (s + DETAL ) = A2 (s + 1) l_l(s +1-4).
i=1

If we now replace s + 1 with s, then we get (3.2.5) for 1 < s < k. The lemma is
proved. O

Let us use Lemma 3.9 to find the numbers b . The following statement is similar
to Lemma 3.2.

Lemma 3.10. For any integers k > 1 and s such that 1 < s < k the equality holds

(k]
sUIpL 4o sllps = (—1)k*Ink (%) . (3.2.6)

Proof. By virtue of the notation made above, AE(Z, o2k =2) = A} and therefore,
by Lemma 3.9 with 4; = 2i we have

k—1
(k]
sAL +-o 4 sty = -0 [ [(s—20) = 2% (5) A, (3.2.7)
i=0

Hence, for s = 1 and k£ > 1 we get

[]
1
A, = —-A2F (E) = (=AY 2k - 3)!1.
N
Remembering the system (3.2.3) we find b, = —biA—g. For s = 1 we have

k
1

A
bl = —biA—g = (=D)**1pk 2k - 3N
k
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s

and that means b}( > 0 for b,’g = (=1)**!. Thus b = (—1)"—]5. Therefore, dividing

k
both sides of the equality (3.2.7) by Ag # 0 and multiplying by (=1)* we obtain
(3.2.6). The lemma is proved. O

From the proof of Lemma 3.10 it follows that

b, =(2k-3)!"atk>1; bf=(-D"atk>1. (3.2.8)

Thus, we have determined the left and right sides of the integer triangle (3.2.2),
consisting of the numbers b, .

3.2.2 Formulas to determine bf{

Using the idea of the proof of Lemma 3.3 we establish the following result.

Lemma 3.11. For k € N and an integer s such that 1 < s < k — 1 the numbers b;
are defined by the equality

by = (-1 i(—l)f“(s.) (i)[k] . (3.2.9)
s! = Jjl\2

Proof. Let us denote b3 = s!b% and assume that (;}) = 0 for b > a. Then (3.2.6) can
be rewritten as

S171 S) s S\ k-1 kalnk (S)IK]
(l)bk+---+(S)bk+---+(k_1)bk = (—1)k+12 (5)

and therefore the vector by = (b!, ..., b*1) is a solution to the system
~ 1\ [K]
Chy = (—1)*12k ((i) )
2 j=Tk—1

with matrix C = ((’)) . It is easy to verify that the triangular matrix C is
iJj

I )i i=1,k=1

)
JIij=1k-1

Indeed, the common element of the product of these matrices for i > j has the
form

invertible and
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k-1 .
=Y (1()
s=1 A%
o ; i—j (=1)k+i
= (=1 Y (-1)* - (-1
=D Z‘-( )(S)() =075 Z(l—j—k)!k!

J

' j) i o

If i < j, then since (‘) (j) = 0 we have (C - C‘l)i’j = 0. That is why

1k+12k — 1i+j [ .] L£]
i P 11 I

i=1,k-1

and therefore, taking into account that Es = slb, we get

by = iyl Z< W( )( )”‘]
k j 2 )

This immediately follows (3.2.9). The lemma is proved. O

Let us check the resulting formula (3.2.9) for s = 1. We have
1\ 4]
b, = (-1)k*12k (5) = (2k = 3)!1,

which coincides with what is previously found. Let us calculate the unknown numbers
b2. For k > 1 from (3.2.9) we find

[k]
1
bi = (=1)k+20k (5) — _bllc = —(2k = 3)!1. (3.2.10)

So, we have found the value of the first side column parallel to the left side of the
triangle (3.2.2). For k = 2 we have the known value b% = —1. Let us try to transform
the formula (3.2.9) to a more compact form similar to Lemma 3.4.

Lemma 3.12. For k € N and an integer s such that 1 < s < k the equality holds

b = (- 1)k+1 ((\/——1)) 3.2.11)

=1
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Proof. 1t is easy to see that

-\ [£] . . (k)
J J[J L
= ==|=-1 S—k+1)]=1¢2
(5 =21 17
Therefore, for integer k > 1 and s such that 1 < s < k — 1, in accordance with
(3.2.9), the equalities hold

2k s ) s ] (k]
S _ (_1\k+s<=_ _ +1 J
b = (=D ,Z;( 1)/ (J) (2)

g , -\ (k)
- (—1)’“%2}(—1)*1 j) (Ul
J:
RPN AN s—jS / v k12
= DM YD f(j)(xﬁ)f =D ((xf—l))
'\ &

=1

t=1

b

=1

i.e. (3.2.11) is true for the specified k and s. The formula (3.2.11) is also valid for
s = k > 1. Indeed, substituting s = k into (3.2.11) we get

b= (-1 (N -0

(k-1)
— (_1)k+l% (%\/}(\/;_ l)k—l)

(k=1)
(V=097 | = bl = (DMl

=1

(_1)k+1 2k—1
RG]

If we substitute s = k = 1 into (3.2.11), we get b} = 1 and therefore b’,i =
(—=1)k1 = (=1)**1. Tt was previously calculated that b’,i = (—=1)**! and therefore
the formula (3.2.11) is correct for s = k. The lemma is proved. O

3.2.3 Recurrence equation for b,

For k, s € N we introduce the notation

= (Ve - 1)S)(k
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Let us study the triangle A, similar to the triangle B (3.2.2)
10

but consisting of the numbers ai for k,s € N and s < k. Here k is the row number,
and s is the element number in the row. Let us supplement this triangle with values
ats =0and k = 0. Accordlng to (3 2.12) we assume that a = ay = 0. In addition,
it is easy to see that a =3 L and a = 1.

Lemma 3.13. For the numbers a;_the recurrent equality is true

@i = (5 k) @y + 307 (3.2.13)

where a;, 0f0rs>kanda =0,k eN, butagzl.

Proof. 1t is easy to see that if the degree s is higher than the order of the derivative
k, then from (3.2.12) it follows that a; = 0. The values of a} and a8 are calculated
using the equality (3.2.12) before the lemma. Let us use the equality (3.1.19) from
Lemma 3.5 with f;(1) =Vt —1,i =1,...,s. Since

(\/2—1)(’"):%(1_1)...(1_,%_”)[%—"1 = 1)’111(2 —3)!!t%_m,

2 2 2m

then we can write
(o)’
= 2 (i : i)(_l)k_s(2i1_3)” (215 =31 5
1.-.1g

k
i1++ig=k,i;>0 2

k 2i1 = 3! (20— —3)!!
+ 5 Z ' . (_1)k—s+1( 3 ) (2i5- )
11...151

k
i1+ +ig_1=k,ij>0 2

t%l‘k(\/?— ) +s(s—1) Z (il ki ‘2)

i1++ig_2=k,i;>0

s
_ s.5—k
= akt2

20 =31 (250 = 3)!! 9_2_
X(—l)k_s+2( 1 ) Zk( 2 ) k(\/—
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s—1 52
+say 0T (V=D +s(s - Day %2 (Vi- 1)+ (32.14)
Therefore
(k+1) s s—1
(=) = s T

On the other hand, differentiating (3.2.14) we get
(k+1) s 52
((\/Z - 1)S) - (% - k) a2y %a;—lrsz * 4 (Vi = 1)F ().

Setting ¢ = 1 in the previous equalities, we have

A S
s _ _ s 2 s—1

Which is what needed to be proved. The lemma is proved. O

Remark 3.6. Note that the equation

1
aitl = Eai_l + (s — 2k + 1)ay,

similar to (3.2.13), is used in the construction of special polynomials (1.3.24).

The values of a; using the equality (3.2.13) are calculated for several columns of
the triangle A, parallel to the lateral sides, and based on the resulting equalities, an
assumption is made about the values of a; . Skipping these calculations, we prove the
resulting formula.

Lemma 3.14. Solution of the recurrent equation (3.2.13) under the boundary condi-

tions ag = alg” =0, k € Nand a8 = 1 is unique and has the form

2k —s—1)ls

S — (—1 k+s ,
4= D S G s

(3.2.15)
where s,k € Nand s < k.

Proof. Let us prove the existence and uniqueness of a solution to the equation (3.2.13)
under the specified boundary conditions.

1. Assuming k = 0 and s = 1 in the formula (3.2.13), due to the boundary

conditions, we obtain a% = %a(l) + %ag = % The equality (3.2.15) gives the same
value.
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20, Let us calculate the value of a}{ using the equality (3.2.13). Considering that
a) =0 we find

1 1, 2k -3
,lc—(i—k+l)ak1+2akl Tallcl
L2k =3 (2k — 3)!! (2k = !
= (=1 k 1( k-1 k+1 )
(=D = (1) A e v

This equality is derived for k£ > 1, but is also valid for k = 1. Using the equality
(3.2.15) we get the same value
(2k —2)!
allc — (_1)k+1

2k = 3)1!
2k(2k — 2)!! '

— (_1)k+ 2k

39. Let us calculate the value of ai using the equality (3.2.13). Considering that
k” = 0 we find

KU, k!
T

This equality is obtained for & > 1, but given that ai = % it also is true for k > 1.
Using the equality (3.2.15) we get the same value
r Qk—-k-1)k k!
a, = = —.
kK7 2k(Qk = 2k)11 2K

So, the values of a; on the sides of the triangle A are calculated and the equality
(3.2.15) specifies the solution of the equation (3.2.13) on the rows of the triangle
A. The structure of the equation (3.2.13) is such that, given the known values of
a; on the lateral sides of the triangle A, all values of a; inside the triangle A are
determined from the equation (3.2.13) definitely. Therefore, if the numbers a; given
by the equality (3.2.15) satisfy the equation (3.2.13) inside the triangle A, then the
equality (3.2.15) specifies a solution to the equation (3.2.13). Let us prove it. Let a;
be found from (3.2.15). If substitute them into the right side of the equality (3.2.13),
then we get

S s 05 51 _ o vk+s (S 2k —s—1)!s
Clk+1_(2 k)ak+2ak =(-1) (2 k) 2]‘(2]{—25)!!
s-18 2k =9)ls 1) o k=9l
( )k+ ! ( ( 1)k+ 1

222k =25 +2)11 2k+1(2k — 25 + 2)!!
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2k —s+1)ls
k(2 — 25 + 2)I1”

is also found from (3.2.15). The lemma is proved. O

X ((2k =25 +2) + (s = 1)) = (=1)k*+s*1

that is ak :

3.2.4 Neumann problem for the homogeneous equation

Let us go back to the triangle B.

Lemma 3.15. The numbers by, s,k € N are defined by the equality

2k —s =1\ (2k = 2s + 1)!!
b = (=1)**! 3.2.16
=D ( s—1 )(2k—2s+1) ( )
and are the only solution to the recurrence equation
by, = (2k — s)b; - b3 (3.2.17)
under boundary conditions b, = (2k ) and b; = (-1)*", k € Ninaccordance

with (3.2.8).

Proof. Using the equalities (3.2.11), (3.2.12) and (3.2.15) we write

2k —s—1)!
(2k = 2s)!(s — 1)!
_ (_1)S+1(2k -5 - 1) 2k —2s + 1)!!,
s—1 2k —2s+1)
that is the equality (3.2.16) defines the triangle B. On the lateral sides of triangle B
the equality (3.2.16) gives

b = (=1 k+12_k S — (—1 s+1
k_( ) s'ak_( )

2k =2\ (2k = !
bl = - T = 2k = 3)!
2k —k =1\ (2k = 2k + 1!
k k+1 k+1
= —1 = —1
b= ( k-1 )(2k—2k+1) =D

which coincides with the boundary conditions. If we substitute the value aj = (- 1)k 12 o bi

into the equation (3.2.13), then we have

(s—D!
2k

s! S

1
2k+1 b2+1 (2 bs

(_1)k+2

)( 1)k+1_bs _( 1)k+1
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!
After reduction by (- 1)"+2 °"_ we obtain the equation (3.2.17)

+1
b, = (2k —s)b; — b3
The lemma is proved. O

An equation of the form (3.2.17) defines a number triangle similar to the Pascal,
Euler or Stirling triangles (1.1.2). Such triangles are studied modulo prime numbers,
for example in [63]. Let us calculate the value of b; for the first slanted columns
parallel to the lateral sides of the triangle B. We have

b2 _(Zk — 3) 2k -3)!
k

=—k=-3)'=-bl, k>2,
1 | (2k-3) ( ) k

which corresponds to (3.2.10),

pi-l = (—1)k(k ’i 2)% = (—1)k(’;), k>2

bg-zz(—l)k—l(k”)S = (=1)* 13(k+1), k>3

and

k-3 5 4

Calculating b; using the equality (3.2.16) we expand the triangle B from (3.2.2)
to SIX rows

1
I -1
3 31

B = 15 —-15 6 -1 . (3.2.18)

105 —-105 45 -10 1

945 —945 420 —-105 15 -1
Lot = (2K - )b}~ by
Taking into account the research done, Theorem 3.5 can be rewritten in the form.

Theorem 3.6. A solution to the Neumann problem (3.2.1) for f; € C*(9S), i =
1...,k exists if and only if the vector by, = (b}, ..., blli) equal to the kth row of the
triangle B from (3.2.18) is orthogonal to the vector

Fr = (/asfl(s)ds,...,/asfk(s)ds),
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that is

k .
(bi, F) = /aSZ(—nf“(zkj__] 1_ 1)(2k —2j = )!!fi(s)ds = 0.
j=1

For example, for the 4-harmonic equation, in accordance with the 4th row of the
triangle B, the necessary and sufficient conditions for the solvability of the Neumann
problem in S have the form

/(’35 (15£1(s) = 15 f2(s) + 6f3(s) — fa(s)) ds = 0.

The solution to the Dirichlet problem for the 4-harmonic equation in a ball is given
in Example 2.6 on page 147.

To construct a solution to the Neumann problem, a higher smoothness of the bound-
ary functions is necessary since we are going to apply Theorem 2.13, in which the
smoothness u € C"™~1(S) is required from the solution to the Dirichlet problem. Let
us present a solution to the Neumann problem for the homogeneous polyharmonic
equation (see also Section 3.3.3).

Theorem 3.7. Let the harmonic functions q;(x) be solutions of the Dirichlet boundary
value problems

Agi(x) =0, x €S; gqilos = ¢i(s), s € IS, (3.2.19)
where € C*" 177238, i = 0,...,m — 1, & > 0. Then for the existence of a
solution u € C"™(S) to the Neumann boundary value problem
A"u(x) =0, x€8, (3.2.20)
ou 0"u
—| = s ey | = Ym—1(8), oS, 3.2.21
| = () ] =), s e (3:221)

it is necessary and sufficient to fulfill the condition
m—1 '
Z h*q,(0) =0, (3.2.22)
=0

where h,(?{) are coefficients from the representation h,,(1) = A(1-2) ... (1-2m+2) =
ZT:O h,(,{ )], Solution of the Neumann problem can be written as

1
u(x) = / v(tx) % + C, (3.2.23)
0
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where C is an arbitrary constant,
m-—
v(x) = Z K<f>1(1 A Ix? = g (x), (3.2.24)
=/

and K}Elj_)l (A; |x|? = 1) is determined in (2.4.30) on page 142.

Proof. Let us make in the Neumann boundary value problem (3.2.20)-(3.2.21) the
change of variable v = Au . Then since AAu(x) = (A + 2)Au(x), whence follows
A"Au(x) = (A +2m)A"u(x) = 0 we get the following boundary value problem for

v(x)

A"(x) =0, x € S; v|gs = wo(s); ..., (A—=1)m1] =Ym_1(s), s € 0S.

V|as

By Theorem 2.13 on page 142, in which we formally replace the operator A by the
operator A — 1, the solution to this problem can be written in the form

S

1

v(x) = '
J!

K (1= As [ = 1)g (),

T
]

J
where the harmonic functions ¢ (x) are solutions to the problems (3.2.19). Denote

m-—

vi(x) = Z K (1= As e = 1)(q;(x) = ¢;(0)),

Jj=

E

— ¢,(0)
J!

vo(x) = KV (15 1x2 - 1).

.
I}
(e]

It is easy to see that since A(q;(0)) = 0 and K;Eaj—)l(’l; |x|?> = 1) is a polynomial in
A, then the following equalities hold true

v(x)—z K (1= As e = 1)(g () = 4;(0))

m-—

Z (J) —A; |x|2 — 1)qj(0) =v1(x) +vo(x),

O
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where vo(x) is the m-harmonic polynomial. Now it is necessary to solve the equation
Au = v in m-harmonic functions in S. The functions v;(x) are m-harmonic by con-
struction. Note that for any m-harmonic in S function p(x), the equality (Ap)(0) = 0
is true and therefore v{(0) = 0. Find the value vy(0). It is not hard to see that

0 (0 m—1 ;
61]( K9 (1;-1) qu(’)(Z(_l)kl—[k(/l))(])(l). (3.2.25)
i ) k=0

S
3

vo(0) =

~
Il

o
~
Il

o

Lemma 3.16. Let in accordance with (2.4.24)

1

Hy (1) = 20T

— A(A=2)---(A=2k+2), keN: Hy) = L.

Then, for j € Ny, the following equality holds true

m—1

(3 0fm) 1) = -1

k=0

yn=1 2 G+ (). (3.2.26)

+ 1
Proof. Let us prove the equality (3.2.26) by the method of mathematical induction
on m. For m = 0 we have zeros on the left-hand and on the right-hand sides of
(3.2.26), and for m = 1 we also have the equality H(()j)(l) = %HEJH)(I), where
Jj € Np. Under the assumption that the equality (3.2.26) is true for m > 1, we prove
its validity for m = m + 1. According to the definition of the derivative (2.4.10),
we have (f()g(A))D = FD()g(A + 1) + f(A)gV (1) and therefore taking into
account that H,,,1(1) = H,,(1)(1 —2m)/(2m + 2) we write

H (1) = T(H,SP(A)@ —2m + 1) + H, (1)),
whence
H? (1) = - —— (HP () (A -2m +2) +2H (1))
and therefore
HY*D () = — 2(H(’+1)(/l)(/1 2m+j+ 1)+ (j+ DHY (1),

Thus, the right-hand side of (3.2.26) for m = m + 1 is transformed to the form

m+1

D" HU*D(0) = & )1 (HYV(0)(=2m + j + 1) + (j + DHS(0))
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— ( l)m 1]2+ IH(]+1)(O) + ( l)m(H(]"'l)(O) + H(])(O))
~DFH (1) + (-1 H (1) = i(—l)"H,@(l),
k=0 k=0

Il
Mi
~

which proves the induction step. Here, in the second line, the induction hypothesis is
used. The lemma is proved. O

Ifin (3.2.25) we use the just-proved lemma, the following equality H,, (1) = h,,(1)/(2m)!!
and the condition (3.2.22), then we get

H(]"'l) (0)

v0(0) = (=1)"" 12mZ O

) (—1)'"-1 ISP A O B G i Gy
T 2m-2)n jzoqf( )DL Gm - ;)qf(o)h"{ =0

The converse is also true, i.e. v(0) = 0 = v¢(0) = 0 = (3.2.22). Lemma 3.23
proves that the equation Au = v is solvable in m-harmonic functions if and only if
v(0) = 0, but this condition is satisfied. The solution to the equation Au = v can be
written as (3.2.23) u(x) = fol v(tx) %+C . With smoothness imposed on the boundary
functions Y, € C*"17k+£(9S), k = 0,..., m—1, similarly to Theorem 2.13, we have
gr € CP"~1=%(5S) and hence, since in the equality (3.2.24) the differential operator
applied to the function g; has the order m — 1 — k, then v = Au € C™(S) and by
(3.2.23) u € C™(S). Thus, the m-harmonic function (3.2.23) is a solution to the
Neumann boundary value problem (3.2.20)-(3.2.21). If a solution to the Neumann
boundary value problem u (x) exists, then the function v(x) from (3.2.24) must satisfy
the equality Au = v, which is possible if and only if v(0) = 0, whence follows equality
(3.2.22). The solution u(x) is unique up to a constant. The theorem is proved. O

Remark 3.7. The solvability condition (3.2.22) for the Neumann boundary value prob-
lem obtained in Theorem 3.7 does not impose an explicit condition on the bound-
ary functions ¢, but only connects the values of harmonic functions g;(0), k =
0,...,m — 1. This condition does not formally coincide with the solvability condi-
tion (2.4.20) from Remark 2.11.

Lemma 3.17. The solvability condition (3.2.22) and the solvability condition of The-
orem 3.6 are equivalent.
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Proof. First, we rewrite the condition (2.4.20) for the m-harmonic equation and the
Neumann boundary conditions taken in the form %| as =¥ j=0,...,m—1as

m m—1
_ ) _ (Jj+1)
0= / Z hmj+1,m¢j—1 dsg = / Z hnf+1,m9”f dse,
98 o1 e

where /41, (A) are elements of the last row of the matrix H,,+;. If we notice that
hm+1.m(A) = hy(1)/(2m)!! and take into account the mean value property for the
harmonic functions g, (x), i.e. w%, /a ¥ dsg = q;(0), then the condition (2.4.20) for
the m-harmonic equation takes the form

m—1 m—1
1 / (j+1) Wy (j+1)
0= Ry dse = —2— 3 pY* Vg (0).
(2m)!! BS;} m Y (2m)!!jz::0 J

This condition is equivalent to the condition (3.2.22). Further, in accordance with
Remarks 3.13 and 3.14 the condition (2.4.20) is equivalent to the solvability condition
from Theorem 3.6. The lemma is proved. O

Example 3.4. Let us find a solution to the Neumann boundary value problem (3.2.20)-
(3.2.21) for the 3-harmonic equation in the unit ball (m = 3). In accordance with the
method of constructing a solution to the Neumann boundary value problem from The-
orem 3.7, we use the solution to the Dirichlet boundary value problem from Example
2.5 and replace in this solution the operator A by the operator A — 1. After simple
transformations, we get

2

I 1 1
0 = 3 K= A= Dy = (14502 = D) = (= 1)?
=
1 1
= 3l = DA+ 2 (ol = 17A%) o) + (5l = 1) + 7 (el = 1)
2 1
— (P = 1A )1 () + (= D200,

Find v(0). It is clear that v(0) = ﬁ(Sqo(O) —3¢1(0) + g2(0)). Since h3(A) =
A1 =2)(A - 4) =321 = 32121 1 23] "then the condition (3.2.22) has the form

2

> 1 Vq;(0) = 3g0(0) - 3q1(0) + 2(0) =0,
Jj=0
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which corresponds to the condition v(0) = 0. Under this condition, the solution
(3.2.23) to the Neumann boundary value problem has the form

1 1
u(x)zfo v(tx)%zfo ((1+%(|x|2t2—1)—i(|x|2z2—1)2

41
1 22 1 2.2 242 1. 5, 1 - ,
= (K = DA+ (kP = 1)°A )qo(tx) + (§(|x| 2= 1)+ (P - 1)
2 I d1
- (P = 1A g1 () + 7 (P = 12ga(e0)) S C

In the particular case when the functions ¢;, i = 0, 1,2 are constant, we have
gi(x) = ; and therefore

x| ]

u(x) = ?(3%00“#1 2 +3—2(—l//0+¢1 +yn) + C,

provided that 3o — 3y + ¢ = 0.

3.3 Neumann boundary value problem for
inhomogeneous equation

Let us consider the Neumann boundary value problem for an inhomogeneous poly-
harmonic equations in the unit ball S = {x e R" : |x| < 1}

Au(x) = f(x), xeS; (3.3.1)
ovilas

=p(s), se€ds, j=1k, (3.3.2)

where v is the unit vector of the outer normal to dS. This section is complementary
to the results of the previous section on the solvability of the homogeneous problem
(3.3.1)-(3.3.2), i.e. at f = 0. First, in Theorem 3.10, based on Theorem 3.8 and
Lemmas 3.18-3.20, the case of polynomial right-hand side f(x) is studied. After
this, in Theorem 3.11, this result is extended to the case of f € C!(S). Theorem 3.12
provides a method for finding a solution to the Neumann problem (3.3.1)-(3.3.2) for
an inhomogeneous equation. In the case of polynomial data, a method is given for
constructing a solution to the Neumann problem. The main results are illustrated by
Examples 3.5-3.7. The main result of Section 3.3 is published in [84].
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Let f € C'(S) and f(x) # 0. Consider volume potential V[ f](x) with density
f(x)

VA = - [ B de

n

where E(x,&) = (n — 2)71¢ — x| (n > 2) is an elementary solution to the
Laplace equation, and w, is the area of the unit sphere in R". Let us denote Vi [ f] =
V[...V[f]]. Itis known that f € C'(S) = V[f] € C'(S) and AV[f] = f in
S [28], and therefore Vi [f] € C'(S) and A"Vy_,,[f] = fform = 1,...,k. Let
us represent the solution u(x) of the Neumann problem (3.3.1)-(3.3.2) as the sum
u(x) = Vi f] + w(x). Then

A*u(x) = £ = AV [ ] + A'w(x) = f = Afw(x)

and therefore with respect to w(x) we obtain the following problem

Aw(x) =0, xeS; (3.3.3)
o/w . :
mws =@i(s),s€dS, j=1,k, (3.3.4)
where indicated .
' Vi[f]

B(5) = ¢1(5) - =5

By virtue of Theorem 3.6 the solvability condition for the problem (3.3.3)-(3.3.4)
has the form

O:/ (b}{gﬁl +---+b’,§¢k)dsx =
as

v, o*
:/ (b,1€901+---+b£<,0k)dsx—/ (b,l< cl/] +~-+b§—vk£f])dsx,
N oS

ov ov

where b; are taken from (3.2.16). Due to the validity of the equality ‘g%,f = Alkly on
0S (see Corollary 2.1) this condition can be rewritten as

/(b,isol+---+bicpk)dsx:/ (BLAVL[f] + -+ + BEAKIV [£]) ds,.  (3.3.5)
oS oS

Since a solution to the problem (3.3.1)-(3.3.2) exists if and only if there is a so-
lution to the problem (3.3.3)-(3.3.4), then a necessary and sufficient condition for
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the solvability of the problem (3.3.1)-(3.3.2) looks like (3.3.5). Let us transform this
condition. We denote

I(f) = / (bR AVi[f] + - + BEAMIVL [ £]) ds,..
as
It is clear that the functional /( f) is linear in f.

3.3.1 Polynomial right-hand side of the equation

Let f(x) be a polynomial. According to the Almansi formula, the polynomial f(x)
can always be written in the form

F@) = ) lePmul™ (x), (3.3.6)

where ugm)(x) are homogeneous harmonic polynomials of degree s. It is clear that
u(()m)(x) = const = u(()m)

Theorem 3.8. If the polynomial f(x) is written in the form (3.3.6), then

1(f) = /a (BLAVELF o+ DAV L) ds,
(m)

— (_1\k+1 Uy
= (=1) ;(2m+n,2)k w,. (3.3.7)

Proof. Letus first assume that f'(x) is a polynomial of a special form f(x) = f,s(x) =
|x|?"u4(x), where u(x) is a homogeneous harmonic polynomial of degree s. We use
the following statement.

Theorem 3.9. Let the polynomial f(x) be written in the form

F@) = xPmud™ (x),

where ugm) (x) are homogeneous harmonic polynomials of degree s. Then for x € S
the following equality holds

VIf1(x)

B 27420 {™ (x) u" (x)
- mz Q2m +2)(2m +2s +n) mz 2m+2)(2s+n-2) (3-3.8)
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The proof of Theorem 3.9 follows from the equality (3.7.12) on page 313. From
this theorem it follows that for f,, ;(x) = |x|*"us(x) the equality is true

|x|2m+2kus (x)

T 2m+2.22m+2s +1 2%

Vi [fm,s] = V[- .. V[fms]] + Pk—l(lxlz)us(x),

where P (Jx|?) is some polynomial of degree k — 1 in |x|?, specific form which we
are not interested in. Since for the operator A the following equalities are true

(A = D (P (|x[)us(x)) = ug(x) (A = )Py (Ix17) + Proi (1x]%) Aug (x)
= (A= D Pr_1(Jx*) + sProy (1x*))us (x) = usg(x) (A + 5 = ) Pr_y (Jx]%),
where A € R, and also

|x| 22Ky (x) _ (2m+2k +5) x| 2 +2K 1 (x)
Cm+2,2)2m+2s+n,2) 2m+2,2)r2m +2s+n,2);

then we can write

(BIA A+ + DEAY V[ £, ]
k

|x us(x) : '
= bt (2m + 2k + s)!!
(2m+2,2)k(2m+25+n,2)k; ¢(2m 2

+ (DA + -+ DEAMY Py (X)) s (x)
_ Bm,s|x|2m+2kus(x)
C2m+2,2)2m + 25+ n,2)k

|2m+2k

+ Q-1 ([x*)us (x),

where we denoted

k
By, = Z b (2m + 2k + )11, (3.3.9)
i=1
Or-1(|x*) = (br(A+5) + -+ bE(A+ ) Py (Jx]?). (3.3.10)

Therefore

I(fm,s) _ / Bm,s|x|2m+2kus(x) ds,
as 2m +2,2)(2m + 25 + n,2)

+/ Qk—l(lxlz)us(x) dsy = I (fms) + IZ(fm,s)- (3.3.11)
oS
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For s € N we have u;(0) = 0 and by the mean value theorem for harmonic functions

Bm,s / Ms(-x) dsx = 0,
2m+2,2)r(2m +2s +n,2)r Jas

L(fm,s) = Qk-1(1) /as ug(x) ds, = 0.

I (fm,s) =

Let s = 0. In this case, the polynomial Qy_1(|x|?) from (3.3.10) has the form
Qi-1(Ix) = (oA + - + b A Py (1),

If we write Px_1(|x|?) = le.:ol pilx|%, then we get

k—1
Oi-1(Ix?) = ) pi(i)b) + -+ (20)Hbf) x| = 0
i=1

due to the fairness of the system (3.2.3). This means I5( f,,,0) = O in this case as well.
Lemma 3.18. The functional I1( fi,0) has the form

(_1)k+1
2m +n,2);

L (fimo) = UOW.
Proof. According to the definition of the functional /; ( f;, 5), using the equality (3.3.9)
for s = 0 we can write

1 (fno) = B / () d
B m ) 2. ) 2m + 1,20 S O

3 B oitown 3 UoWy
S Cm+n,2) 2m+2,2)r Cm+n,2)(2m +2,2)k

k
% 3 bl (2m + 2k)1 = Ho%n Rie(m+k), (33.12
; K2m 2K = i s am + 2.2), Rk k), (3:3.12)

where Ry (x) = Y, bi (2x)7! is denoted. By virtue of the system (3.2.3), the poly-
nomial Ry (x) has the following roots x = 1, ..., x = k — 1. In addition, x = 0 is also
its root. That is why

Ri(x) = Zkb’,zx(x -1)---(x—k+1)= Zkbl,zx[k].
Substituting here the value bi = (=1)k*! from the equality (3.2.9) we find

Ri(x) = (=1)F+12kx Ik,
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Using the obtained value Ry (x) in the equality (3.3.12) we have

(_1)k+12k(m + k) [k]

1 m = n
HUn0) = G e am + 2.2)0 4
(=DM 2Km+ k) (m+k=1) - (m+ 1)u o (=D **upw,
T Cm+nm2)i  2m+2)--- (2m+2k) O T om +n,2)
The lemma is proved. O

If we use the proved lemma and take into account that I(f,,5) = O for s € Ny,
then we obtain

(_1)k+1u0wn

I(fns) =4 Cm+n,2);’

0, s €N

=0

Since the polynomial f(x) is the sum of polynomials of the form |x|2mu§m) (x) and
the functional /( f) is linear, then summing the functionals /( f,,, s) on m and s we get

(m)
()= (DY oo,

The proof Theorem 3.8 is complete. O

Let us also transform the resulting expression for the functional 7( f).

Lemma 3.19. The equality takes place

k-1 .
1 1 k-1 (_1)1
- YT 3.1
(2m +n,2); (2k—2)!!;( j )2m+n+2l. (3.3.13)

Proof. For a function K(t) continuous for ¢ > 0 the following equality holds

t t Tg-1
/ K(r)(t = 1) M dr = / / K () dre .. dr.
0 0 0

where %' = tk /!, since both functions (to the left and to the right of the equal sign)
are solutions to the homogeneous Cauchy problem

y(k) =K(t); y(0) =0, y(l)(()) =0,... ,y(k—l)(()) =0,

www.irispublishers.com 198


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.3 V.V. Karachik

and this is the only solution.

Let us transform the left side of (3.3.13). The following equalities are valid

k-1 ) k-1
Z k—1 ( 1) /] ( 1)lt2m+n+21 1dt
I |2m+n+2i

i=0

1
:/ t2m+n—l(1 2)k ld (k_ 1) / m+n/2 1(1 T)k 1! dr
0

k—l'
( ) / / m+n/2 ld . dTl

~ (k—1)! 2Nk -1 2k-2)N
S 2(m+n/2)---(m+n/2+k-1) Cm+n2); Cm+n?2);

This immediately implies the equality (3.3.13). The lemma is proved. O

Lemma 3.20. For the polynomial f, o(x) = |x|2mu(()m) the equality holds

k-1 i (m)
Z -1 Cl 2\ k-1
" m+n+2 " 1- d 3.3.14

and in addition for s € N

Fus() (1= x?)dx = 0. (3.3.15)

lx]<1

Proof. The following equalities are valid, proving the equality (3.3.14)

G o) Cog?
a) ———————eee

" pary i |2m+n+2i
- [ [ E (7)ot st ap
x|=1 i=0 !
1

:/ pZm/ (1 _pZ)k—lu(()Wt) ds, dp :/ |x|2mu(()m)(1 _ |X|2)k_1 dx

0 |x=p lx|<1

= Fuo() (1= 1x2) " dx

lx|<1
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To prove (3.3.15) we write the previous equalities in reverse order and use the mean
value theorem

1
Fns () (1= 1x2) " dlx = / PP (1 - pH)k! / ul" (x) ds dp = 0,
|x|<1 0 x|=p

since ug )(O) 0 for s € N. The lemma is proved. O

Theorem 3.10. If f(x) is a polynomial, then the equality holds

_ 1 2 1\k-1

and necessary and sufficient condition for the solvability of the Neumann problem
(3.3.1)-(3.3.2) for ¢; € Ck=7+¢(9S), j = 1,. ..,k has the form

k .
/ Z(—l)f“(z" e 1)(21« = 2j = Dllg;(s) ds,
05 41 Jj-1

(x> — 1)*!
(2k —2)!1

f(x)dx, (3.3.17)
where we assume that (—1)!! = 1.

Proof. Let f(x) = X, ¢ fins(x) = e 2™ (x). By Theorem 3.8, Lemma 3.19 and
the equality (3.3.14) from Lemma 3.20 we get
(m)

Z (2m + n, 2)k

I(f) = (~1)k+!
(D! — 1) (=Dug”
T (2k - 2)!!2 Z( i )2m+n+2i
B (_1)k+1
. —(Zk_z)!,AMmeo(x) (1= kP!

If we now use (3.3.15), adding zero terms to the formula obtained above, we obtain

( 1)k+1
1) = 2),,A<12fms<x>1—|x|)

which is equivalent to (3.3.16). Therefore, the condition(3.3.5) for the solvability of
the Neumann problem (3.3.1)-(3.3.2) take the form (3.3.17). The theorem is proved.
O
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Example 3.5. Consider the following Neumann problem

A3u(x) =1,x€ed;
ou 0%u B Ou B

6v|as_ ©oov2las T ov3las

According to Theorem 3.10 this problem is not solvable, since the condition (3.3.17)
is not satisfied

1
—/(|x|2 ~1)%dx > 0.
8 Js

Indeed, let this problem be solvable and let u(x) be its solution. Let us apply the
operator A + 6 to the equation. Then, in accordance with the equalities

(A +6)A%u = AA +4)A%u = A*(A +2)Au = A’ Au
the function v = Au is a solution to the following Dirichlet problem
Av(x)=6, xe€S;

vgs =0, Avlgs =0, A*v|ss=0.

The solution to this problem using the formula (2.1.16) from Example 2.1 on
page 77 is a polynomial of the form

(1) = 6 (x*-13%  (x[*=1)°
O (2,2)3(n,2)3 8n(n+2)(n+4)

However, there is no 4-harmonic function u(x) in S that satisfies the equation

1

A=y = s Dt d)

(Ix|® = 3|x|* +3|x|* - 1), x€S,

because the function Au, analytic in S, in its expansion at zero, does not have a term of
the form cx?, but the right side of this equation has such a term —1/(8n(n+2)(n+4)).
Therefore, the original Neumann problem is not solvable.

3.3.2 General case of the right side of the equation

The following statement holds.
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Theorem 3.11. If f € C'(S), then for f(x) the equality (3.3.16) is valid and the
necessary and sufficient condition for the solvability of the Neumann problem (3.3.1)-
(3.3.2) for p; € Ck=7+¢(9S), j = 1,..., k has the form (3.3.17)

k .
[y (T ek -2i- g as
05 T J=1

(Ix]* = D*!
:/S Qk =2y W

where as above (—1)!! = 1.

Proof. Let us look at the functional

I(f):/ (bAA + -+ XAV [ f] ds.. (3.3.18)
oS

We prove that A*V, [ f] € C(S). According to the divergence theorem we get

/u/\v dé = /Z(fl’”")&- df—n/uv df—/vAu dé
s S5 S s
:/ Zfl-zuvds§—/v(/\+n)udf:/ uvds§—/v(/\+n)ud§,
a8 47 S BN S

even if Av has an integrable singularity in S. That is why
A fS E(x.&)f (&) dé = /S ;(xl- CENE () f(©) dé

- / FEONE ) dé = (2 - n) / E(r.&)f () dé
S S

- / FEE(x, &) dse + / E(r.&)(A +n) f(£) dé
oS S

- / E(r.&)(A+2)£(£) dé - / E(x.£) £ (&) dse.
S oS

Hence, keeping in mind that

VA = o [Ewar© e Winw = [ Emos©

n n
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we get
AVilf1 = VIA+2)Viei [ 1] + WVia 1] (3.3.19)

Let us find out the action of the operator A on the second term in the equality
(3.3.19). From the formula for representing the solution to the Poisson equation it is
easy to obtain

/ FEAE(x.£) dse = / E(r.€)Aef (&) dsg — wnf (x) - / E(x.6)Af(€) de.
oS oS S

which means
As /a B dse = 2 =) /a E()f(©) d
- / E(r.©)Aef(€) dse + wnf (x) + / E(x.£)A () dE.
oS S

From here, with f = V;_;[ f] we find

AW Vi1 [ f1] = @ =n)W[Via [ f1] = WAV [ f]]
= —W[A+n-2Viei[f]]. (3.3.20)

Consider the expression

AV [f] = NV[V]...V = A E(x,
= avivivim=a [ P
X E(&1,62) - E(éx—1, &) f(&x) dér dé—y . . . dE.

According to the equality (3.3.19) the operator A can be entered under the sign of
the integral over &; € S as Ag,_,, but in this case surface integrals of the type W| f]
over dS arise. According to the equality (3.3.20) the operator A can be entered under
the integral sign in this case as well. Let us distribute the operators of the product
A---A = A" among the functions E(&;_1,&;) so that there is no more than one A
operator per function E(£;_1, &) and if the integral is taken over £; € 4S5, then the
operator A¢g,_, does not apply to the corresponding function E(£;-1,&;). As a result
of these actions, A'Vy[ f] is equal to a linear combination of expressions of the form

/ / / E(x,&1) - Ng, [E(&i21, &) -+ E(Ek—1, &x)
|&1]=1 |&i]<1 |&kl<1
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X f(&k) déx déi ... dsgy = WIW[...VIAV[...AV[... V[ f1111],

where the integral over the last variable &; is always (foranyi = 1, ..., k) taken over
the ball S.

Let us associate this expression with the index @ = (a;...,a;), where a; =
0, 1,2 so that if the i-th integral is taken over & € 0S and the kernel is equal to
E(&i-1,&:), then a; = 0 if the ith integral is taken over &; € S, but the kernel is equal
to Ag,_ E(&i-1, &), then @; = 1, otherwise @; = 2. The functions A¢,_ E(&)-1, &)
are integrable over £; € S, and the functions E(&;_1, ;) are integrable over &; € 95.
Therefore, according to Fubini’s theorem, these integrals can be rearranged in any
order. Let us rearrange the integrals in the equality (3.3.18) so that we obtain the
expression

N (€, €) -+ E(Exr, €0) dscdse, . déimr | F(60) déi,

where to the integral expression under the sum sign corresponds the index a. It is
easy to see that the integral of the form f| fl=1 E(x,&)P, (&) ds¢ (see Lemma 3.35) is
a polynomial of degree m, where P,,(x) is a polynomial of degree m, and integrals
of the form

E(r.&)Pu(@) dé, A / E(x, &) Pu(€) dé
1£1<1 |£]<1

are polynomials of degree m + 2 (see the equality (3.7.12)), which means the expres-
sion in parentheses is the polynomial Q5 (¢). For example,

2
Ax/ E(x,¢)dé = —wnﬂ.
j£1<1 n

Since in the equality (3.3.18) there is no zero degree A under the integral, then the
possible highest degree 2k of this polynomial is given by terms of the form

bllcf / / AE(x,E)E(E1,E2) - - E(§k-1, &) dsxdéy ... dEg—1,
[Ekl<1 |€11<1 J|x]=1

or

bi/ / / AXE(x’fl)A-flE(fl,gZ)"'
ed<t Jial<t Jug=1
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e Ay E(&x1, &) dsdé) ... dé_y.

Therefore we have

I(f) = . lek(f)f(f) dé¢.

The degree of Qi (x) is probably less than 2k, but that does not matter. If one
select

FE) = folé) = 0 (&) - ———— (e = )F,

2k —=2)!!
then by virtue of Theorem 3.10
0=1(fo) = . 1sz(f)fo(f) dé—
| (&P - ! :
— dé = d
| e hode= [ e

and that means (&) = 0 or

1 _
O () = mﬂﬂz - kL

Thus, the equality (3.3.16) is also valid for f € C'(S) and the necessary and
sufficient condition for the solvability of the Neumann problem (3.3.1)-(3.3.2) has
the form (3.3.17). The theorem is proved. O

Remark 3.8. For k = 1, from Theorem 3.11 we obtain the well-known result of the
solvability of the Neumann problem for the Poisson equation [28] and the solvability
condition (3.3.17) has the form

/a (o) ds, = /S £ ) dx.

Example 3.6. Recalling the triangle B from (3.2.18) we write the solvability condi-
tions for the Neumann problem for the 4-harmonic equation in a ball in the form

[ 1561) = 15620 + 663(5) = ga(s)) ds, = 5. [ (WP =150 .
a5 48 Js
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3.3.3 Construction of a solution to the Neumann problem

In Section 3.2 the solution to the Neumann problem for the homogeneous polyhar-
monic equation is given. Let us present a solution to the Neumann problem with a
nonzero right-hand side of the equation.

Theorem 3.12. The solution u(x) to the Neumann problem (3.3.1)-(3.3.2) can be
represented as

: dt
u(x) = / v(tx)T +C, (3.3.21)
0
where v(x) is the solution to the following auxiliary Dirichlet problem
A v(x) = (A+2k)f(x), x€S; (3.3.22)
&’y : ,
vlgs = ¢1(s), m‘as =Jjoi(s)+¢j(s), s€ds, j=1k-1. (3.3.23)

The function u(x) is defined if v(0) = 0.

Proof. Letu(x) be a solution to the Neumann problem. It is easy to check that AAu =
(A + 2)Au and therefore

A Au = AN AAu + 200 = AF2AAN% U + 4AFu
= .- = AAFu + 2kAFu = (A + 2k)AFu.

If we act with the operator (A + 2k) on both sides of the equation (3.3.1), then we
have

(A + 2k)Afu(x) = A¥Au(x) = (A + 2k) f(x)

and therefore the function v = Au satisfies the equation (3.3.22) Afv(x) = (A +

2k) f(x). By virtue of the equality ‘g%,f = Al*lw on 4S the Neumann conditions
(3.3.2) take the form

ou
o =A = =
| T las ulgs = vlgs = @1(s),
0lu AMulgs = (A=1)--- (A= j + 1)V (), j=2....k
S e u f — . e — Vv = S . = 5o o oy
97 las oS J 0S = P J

and that means
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Since

A=D-(A=-j+D=AA=-1D---(A-j+2)-(-DA-1D--(A=j+2),

then the boundary conditions for j = 2, ..., k are transformed to the form
a7 1y 7y
- -(j-1 - = @;
avl—l‘as ( )(91/1_1 os 7 (s)

or the function v(x) satisfies the Dirichlet conditions (3.3.23)

aj_1v|
dvi-llas

(J=Dej-1(s) +@;(s), j=2,....k,

where v|gs = ¢1(s).

Suppose that the function v(x) is found as a solution to the problem (3.3.22)-
(3.3.23). Then to find u(x) we need to resolve the equation v = Au in S. As is
easy to see, this equation has a solution

1
M(X):‘/o v(tx)%+C.

Due to the differentiability of the function v(x) at zero v(tx) — v(0) = tdv(0) and
therefore the integral converges only in the case v(0) = 0. If u; (x) is another solution
to the Neumann problem, then, due to the uniqueness of the solution to the Dirichlet
problem v(x) (Theorem 2.16), we have v = Au = Au; and therefore A(u —u;) = 0.
Since u(x) — u;(x) is a polyharmonic function in S, then, similarly to the proof of
Theorem 2.16, we conclude that u(x) — u;(x) = 0 in S. Therefore, the solution
(3.3.21) is unique. The theorem is proved. O

Remark 3.9. The solvability condition for the Neumann problem (3.3.1)-(3.3.2) can

be written in a more compact but less verifiable form v(0) = 0, where v(x) is the
solution to the problem (3.3.22)-(3.3.23) (see Theorem 3.19 on page 250).

Remark 3.10. In Section 2.1 on page 70 the construction of a solution to the ho-
mogeneous Dirichlet problem for polynomial data is considered, and in Section 2.4
on page 129 the solution to the Dirichlet problem for a homogeneous polyharmonic
equation is given. Based on these results and using Theorem 3.12, the correspond-
ing Neumann problems can be solved for polynomial data. It is only necessary to
construct a polynomial solution to the auxiliary Dirichlet problem of type (3.3.22)-
(3.3.23).
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Example 3.7. Let us illustrate Remark 3.10 using the following Neumann problem

Alu(x)=1,x€S; (3.3.24)

1 o2 1
”| - (3.3.25)

6u| B
Avles  2n+4"  9v2las

According to Theorem 3.10, using the triangle B from (3.2.18), we check the con-
ditions for the solvability of the problem (3.3.24)-(3.3.25). They look like

/ (@1(s) — @a(s)) dsy = %/S(le2 — 1) f(x) dx.

oS

It is easy to calculate that

n 1
/as (@1(5) = a2(s)) dsx = —n(:)+ T 5/S(Mz 1) £(x) d,

which means the condition (3.3.17) is satisfied. The auxiliary Dirichlet problem
(3.3.22)-(3.3.23) has the form

AW(x) = (A+4)f(x), x €S;
ov
Vias = ¢1(s), Folas = ©1(8) + @a(s), s € 0S.
Using Theorem 2.13 on page 142 and Theorem 2.2 on page 84 (I = 2) we can write
the solution v(x) of this problem in the form

IXI2 —1

(q1(x) — Ago(x))
(|x|2— 1) (1 - alx[?) (1 —a)™!
_/ Z (25)!11(25 + 411

X (AS(A + 4)f) (ax) "* ! da.

v(x) = qo(x) +

Substituting here the values of the functions f = 1, go(x) = T1+4 and g(x) =
ﬁ + ﬁ are the solutions of the corresponding Dirichlet problems for the Laplace
equation (see Theorem 2.15 on page 149) we get

br) = +|X|2—1( o1 ) (|x|* - 1)2/(1 0@ da

2n+4 2 2n+4 2n
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1 n+1 (|x|> = 1)? 1
=——+(xI*-1) =

2(n+2) n(n+2)  2m(n+2)  2n(n+2)

(0= DR + ).

It can be seen that v(0) = 0. Using (3.3.21) we obtain the solution to the Neumann
problem under consideration in the form

1 (n—l

1

2 4
x|”+ =|x") + C.
2n(n+2)\ 2 g 4||)

u(x) =

3.4 Neumann type boundary value problems

The class of boundary value problems considered in this chapter is a natural general-
ization of the classical formulation of the Neumann problem proposed for the poly-
harmonic equation by A.V. Bitsadze [30]. In Section 3.3, using the integer triangle B,
the conditions for the solvability of the Neumann problem are found, and in [99] the
necessary conditions for the solvability of the class of Neumann type problems are
found. In this section we prove that the previously found set of necessary conditions
for the solvability of Neumann-type problems is also a set of sufficient conditions for
the solvability of these problems.

In the unit ball S, consider the following class of boundary value problems of Neu-
mann type Ny, depending on the parameter £ € Ny (we will assume the values of the
parameters n and m to be fixed in further study) for the homogeneous polyharmonic
equations

A"u=0, xEes; (3.4.1)
oku gk+m=1,,
Fokls = $1E) s o | = #m(X), X €08, (3.4.2)

0
where — is the outer normal derivative to the unit sphere, m € N. The smoothness

of the bg)/undary functions ¢;(s), i = 1,...,m, defined on 45 is indicated below.
Problem A is a Dirichlet problem that is unconditionally solvable, and problem N
coincides with the Neumann problem [30], [88]. In the work [29] A.V. Bitsadze
write out necessary and sufficient conditions for the solvability of the problem N for
m = 1,2 and shows that it can be solved in quadratures.

Studies of the solvability of certain formulations of Neumann-type problems in
the unit ball, in addition to the papers listed above, can also be found for the bihar-
monic equation (in particular, problems N; and N;) in [92,95, 96, 170], and for the
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polyharmonic equation in [111]. In [132], [164] for boundary value problems for the
polyharmonic equation with normal derivatives in boundary conditions, a sufficient
condition for the Fredholm property of these problems and a new form of the Fred-
holm property criterion, equivalent to the complementarity condition, are obtained.

The section is organized as follows. Lemma 3.21 from Section 3.4.1 investigates
the smoothness of the harmonic components of the solution to the Dirichlet problem
No. In Lemmas 3.22 and 3.23 from Section 3.4.2 sufficient conditions for the solv-
ability of the problem N} are found in terms of the function v(x) — a solution to the
auxiliary Dirichlet problem and depending on the integer triangle B. Theorem 3.15
from Section 3.4.3 provides necessary conditions for the solvability of the N prob-
lem in terms of the boundary functions of the problem. In Lemma 3.29 and Theorem
3.17 from Section 3.4.4 the conditions from Theorem 3.15 in the case of even k — [
are expressed through the auxiliary function v(x), in the case of odd k — [ this is done
in Theorem 3.18. Finally, Theorem 3.19 from Section 3.4.5 proves that for k < m the
necessary conditions of Theorem 3.15 are also sufficient conditions for the solvabil-
ity of the problem N. In Example 3.9 the dynamics of the emergence of solvability
conditions in problems N depending on k for the 7-harmonic equation is presented.
In Example 3.10 the problem A for the inhomogeneous 7-harmonic equation is con-
sidered. More detailed results of the author on Neumann-type problems can be found
in [94,98,99,113,114,118].

3.4.1 Dirichlet boundary value problem N

Let us first consider the Dirichlet boundary value problem A (see Section 2.4) for

the homogeneous polyharmonic equation. If we use the notations A = %, xiaix,-’
t"l = t(t=1) ... (t—m+1) with the convention %) = 1 and the equality Allu = %
on JS, then this problem can be rewritten as
AN"u=0, xe€S;
(3.4.3)

las = @1(x), ..., A" Nulgs = 0,0 (x), x€88S.

Note that the above-mentioned properties of the operator A = x - V are noticed
earlier in the work of A.V. Bitsadze [30]. It is known [162] that if the function u(x)
is m-harmonic in the starlike domain D C R”, then it can be expanded using the
Almansi formula

u(x) = u® ) + [xPuV ) + .+ 20D (x), (3.4.4)
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where x € D and u? (x) are the “harmonic components” of the m-harmonic function
u(x).

In the further presentation we need the smoothness up to the boundary 95 of the
harmonic components of the solution to the Dirichlet problem (3.4.3). Lete € (0, 1).

Lemma 3.21. Let u(x) be the solution to the Dirichlet problem (3.4.3) and ¢; €
C?m=i=1%2(3S). Then the harmonic components u=V (x) of this solution from the
equality (3.4.4) are such that u'™" e C™1*4(8), i = 1,...,m. The solution u(x)
also has smoothness u € C"~1+(§).

Proof. Let u(x) be a solution to the Dirichlet problem (3.4.3) and it is expanded
according to the equality (3.4.4). Let also w;(x) be solutions to Dirichlet problems
for the Laplace equation in S with the boundary condition w;|ss = ¢;(x), where
i=1,...,m. Then we have in S

m m
Ay = AT 220070 () = 3 xP72(A + 2 = )0 (),
j=1 j=1

and therefore for the ith boundary condition of the Dirichlet problem (3.4.3) we write

i

wilas = @i(x) = ATy 56

m m
= Y A+ 2j =)D g = 3 (A + 27 = 2) LU,
j=1 j=1

Since the operator A preserves the harmonicity of the function, then, due to the
uniqueness of the solution to the Dirichlet problem, we obtain the following equations
in functions harmonic in S

m
Z(A +2j = 20D (%) = wi(x), xe€S, (3.4.5)
j=1
where i = 1,...,m. Let us denote the matrix of the system of differential equations
(3.4.5) by
AN = (A+2j =2 ot
1 1 . 1
A A+2 . A+2m -2
=1 AP A+ . (A+2m-2)P
AP (A + 21 (A4 2m = 2) 1
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LetW(A1,A42,...,4,) = (/11'—1)1. '—1.__m be the Vandermonde matrix of size m xm,
I 5]

.....

then the matrix W[A;, 42, ..., 4] = (/1[.[1'_1]),-’ j=1,..,m we call factorial Vandermonde
matrix. It is not hard to see that

AN) = W[AA+2,...,A+2m-2].

The first two rows of the determinants W(Ay,...,4,,) and W|[A4,...,4,,] are the
same and if the second row of the determinant W|[A4, ..., A,,] add it to its third row,
then we get the third row of the determinant W(Ay, ..., 4,,). Continuing similar ac-
tions, we make sure that det W(Ay,...,4,,) =detW[Ay,...,A,]. Thatis why

detWldr,....A4nl = [ ] (1;- ),

1<i<j<m

which means

det A(A) = det W[ALA+2,...,A+2m=2] = 2m-2)!1- Cm -0 ...2 = a.

Let A*(A) = (A;i(A))ij=1,..m be the adjoint matrix of A(A), where A; ;j(A)
are algebraic complements to the elements of the original matrix. Let us prove that
degAj,l-(A) =m — ]

First we examine the operators A, ;(A). To do this, consider the algebraic comple-
ment to the elements of the mth row in the Vandermonde factorial matrix W, ([41, ..., 4,]
fors =1,...,m. Itis not hard to see that

Wi Aol = 0" ] - a0,

I1<i<j<m;i,j#s

whence we get
(D" an
(2s —2)!'(2m — 2s)!!

Am,s (A) =

and that means deg A,, s(A) = 0. Next, consider the operator Ay (A) for k =
l....m—-1,s=1,...,mand assume that deg A; ;(A) =m —ifori=k+1...,m
and s = 1,...,m. Let us replace the operator A with a numeric parameter A and, for
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notational simplicity, consider the last element in the kth row of the matrix A*(1)

1 1 . 1
A A+2 . A+2m—-4
Apm(A) = |22 e 2)20 (44 2m - 4) k20
AL+ (A4 2m - 4]
Am=11 ( 4 2)lm=11 (4 2m — 4)lm-1]

To find the degree of the polynomial Ay ,,(A), consider the discrete derivative of
the polynomial P (1) in the form PV (1) = P(1+1) — P(2) [15, p.220]. It is not hard
to see that

m m i—1 m
(]—[Pi(/l))(l) =3 (]—[Pj(z+ P W [ Pj(/l))
i=1 =1 j=1 j=i+]

and (/l[k])(l) = kA1 for k > 0, but (/1[0])(1) = 0. Therefore, the derivative A,(Cll)n (1)
is equal to the sum of m — 1 determinants, in which the derivatives are taken for each
row separately. When taking derivatives from the first kK — 1 rows, we obtain de-
terminants in which the row by which the derivative is taken linearly depends on
the previous rows, which means these determinants are equal to zero. When taking
derivatives of the last m — k — 1 rows, we obtain determinants that are linear combi-
nations of determinants A; ,, (1) fori > k + 1. The derivative of the kth row Ay, (1)
is equal to

1 1 1
A+1 A+3 e A+2m -3
A+ DE2E e 3)=2l A+ 2m =3 | = kA (R),
kAT + )1 k(A + 2m - 4) k1
A= Qe )=l (4 2m — 4) U1

whence by assumption deg Ay ,, (1) = deg Ags1m(A) +1=m—-k—-1+1=m—k.
Since the value of W, ([41,. .., 4,;] depends on the difference A;—A;, then by analogy
with what is done deg Ay (1) = m — k for s = 1,...,m. Thus it is proved that
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deg A;;(A) = m — j. For example, for m = 3 we have

(A+2)(A+4) —2A-5 1
A*(A) =2 —2AA+4)  4A+6 -2,
AA+2) —2A-1 1

which means the solution to the Dirichlet problem for m = 3 has the form

[((8 + 6A + A®)wi(x) — (5 + 2A)wa(x) + w3(x))

— 1x]2((8A + 2A%) w1 (x) — (6 + 4A)wa(x) + 2w3(x))
+ 1% (A + A*)wi(x) = (1 + 2A)wa(x) + wi(x))], (3.4.6)

ux) = o

which coincides with the solution obtained earlier in Example 2.5 on page 146, but
written differently. If we denote the columns of the matrix A*(A) by A7(A), ..., A} (A),
then we can write

M(O)(x)
= —(AT(A)wl(x) +...+A;"n(A)wm(x)),
u(m—l)(x) am

where deg(A?);(A) =m—iforall j = 1,...,m. Therefore, in order for the inclusion
to be true

=D (x) = aizm:(Aj.),-(A)wj(x) €C(S), i=1,....,m
nm j=1

it is enough to require w; € C™7/*#(S§), which means that ul@=D e cm=1+2(§) ig
sufficient for w; € C?m=i=1+2($), and this holds, for example, if ¢j € Crm-i=1+e(98)
[4, Lemma 2.7]. The lemma is proved. O

Remark 3.11. In Corollary 2.2 from Section 2.4, the solvability of the problem Nj
is established with significantly less smoothness of the boundary functions ¢; €
C"~1=7*+2(9S), but in this case from the solution u(x) it is required only that A/u|ys =
@jfor j =0,...,m— 1. This is not the case for harmonic components u =1 (x). For

example, for m = 3 it is clear from (3.4.6) that to include =1 e C?*#(S§) there must
be w; € C37*¢(§).
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3.4.2 Neumann type problem N,

Let us now consider the general problem N for the homogeneous polyharmonic
equation (3.4.1)-(3.4.2). It can be rewritten in the form
AN"u=0,x€S;

3.4.77
AR y)as = @1(x), .., Ay 06 = 0, (x), x € 8S. G.47)

From the equality (A + 2m)A™u = A"Au it follows that if a function u is m-
harmonic in S, then the function Au is also m-harmonic in S. Consider the m-
harmonic function v = A%y in S. With respect to this function we obtain the fol-
lowing boundary value problem

A" =0, xeS§,

- (3.4.8)
vigs = @1(x), ..., (A= k)" vlgs = om(x), x € IS.

Lemma 3.22. The boundary value problem (3.4.8) is equivalent to the following
Dirichlet problem

A" =0, xe€S,

(1] (1] (3.4.9)
v]as = Y1 (x), AV v|gs = Ya(x), ..., AT vlas = Y (x), x € 8,
where the functions y;(x), i = 1,...,m are found from recurrence equalities
i »
i) = @) = > (R (). (3.4.10)
=V

If ¢; € C*"=1%2(38)), then y; € CP"=1%8(98) fori = 1,...,m, which means
v e cm-l+e(§),

Proof. Let v(x) be the solution to problem (3.4.8). Let us consider the ith boundary
condition of this problem

(A =)y |55 = @i(x).

Using the binomial theorem on factorial powers [15] we write

i—1

A-pin =y (i ; 1)(_,{)[1'—1—1]/\[1].

j=0
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If we denote Al/lv|55 = ¥ ;41 (x) and use the resulting equality in the ith boundary
condition, shifting the summation index j — j — 1, then we find

i-1 . =2 /.
gilx) = (A=)l Tvjgs = > (’ . 1)(—k>[f-1‘f]wj+1<x> = (’ - 1)
j=0 J J=0 J
i-1 /.
X (=R () + i) = ) (; _ 11) (=) () + i),

J=1

where i = 1,...,m. Itis easy to see that ¢;(x) is found from the equations (3.4.10)
in a unique way and therefore v(x) is a solution to problem (3.4.9). The converse is
also true, since we have

—

i—- .
Ali=11 _ (’ B l)k[i—l—j] (A - )L,

i\

J

I
(e)

To complete the proof, recall the smoothness of the harmonic components v (x)
of the function v(x) from Lemma 3.21. The lemma is proved. O

The Dirichlet problem from Lemma 3.22 is unconditionally solvable and its solu-
tion can be found by Lemma 3.21.

Let us study the equation v = A%l with respect to the unknown function u(x) in
m-harmonic functions in §. Sufficient conditions for the solvability of this equation
are sufficient conditions for the solvability of the problem N.

Lemma 3.23. Let v(x) be a solution to the problem (3.4.8). The equation v(x) =
AWMy (x) is solvable in m-harmonic functions in S if and only if the m-harmonic in
S function v(x) has no terms up to the (k — 1)th order of smallness in its expansion
in the neighborhood of the origin. The solution u(x) is unique up to m-harmonic
polynomials of degree k—1. Ifv € C"~1%2(S) and u(x) exists, then A'u € C"~17%(8§)
foranyi=0,... k.

Proof. Sufficiency. Let us expand the function v(x) into a series in a neighborhood of
the origin v(x) = X2 vi(x), where v;(x) are homogeneous m-harmonic polynomials
of degree i and the series converges uniformly in some neighborhood of the origin
U c S. If the conditions of the lemma are satisfied, we have v(x) = >.°, vi(x).
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Consider the function

1 k-1 1
u(x) = [) v(tx) ; v dt,

where a; = (=1)*1i1(k —i — 1)!. Tt is easy to see that for 0 <i < k — 1

1 1 1
: dt dr dr  v(tx)|!
(A - z)/o v(tx) prv i /0 D;v(tx) i 1/0 v(tx) T o
! v(tx)

. dt (! dt ,

=v(x) - ;ETOJZ:;[]_I.VJ(JC) =v(x). (3.4.11)

Let us choose u > 0 such that uS C U. Since for 0 < i < k the following integral

converges
H dt [
/ v(1x) o :/ Zvj(tx)
0 0 =k

and the integral defining u(x) has no other singularities, then the function u(x) is
defined in S. Similar arguments show that the function u(x) is also m-harmonic in S.
Let us check whether the equation A%y = v is satisfied in S. We denote

A= AA=1) . (A=i+ D)(A=i=1)...(A=k+1).

dt <o ™
= 2

By virtue of (3.4.11) we have

1 S a5 1 dt
Al (x) = Al / t — =N AW A / £x) —
u(x) 0 V(");ai o ;ai M= v o

k—1 1
= > A = 0 (M),
izo i

Obviously, Qx-1(4) — 1 is areal polynomial of degree k — 1. It has k roots. Indeed,
if 0 < j < k—1, thenitis easy to see that Al.[k] | Asj = a;o; j, where ¢; ; is the Kronecker
symbol and therefore

k-1
a. . .
Qi1()) = 1= —*-1=0.
i=0
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This means that Q;_; (A) — 1 = 0 and therefore A¥lyu(x) = v(x) in S.

Let us study the smoothness of the functions Au. It is easy to see that the equality
Zl 0 'S /a; = 0is true, fors = 0,...,k —2 and Zl 0 1i%~1/gq;, = 1. Due to (3.4.11) we
can write

k-1

Au(x) = Z;l/ (A—z)v(tx)—+/ V(TX)Z_.tHl
k— ; 1
it S

and similarly for s =0,...,k -1

k=l s

/ (A= Dv(t) = +/ v (tx) Z ﬂﬂ
;s k=1 .
=v(x) Z / v(tx) Z — ﬂ+1 = /O v(tx) ; ailt”l dt

klsl

ASu(x) = Z

Finally,
k-1 k

Afu(x) = v(x) + / v(tx)z t,ﬂ

Therefore, if v € C"~1%2(S), then Alu € C"~*2(S) forany i = 0, ..., k.

Necessity. Let u(x) be a solution to the equation Al*ly = v in m-harmonic func-
tions in S and u(x) = >7°,u;(x) is the series expansion of the function u(x) in a
neighborhood of the origin U C §. Then, from the uniqueness of the series ex-
pansion of the function u(x) and the property Alflu;(x) = il¥ly;(x) = 0, where
i=0,...,k—1weget

M) = 37 A0 = 3 vi@) =v(x), xeU,
i=k i=k
thatis v;(x) =0fori =0,..., k—1. Moreover, the homogeneous polynomials u;(x),

i > k are found uniquely from the equality Al%lu;(x) = i'¥lu;(x) = v;(x). Finally, if
u(x) is a solution to the equation v(x) = AlKly(x), and Ri_;(x) is some polynomial
of degree k — 1, then u(x) + R;_(x) is also a solution to this equation. The lemma
is proved. O
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3.4.3 Identities for the normal derivatives on a sphere

The solvability conditions for the problem N} obtained in Lemma 3.23 are not explic-
itly related to the boundary functions of the problem. Let us try to obtain necessary
conditions for the solvability of the problem N for the homogeneous polyharmonic
equation, similar to the necessary conditions for the solvability of the problem Nj.
Corollary 3.1 on page 173 proves that if the numbers a; are found from the equality

AA1=2) (A =2k +2) =AM + g AT 44 g2l

then the k-harmonic in the unit ball S function u € C*(S), satisfies the equality

0 ok
/ (al—u+---+ak—u)dsx =0,
as \ OV ovk

which means the normal derivatives % fori =1,..., k of any k-harmonic function
u € C*(S) cannot take arbitrary values on the sphere 0S. In addition, since the
function Au(x) for harmonic u(x) is also harmonic, then for u € C*(S) the equality

is true ok
/ 9" 4. =0, keN.
oS avk

Let us explore what other restrictions similar to those written above exist for poly-

harmonic functions.

Let P, (1) = X2, pit' be some polynomial of degree m with real coefficients p; €
R,7=0,...,m. We denote the linear space of such polynomials by #. Consider the
factorial power of the variable ¢ of order i in the form 1l = r(r = 1) ... (r =i + 1),
and assume that 71! = 1. We denote the factorial polynomial corresponding to the
polynomial P,,(t) as

Pl (1) = ) pitl™. (3.4.12)
i=0

Consider the linear mapping @ : ¥ — P, defined as ®[P,,(t)] = P ().
Lemma 3.24. The mapping ® : P — P is an isomorphism.
Proof. Obviously, @ is a linear mapping: ®[Ar" + ut*] = ™ + pelkl = Ad[17] +
u®[t*]. Let us prove that ® is bijective.

Surjectivity. Let the mapping ® be non-surjective, and let P,,(¢) € ¥ be a poly-
nomial of the smallest degree without an inverse image. Consider a polynomial of
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the form Q,,_1(t) = P, (t) — pmt™. Obviously, it has degree m — 1, and therefore,
by assumption, has an inverse image R,,—1(t) € ®~[Qn_1(1)], i.e. P[R_1(?)] =
Rim-1](t) = Qm-1(t). Then

Pu(t) = put"™ + Qi (1) = pout™ + Ry (2)

m—1 m—1
= pt™ + Z itk = CD[pmtm + Z rktk],
k=0 k=0

which means the polynomial P,,(¢) has an inverse image p,,t" + ZZL—(} rit*. Contra-
diction.

Injectivity. Let ®[P,,(1)] = ®[Q,(?)], i.e. Py, (t) = Q[,(?) and [ is the largest
index at which p; # ¢g;, where p; and g, are coeflicients of polynomials P,,(#) and
0, (1), respectively. Then the equality is true

-1
(pr =t == > (pi — g™,
k=0

but this is impossible, since on the left there is a polynomial of the /th degree with the
leading coefficient p; — g; # 0, and on the right there is a polynomial of the (I — 1)th
degree. The lemma is proved. O

Remark 3.12. An explicit form of the mapping @ is given in (3.4.30).

Theorem 3.13. In order for any k-harmonic function u € C™(S) to satisfy the equal-

ity
P
Pm_ x: .4.1
/as (0v)uds 0 (3.4.13)

it is necessary and sufficient that the polynomial ®[P,,](1) = Py, (A) has roots of
the form A =2ifori =0,1,...,k—1.

/68 Pm(%)u ds, =0

for any k-harmonic function u € C™(S) in S. Due to the property of the operator

A, we have fa ¢ Pim)(A)udsy, = 0. Let us choose as u(x) the following k-harmonic
|2i

Proof. Necessity. Let

function u(x) = |x|*v(x), where v(x) is a function harmonic in S, v € C™(S) and
i=0,1,...,k—1. Then

/ P (A)(|x|2fv(x)) ds, = 0. (3.4.14)
aS
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It is easy to see that in S the equality is true
(A - /11)(|x|2iv(x)) = Ix|% (20 = A)v(x) + Av(x)), (3.4.15)

where A is some complex number. Then, since the function Av is harmonic in S,
then similarly to (3.4.15) we have

(A= 22) (A = ) (P ()
= [x|%((2i = A2)(2i — A)v(x) + (20 — Ay + 2i — A1) Av(x) + A*v(x)),
where A, € C. From here, acting in a similar way, it is easy to obtain
(A=21) . (A = ) (v ()

= (A=) (A= )v() + OF) (Mv (),
where Qm)(/l) is some mth degree polynomlal in A with coefficients depending on

A, ..., A, and i, and such that Qm (0)=0. Let now Ay,..., A4, be the roots of the
polyn0m1a1 P, (4). Then we have

P[m](A)(|x|2fv(x)) - |x|2i(P[m](2i)v(x) + Q,S?(A)v(x)), xeS, (34.16)
where Q )(A)v(x) is a harmonic function in S. Let S, be a sphere of radius r with

center at the origin. For any r € (0,1) we have Q(Z) (A)v € C(S,). Then from
(3.4.16), after integrating over S, and applying the mean value theorem, we obtain

[ P (Pvo) ds,
S,
= Py (2i)r% /8S, v(x) dsy + r% /as, Q,S?(A)v(x) dsy

= Wy P (20)v(0) 21 4 2 /6 0V (Ayv(x) dsy, (3.4.17)
S,

where w,, is the area of the unit sphere 4S. Let us calculate the integral in the resulting
equality on the right. By Lemma 3.24 the polynomial Qm) (4) can be written in the

form "
W)= gt
k=0
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where gg = ,(7?(0) = 0. The function w(x) = (A-=1)...(A=k+1)v(x) is harmonic
in S, and therefore for £k > 1 we have

/ A[k]v(x) ds, = / Aw(x) ds, = r/ a—W(x) ds, =0
a5, 9S, as, OV

and that is why
/ O (A)v(x) ds, = 0% (0) / v(x) dsy = 0. (3.4.18)
Therefore, from (3.4.17) we find

‘/BVS P[m] (A)(|x|2iv(x)) de = wnP[m] (2i)V(O)}"2i+n_1.

Passing to the limit at r — 1 — 0 in the resulting equality, taking into account that
v € C™(S) and (3.4.14) we obtain

0= /as P (A)(|x|2iv(x)) dsy = WPy (20)v(0).

Passing to the limit at » — 1 — 0 in the resulting equality, taking into account that
v € C™(S) and (3.4.14) we obtain

Sufficiency. Let Py, (2i) = 0fori =0,1,...,k — 1. Then from (3.4.16) it follows
that ' o
Pl () (1)) = KO (A (), x €S

fori =0,1,...,k — 1. This means that after integration over 9S,, we get
/ P (A) (|x|2iv(x)) dsy =¥ / 0% (A)v(x) ds,. (3.4.19)
S, S,

Consider a k-harmonic function in S of the form

k-1 _
u(x) = Z x| %v;(x) € C™(S).

i=0

For it, due to (3.4.19) and (3.4.18), the equalities are true

/ P (Nu(x) dsy =
oS,
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=

-1

r209 (o) / vi(x) dsy = 0.

Il
o

i
Passing to the limit at ¥ — 1 — 0 and using the condition u € C™(S), we obtain

(3.4.13). The theorem is proved. O

Corollary 3.2. For any k-harmonic in S function u € C™(S) the equality holds for

m>2k -1 gm
/ —udsxz().
6581/’”

Proof. Since the polynomial A" = A1 —=1)...(1=2k+2)...(A—m+ 1) has at
least k roots 0, 2, ..., 2k — 2, then the corollary follows from Theorem 3.13. O

The following result generalizes Theorem 3.13.

Theorem 3.14. Let P,,(1) be some polynomial of degree m and H;(x) some homo-
geneous harmonic polynomial of degree l. In order for any k-harmonic function
u € C™(S) to satisfy the equality

/ Hl(x)P u ds, =0 (3.4.20)

it is necessary and sufficient that the polynomial P|,,)(A) has roots A = | + 2i, i =
0,1,....,k— 1

Proof. Necessity. Let /a ¢ Hi(x) Py ( )u ds, = 0 for any k-harmonic in S function

u € C™(S) and some homogeneous harmonic polynomial H;(x) of degree /. Then,
due to the property of the operator A, we have /as Hi(x)Ppn(A)uds, = 0. Let

us choose as u(x) a k-harmonic function of the form u(x) = |x|*v(x), where i =
0,1,...,k =1, and v(x) is a function v € C™(S) harmonic in S. Then, according to
Green’s formula

/ Hi(x)Av(x) ds, = l/ H;(x)v(x) ds,,
S S

or

/ Hi(x)(A=1)v(x)ds, =0 (3.4.21)
N

and therefore
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/ Hl(x)A(|x|2iv(x)) ds, = 21’/ H;(x)v(x) ds,
oS N
+ /05 Hi(x)Av(x)ds, = (2i + 1) /65 H;(x)v(x) dsy.

Moreover

/ H;(x)A*v(x) ds, = l/ H(x)(A*(x)) dsy = lk/ H;(x)v(x) ds,.
oS oS aS

Similarly, using Green’s formula, we write

k
/a S Hl(x)Ak(|x|2"v(x)) ds, = /{9 HI) ;0 (I;)(Zi)jAk_jv(x) ds,

k
= (k_)(Zi)jlk_j / H;(x)v(x) ds, = / (2i + D*H;(x)v(x) dsy
=Y as as
and that means

0= [ H) P ) (v (0) ds,

:P[m](2i+l)/ Hi(x)v(x)ds,. (3.4.22)
oS

If we now choose v(x) = H;(x), then since /a S le(x) dsy # 0, we have P, (2i +
[)=0foranyi=0,1,...,k—1.

Sufficiency. Let P, (I+2i) = Ofori = 0,1, ..., k—1. Then the equality P, (1) =
(1 —1-2i)RD () is true, where R (1) is some polynomial. Let us use the equality
(3.4.16) with Pp,,1(2) = R¥(2)

RO (1xPv(x)) =[x (RO 2i) + 0 (A) v (x) = i),
where the function v;(x) is harmonic in S. Therefore we have

P (A) (|x|2fv(x)) —(A—1- 2i)R<f>(A)(|x|2fv(x)) —(A—1- 2i)(|x|2fv,-(x)).

From here, using (3.4.21) we write
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[ P (1t ds, = [ Hio =120 (o) ds,
= / Hi(x)((2i =1 = 2i)vi(x) + Avi(x)) dsy = 0
oS

and therefore, taking into account the property of the operator A and the Almansi
representation of a polyharmonic function in §, we conclude that the equality (3.4.20)
is true. The theorem is proved. O

In connection with the proven theorem, it becomes necessary to consider the fol-
lowing polynomials. Let / € Ny = N U {0}. Let us consider polynomials

HY®)=@-D@-2-10)...(t-2i+2-1)

for i € N. Note that the polynomials H(t) = 2S,,H (O)(t) (2.4.24) are used when
solving the Dirichlet problem in Section 2.4.

Definition 3.1. We denote the inverse images of Hl.(l) (t) under the isomorphism @ as
PY1) = ' [H(1)], ieN,

and that means Hl.(l)(t) = P(l)(t) We assume that P( )(t) = P;(t). Then H;(t) =
P[i] ([)

Lemma 3.25. Let P;(t) = 23:1 G )tf then the following recurrence equality is true

for the coefficients p( )
pV =pl T+ -2i42pV ), 1<j<i 022 (3.4.23)
where p( ) = 1 is the initial condition and p = 0forj >iand 0 > j are the

boundary conditions for the equation (3.4.23).

Proof. Since H;(t) = (t—2i+2)H;_1(t), we can write P[;)(t) = (£ —2i +2) P[;—1;(2).
So

j=1

=1

i—-1 i—1 i . .
p(l D Li+1] _,_Z(] oy +2)p(l D1 Zpﬁ'l—_ll)t[]]

j=1 j=1 j=2
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i-1 i
+ Z(j —2i + 2)p§.l_1)t[j] = Z (p(’ Dy(-2i+ 2)p§.’_1))tm
=1

j=1

and therefore, by Lemma 3.24, the relation (3.4.23) is true. Here, the condition

py__ll) = (0 for j < 1 is first used, and then p(l D=0 for Jj > 1 — 1. The lemma
is proved. O

For polynomials Pl.(l) (1) the equality [99, Lemma 7] is true
POy +2iP" (1) = P2 (1), ix2, (3.4.24)

where we should assume that P(()l) ()y=1,P il) (t) = t—1. In addition, the polynomials
P;(t) and Pl.(l) (¢) satisfy the recurrence equalities [99, Lemma 4 and (36)]

Pi(t) + (2i = 3)Pi_1 (t) = *Pi_5(2),

PO (1) + i - 1)PL (1) = 2P (1), i > 2. (5.4.25)
and Py (1) = tP\" (1), i € N [99, equality (34)].
Definition 3.2. Linear span of an infinite system of polynomials
{PL (0, P (0, P (), ),
starting with the polynomial p! )(t) for m € N we denote it by L(l)
£ =1in{Py) (1), PV (1), PD (1),...}. (3.4.26)

We place the coefficients of the polynomials P;(¢), [ € N (they have no free terms)
from left to right from 1 to 7 in increasing index order in the ith row of the next integer
triangle, which we call the Neumann triangle, since it plays an important role in the
study of problems N}

P = -15 15 -6 1 , (3.4.27)
105 -105 45 -10 1

p =p+ (G -20+2)p0
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where py) for 1 < j <i,i € Nis the element of the ith row of the Neumann triangle

PP standing on jth place on the left and pgl) = 1 is the initial condition, and py) =0
for j > i and 0 > j are the boundary conditions for the given recurrence equation.

Remark 3.13. Rows of the triangle P, which arose from the identities on the sphere for
normal derivatives of polyharmonic functions (Theorem 3.14) and the integer triangle
B from (3.2.18), which arose in the study of the Neumann problem using Theorems

3.5 and 1.2, coincide up to a common factor (—1)*!, where i is the number of row.

Indeed, as is easy to notice, the elements of triangle B and triangle P are related by
the equality py) = (=1)"!p]. This means that P is obtained from B by multiplying
even rows by —1, i.e. triangle P is a differently normalized triangle B. Therefore,
from Lemma 3.15 it follows that

= |

2= 7= 1\ (2 =27+ 1)!!
L= )(’ j+ 1) (3.4.28)

j-1 ) 2i-2j+1 °

and also that the degree of the polynomial P;() is equal to i, and the lowest degree
of the monomials included in P;(¢) is equal to 1 (there are no free terms).

In the following presentation, it is more convenient to work with the triangle P
than with the triangle B. By virtue of the definition of the polynomials P;(¢) and the
factorial polynomial, the following equality is true

Piy() =y pi = (1,2 = 1(1-2)... (1= 2i +2), (3.4.29)
J=1

where 1] = r(r — 1) ... (r — i + 1) is the factorial degree of ¢, and (a, b); = a(a +
b)---(a + (i — 1)b) is the generalized Pochhammer symbol with the agreement
(a,b)y = 1. Obviously, 1l = (¢, -1),.

Remark 3.14. If we recall the polynomials 4, ;(1) from (2.4.14) and represent them

in the form
m—1

() = Y APV, =0, m -1,
=0

then the coeflicients hf}{)l form the matrix H,,, from Lemma 2.19 of the form (2.4.22).

Theorem 3.4 on page 174 on the value of AKu(0) for an m-harmonic in S function u(x)
involves the coefficients h’(é)k of polynomials H;k_)l (A1) = hyi(2). Since pgm D _
hfr{)m_l, then by Remark 3.13 the last row of the matrix H,,, contains, up to a constant
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multiplier coefficients from the solvability conditions of the Neumann problem for
the homogeneous (m — 1)-harmonic equation.

In accordance with the Neumann triangle P from (3.4.27) several polynomials P;(¢)
can be written explicitly

Pi(1) =t, Py(r)=—-t+1>, P3(t)=3t-3>+1,
Pa(1) = =15t + 15¢> = 61 + t*, P5(z) = 1057 — 105¢% + 45> — 10t* + 1.

Note that polynomials P,,(t) can be obtained using Stirling numbers of the 2nd
kind S(m, k) from the triangle (1.1.3). For example,

Pult) = Y put* = Piy(0) = 3 ( ) St i), (3.430)
k=0 k=0 i=k

Let Pl.(l)(t) = Zi’=0 aﬁ.i’l)tj , then for the coeflicients aﬁ.i’l) the following recurrent
equality [99, Lemma 5] is true

a =ad T v (j-2iv2-0alTY, 0<j<i, P22

where a(()l’l) = —I, agl’l) = 1 are initial conditions and aﬁ.i’l) = 0forj > i and
0 > j are boundary conditions. Based on this, it is not difficult to write the first four
polynomials Pl.(l)(t), [ € Ny. They look like

P(0) =1, (1) = =1 +1, P (1) = 1(1 +2) = (21 + 1)1 + 12,

) 2 2, .3 (3.4.31)
Py() ==1(1+2)(1+4) +3(I"+31+ Dt =3(l + D" + 1.

The polynomials Pl.(l)(t) play an important role in the results obtained below. In
[99, Corollary 3], based on the results from [85], the following statement is estab-
lished

Lemma 3.26. Let m-harmonic in S function u € CP(S) satisfy on 3S the equalities
0 :
0i( 5= Julas = ¢i(s). i=1.....q. (3:432)

where Q;(t) are some polynomials over R and p = max; deg Q;(¢t). Then if

£) = £ n1in{Q1(n). ..., Q4(n} # {0},
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then the functions ¢1(s), ..., ¢4(s) must satisfy the equalities

q
/ Hi(x) Y ot gi(x)dsy =0, j=1,....r,
as i=1

(/)

wherer = dim L(QI), the numbers a;”” are such that the polynomials S ;(t) = ?:1 a l.(j )Q,- (1)

for j = 1,...,r form a basis in L(Ql), and H;(x) is an arbitrary homogeneous har-
monic polynomial of degree .

Corollary 3.3. If under the conditions of Lemma 3.26
q
R(1) = Z @ Qi() € LY,
i=1
then the functions ¢;(s) must satisfy the equality

q
H Qi ds, = 0. 3.4.33
/BS l<x>;acp(s> s (3.433)

Proof. Indeed, if the polynomials R;(?) = iq=1 al.(j )Q,-(t) forj = 1,...,r form a

basis in L(Ql) and R(¢) = Z;:l BiR;(t) € L(QZ), then by the property of the basis

r r q ) q r ) 9
ZﬁjRj(f) = Z,Bj Z CY,-(J)Qi(f) = Z Qi(1) Z CY,-(J),BJ' = Z @;Q; (1)
j=1 j=1 =l i=1 j=1 i=1

and therefore

q q ro
[ e Y e ds = [ 1Y ets) Yol s ds,
as i=1 as i=1 =1
r q
= [ #w Y i Y e es) s =0
as j=1 =1

which proves (3.4.33). O

In addition, we use one more statement from [99, Theorem 5], which is based on
the recurrent equalities (3.4.24) and (3.4.25).
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Lemma 3.27. Let | € N and P;(t) = Pl.(o)(t), then the equality holds

L3 =1in{ PGV (1), PP (1), .o Pt (1), 2 Py (1),
1 P12 (1), . 12 2Pt (0), 12 P (), 122 Py (D),

. t2m+2l_2P1 ([), t2m+21’ t2m+2l+1, o }, (3434)

and taking into account (3.4.25) we have

20-1 : 20-1 20-3 1 1
L7 = 1PV (@0, P (), P (0,8 P) (0,
1 2 (1 1 1
N SINORIN L FHONE SN OREA SNON
o ,t2m+2"2P(()1)(t), [2m+21—1’ [2m+21, ). (3.4.35)
Example 3.8. Let the biharmonic in S function u € C3(S) satisfy the equalities on

the unit sphere 0.5
d%u du

W|35 = QDI(S)’ mbs = QOZ(S)'

Following the notations of Lemma 3.26, m = 2, ¢ = 2, Q1(¢) = t> and Q1 (t) = ¢°.
According to Lemma 3.27 it is easy to see that

L(QI) = {azPél)(t) + a3P§l)(f) (@2, 3) € Ip C R},

where the set /o is such that the polynomial agPél)(t) + a3P§l)(t) does not contain
monomials of zero and first degrees since they do not exist in lin{Q(¢), Q2(z)}. Us-
ing polynomials (3.4.31) we find

0P (1) + 3P (1) = 1(1 +2) (a2 - (I + 4)a3)
+ (=21 + Dag + 3a3(I* + 31 + 1))t + (a2 = 3(1 + Daz)t* + ast’.

Therefore, the vector (a2, @3) € Ip must be such that

I(1+2)(ar — (I +4)a3) =0, —(21 + Dan +3a3(I2+3+1) =0.  (3.4.36)

1. Let [ = 0, then from the second equation we find a; = 3a3 and therefore

LY ={arPY (1) + 3P (1) : @y = 33} = {ast® : a3 € R} = Lo

2. Let [ € N, then since the determinant of the homogeneous system (3.4.36) in
this case is reduced to the form
1 -1 -4

- = ? - :2_
= o 1 312+9l+3_3l +9+3-2I+1)(l+4)=1"-1,

A
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then for / € N and / # 1 we have L(Ql) = {0}. If [ = 1, then from the first equation
(3.4.36) we find a» = S5a3 and therefore

£ = {@P (1) + 3PV (1) 1y = Sas} = {a3(—* + %) 1 a3 € R},
since according to (3.4.31)

5a3P) (1) + a3 Py (1)
= a3(15 = 157 + 5t> = 15+ 15 — 61> + 1) = a3(—1> + 1).

Hence r = 1. The basis in L(Ql) can be taken in the form {¢* — %}, and therefore,

since S1(7) = 2 — > = Q,(t) — 01(?), then a/il) = -1, aél) = 1 and by virtue of
Lemma 3.26 we obtain one condition (» = 1) of the form

/a H@)(2(2) - 910 ds =0,

n

where H|(x) = ), A;x; is an arbitrary homogeneous harmonic polynomial of the
i=1

Ist degree. This necessary condition for the existence of a solution to the Neumann

problem is also obtained in [170].

There are no other identities obtained from Lemma 3.26 for biharmonic functions
satisfying the specified conditions on the boundary.

Let us consider a more complex problem.

Theorem 3.15. Let the functions ¢;(s) fori = 1,2,...,m be such that a solution
u(x) to the problem Ny for the homogeneous polyharmonic equation (3.4.1) exists
and it is such that u € C**"=1(§). Then, for any | € Ny such that | < k the following
orthogonality conditions must be satisfied

[9 H;(x) (pim_’l)go(gﬁl(s) +...+ p’(:i_f)gom_m(s)) ds, =0,
S
A=Ay,...,min{k —[,m} -1, (3.4.37)
/ Hi(x)pi(s)ds, =0, i=max{2m+1[-k,0} +1,...,m,
aS

where 1o = [(k —1)/2], H;(x) is an arbitrary homogeneous harmonic polynomial
of degree [, p;i) are the coefficients of the polynomial P;(t) from (3.4.27), having the
form (3.4.28),

op=21—-k+1l+1, op=k-1-1-1. (3.4.38)
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The number of conditions (3.4.37) for | < k is equal to

Ny =min{k =1 —Ag,m} = min{[(k = [ + 1)/2], m}.

In the formulation of Theorem 3.15 one should keep in mind the following gener-
ally accepted convention for formulas with indices: if in a formula the lower limit of
the index change area becomes greater than the upper limit, then this formula should
not be taken into account. For example, the first formula in (3.4.37) is valid when
k>1land [(k—1[)/2] + 1 < m, and the second for k > m + [.

Proof. Let us fix a number k£ € N, which we call the index of problem Ny, and let
a solution to this problem exist. Let us apply Lemmas 3.26 and 3.27 to the problem
Nk. Let us represent the conditions (3.4.2) in the form (3.4.32). To do this, we set
0:(t) = =V fori=1,...,mand g = m. In addition, we denote

Dy =lin{e*, 1y ) = ) = £ 0 Dy

Since polynomials from the system 9 have maximum degree m + k — 1, then

l l l ) )
£ = D niinPY (1), PV (0. PV (0).....PD (1)},

Let us study the set Ll(\lfl for various relations between k and /.
1°. Let k < I. We us prove an auxiliary statement.

Lemma 3.28. For k < [ the equality L}(\Z = {0} holds true.

Proof. Let for some ay,, . .., ¥r+m-1 € R
5 I
Prom1(1) = anPy (1) + ...+ @am 1 P, (1) € Dy

Let us apply the transformation @ from (3.4.12) to the polynomial Py.1 (). Then
we get
Pliam-1)(£) € lin{e 81 fl6+1) | i1l

and therefore the polynomial P [k+m—1](f) must have roots 0, 1, ..., k — 1. Due to the
equality Pg])(t) = Hl.(l)(t) = (t —1,-2); we have

Priam-1)(t) = @ (t =1L, =2) + .. + @hrm—1 (t = 1, =2)krm—1.
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It follows that the coefficients a,y,, . . . , @k +m,—1 must satisfy the following system of
homogeneous equations

O=1,-2)  (O=L-Dp1 oo (O=1 -2 pemo
(1 _l7 _2)m (1 _l’ _2)m+1 (1 _la _2)k+m—1
(k=1-1.-2) (k=1=1~Dp1 .. (k=1—=1-Dpomi

7

x| Y11= 0. (3.4.39)
Qfym—1

Let us denote the determinant of this system as A; and calculate it. Then since
(a,b)i+j = (a,b)i(a +ib); we have

Ar = (=1, =) (1 =1, =) ... (k=1 =1,-2),

1 (=1 =2k, =2); ... (=1=2k,~2)i
1 (1=1-2k,=2); ... (1=1=2k,~2)i_
1 (k=1-1-2k,=2); ... (k=1-1=2k,~2)i_

If we denote A = —[ — 2k and
Ce = (-1,-2),,(1-1,-2)p...(k=1-1,-2),, # 0,

then we get
1 (4,-2)1 (A, =2)k-1
A = C 1 (1+4,-2); ... (1+4,-2)-1
1 (k=1+24,-2), (k—1+24,-2)r-1

Multiply the (k — 1)th column of the determinant by 4 — 2(k — 2) and subtract
it from the kth column, then multiply the (k — 2)th column of the determinant by
A — 2(k — 3) and subtract it from the (k — 1)th column, etc. and finally multiply
the first column by A and subtract it from the 2th column, then expand the resulting
determinant on the first row and take out the factor i from the ith row of the resulting
determinant
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0
A= Cy 1 (1+4,-2)k—2
1okl (k= Dk -1+ 4 -2)
1 (1+4,-2); ... (1+A,-2)r2
(k- 1)IC, 1 Q2+44,-27 ... (@2+4,-22
1 (k-=1+2,-2) (k=1+2,-2)k-

The resulting determinant differs from the previous one by replacing 4 + 1 with A
and reducing the dimension by 1, and therefore by induction

1 (k=2+24,-2)

= — | — | |
A= (k= DIk=2) 2G| L )

# 0.

Therefore, for k < [ the system (3.4.39) has only a trivial solution @,,, = ... =
Ak+m—1 = 0, and therefore Isk+m_1(t) = (0. The lemma is proved. O

From Lemma 3.28 it follows that the problem N} for k < [ does not have necessary
solvability conditions of the form (3.4.33).

20 Tetl+1<k<m+lorl <k—1I1<m.Letus first consider the case k = [ + 1.
Note that the set L,(nl) from (3.4.26), by Lemma 3.27, can also be found using the
equalities (3.4.34) and (3.4.35), which, as is easy to see, can be uniformly written in
the form

D -2 2 6 f
L) =1in{P (1), P (1), P o (0, Pt o (0, 7PS o (8),

2[1/2] 2P(911([) 2l P(H’)(t) £211/2] +2P(91)1(t)
. t2m+2[l/2] ZP(G’)(Z) (2m+2 1/2 ). (3.4.40)

where 6; = 0 if [ is even and 0; = 1 if [ is odd.

Corollary 3.4. Nontrivial linear combination of / polynomials of the form
() (l (0) 2 p(0) £211/21-2 p(0)
P,y (1), P, (t) Pm+[l/2] (1),t Pm+[l/2]_1(z), .. P (1)
for even [ and polynomials of the form

l - 1 1 1
()(t) P( (t) ( ) 1/2](t) t2P( ) 0120 ](t) 2[l/2]P’(n)(t)
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for odd [ cannot have r = O as root of order /.

Indeed, from the recurrent equalities (3.4.24), (3.4.25) and Lemma 3.28 for £ =
2[1/2] = [, when [ is even, it follows that if

l I-
aoPP () + a1 PU2 (1) ..+ anpym 202PO ()

m+1 m+l—1
I l
= aOP,(n)(I) + CK]P,(ni_l(t) + ...+ 02[1/2]_ P;(n?|-2[1/2 (I) € Z)l,
then &g = ... = @oy2-1 = 0= ap = ... = azpyj21-1 = 0. A similar statement is

true when / is odd. In this case k = 2[//2] + 1 = [. The corollary is proved.

Let / be even. Since polynomials from D have maximum degree m + k — 1, then
from (3.4.40) we find

£y =D nlin{P) (1), PL D (),
1/2]-2 p(0) 2[1/2] p(0)
2URI=2p0) (1), PRI P (1)), (3.4.41)

Further, it is easy to notice that
2UR21pO y e o, = lin{e+, 12, Y,

since the degree of the polynomial P,,(¢) is equal to m, and the lowest degree of the
monomials included in P,,(#) is equal to 1. Now let us use Corollary 3.4. Since linear

combinations of the first / polynomials from (3.4.41) cannot be included in 9,1, then
we have £} =1lin{2/2IP)) (1)} = lin{t' P,y (1)}.

If [ is odd, then similar to the case of even /

L) = D 0 ling Py (1), Py (1), - PUPTPL (), UL (1)

m+1

Due to the fact that by Corollary 3.4 linear combinations of the first / polynomials
above cannot be included in 9;,; and since

[l/2]+2P(1)1(t) c Z)l+l _ lln{tl+1 +2’.. .,tm+l},
then we have an equality similar to the case of even [

Lj@ﬂ = 1in{2//212pW (1)} = 1in{/* PV (1)} = lin{s' P, (1))

Due to the obtained equality, by Corollary 3.3 the condition must be satisfied

[ i Y o5y ds, =0,
§ i=1
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(m)

where p. are the coefficients of the polynomial P, (¢), having the form (3.4.28).

Let 1 < k-1 < m. As shown above, in the chain of polynomials from (3.4.40)
for any [ there is a polynomial of the form #'P,,(¢). Therefore, taking into account
the structure of the polynomials from (3.4.40), by virtue of Corollary 3.4, and taking
into account that k + m — 1 <2m + [ — 1, we can write

13/(\2 = D NIn{t' P, (1), 1Py (1), ..., 2" 72P (1)), (3.4.42)

For example, the polynomial from (3.4.40) next in the chain after t'P,,(¢), in the
case of even [, is ! *2P,,_ (1), and, in the case of odd /, it has the same form ¢2(//?] +4P’(nei)z(t) =

tl+3Pr(n1 z ,(1) = t!*2P,,_1(t). Therefore, let us find all polynomials of the form t/*24P,,_; (),
where 0 < A < m—1 from the linear span above, which also appear in Dy. The lowest
degree of monomials included in #'+>*P,,_,(¢) is equal to [ + 24 + 1, and the highest
degree of these monomials is equal to [ + 24 + m — A = [ + 1 + m. Therefore, if

the inequalities [ + 24 + 1 < kork + m — 1 < [ + A + m are satisfied, which is
equivalent to k — I < [ + A, then the polynomial #'*+>*P,,_,(¢) cannot be a linear com-
bination of monomials from 9y, and therefore cannot be included in Dy. Therefore,

the condition for the polynomial #'+?*P,,_;(¢) to belong to the set Dy has the form
[+2A+1 > kandk+m—-1>1+A+morl+A<k—-1<[+2A, where0 <A <m-1,

i.e.

2P, (D eDy e A<k-1-1<21, 0<A1<m-1. (3.4.43)

2.19. Suppose that the index k is additionally such that [(k —1)/2] < m — 1, where
[a] is the integer part of a number a. Then we denote 1o = [(k—1)/2]. Withsuch A =
Ap the inequality k—1—1 < 21y = 2[(k—1)/2] is holds (for odd k — we have equality,
and for even k — [ we have inequality), and another inequality 1o = [(k — [)/2] <
k — [ — 1 is also holds. Therefore, the conditions from (3.4.43) are met. Therefore,
for 10 = [(k — [)/2] the polynomial t*>%pP, _, (1) = tl+2[(k‘l)/2]Pm_[(k_l)/z](t)
is included in Dy. If we consider the value 4 = 19— 1 = [(k —1)/2] — 1, then
the inequality k — [ — 1 > 24 = 2[(k — [)/2] — 2 (or equivalent to it inequality
k—1+1>2[(k—1)/2]) holds, i.e. conditions (3.4.43) are not satisfied, which means
the polynomial t”mo‘sz_AOH (¢) is not included in D;. Thus, moving along the
system of polynomials in (3.4.42) from left to right, we see that the polynomial

tl+2/l()Pm_/lo(t) — [2[(k_l)/2]Pm—[(k—l)/2] (t)

is the first polynomial from this system belonging to D). We take the polynomial
t!+2p, 2, (t) to be the first polynomial for the basis in L/(\l/i . For k = [ we get
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Ao = 0. Let us find the coefficients a ) in (3.4.33) for the polynomial #'*>0p,, ) (1).

Since Q;(t) = t**"~1 fori = 1,. .., m, then consider the equality
m—Ao
tl+2/10Pm_/lO(t) _ Z pl(m—/lo)tz+l+2/lo’ (3.4.44)
i=1
where pl.(m_ﬂ‘)) are the coefficients of the polynomial P,,_,,(f). By construction,

{*1+20 ¢ ), fori = 1,...,m—Ag. Therefore (3.4.44) is the representation of the first
basis polynomial from L( ) If wedenote 6 =21g—k+Il+1landoc=k—-1—-19—1,
then putting j =i + 24p — k + [ + 1 in (3.4.44) we obtain

[+249 (m=2o) k=1
£y (1) = Z P opg+k—i-11 :
Jj=0+1

Therefore, according to Corollary 3.3, the first condition of the form (3.4.33) can
be written as

A
/ Hi(x) Z Pﬁmzaﬁlk 19 (s) ds, = 0.

Let us construct other linearly independent polynomials included in the set Lj(\l/z

Consider polynomials of the form #'*?'P,,_;(¢) for 19 < 1 < m — 1. According to
(3.4.43) such polynomials belong to the set Dy if A < k -1 -1 < 24. Since the
right inequality holds for 49 < A, the condition A < k — [ — 1 remains. Obviously, an
equality similar to (3.4.44) holds
m—A
tl+2/lpm_/1(t) _ Z pl(m—/l)ti+l+2/l’
i=1

where pfm_/l) are the coefficients of the polynomial P,,_,(¢). Similar to the previous

case, if we use the notations (3.4.38) 0, =24—-k+[+1landoy=k—-1-A—-1,we

obtain
m-—o,

1+22 _ (m=2) Feri=1
1T Py () = Z P oark-i-1! .
j=0+1

Therefore, in accordance with Remark 3.3, a condition of the form (3.4.33) with
number A, under the assumption that 4 < k—/—1and 49 < A < m—1 or equivalently
Ap £ A <min{k —[,m} — 1 can be written as

/ H(x) (p§’"‘”%+1(s) +o+p f)gom_@(s)) ds, = 0. (3.4.45)
oS
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Finally, since in the case under consideration min{k — [,m} = k — [, then for
A < k —1 -1 the inequality 4 < m — 1 is also satisfied and we have k — [ — Agth
conditions of the form (3.4.45) withA = Ag,..., k-1 —1.

30, Letm < k—1 and, hence, min{k—1, m} = m. Then we have m—A1, conditions of
the form (3.4.45) for A = Ay, ..., m—1, but there are also other conditions of the same
type. Returning to the condition (3.4.43) and consider the case when 4 < k — [ — 1
(this is a mandatory condition for including the polynomial #**?4P,,_,(¢) in L/(\Z), but
when the inequality 0 < 4 < m — 1 does not hold, i.e. m < A < k—1[—1. In this case,
the polynomial P,,_,(?) is not defined, but as is not difficult to see from (3.4.40) it
follows

LY = D N lin{t Py (1), 172 Py (1),
o PTEIP (1), 2L R (3.4.46)

and therefore, for m < A, instead of the polynomial #*24P,,_,(¢), £V contains a
monomial of the form #/+”*4, which also belongs to Dy for A < k — [ — 1. Therefore
this monomial belongs to L/(\l/l)( when m < A < k — 1 — 1. Therefore, the orthogonality
condition of the form (3.4.33) for A satisfying the condition m < 1 < k —1[ — 1 can
be written in the form

/ Hi(X)@ma-k+1+1(8) dsy = 0,
ds
orfori=m+A1—-k+1[+ 1 in the form

/ Hi(x)pi(s)ds, =0, i=2m—-k+[+1,...,m. (3.4.47)
N

There are k — [ — m conditions of this type. As aresult, if m < k — [, then we also
have (m—Ag) + (k—1—m) = k —[ — Ay orthogonality conditions of the form (3.4.37).

49 Finally, consider the case when Ao = [(k — [)/2] > m. In this case, k — [ >
2[(k = 1)/2] > 2m and therefore any polynomial of the form #*?>*P,,_;(z) for 0 <
A < m — 1 has no monomials included in Dy = lin{¢*, t**1, ..., #"**~1} and which
means by virtue of (3.4.40) that Dy C L,(nl). Therefore, we only have orthogonality
conditions of the form (3.4.47)

/ Hi(x)pi(s)ds, =0, i=1,...,m.
S
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Both obtained equalities (3.4.45) and (3.4.47) can be combined in the form (3.4.37)
and the total number of conditions found for / < k is equal to N, ; = min{k — [ —
Ag,m}.

Now note that for k — /[ < m, according to (3.4.46), polynomials of the form
{2 Pya() g < A<m -1} u{™  m<a<k-1-1} (3448

are generating polynomials in L,(,f) that also belong to Oy. They are linearly inde-
pendent polynomials because they have increasing degrees in 4. Moreover, no other
generating polynomial from L,(nl) can appear in Dy: either its degree is higher than
m + k — 1, or the least degree of its monomials is less than k. Therefore, the polyno-
mials from (3.4.48) are a basis in L}(\Z, which means the equality (3.4.37) describes
all the integral conditions for the boundary data of the problem N, following from
Lemma 3.26. The theorem is proved. O

Remark 3.15. In boundary value problems for the polyharmonic equation, a restric-
tion is usually imposed on the order of derivatives in the boundary conditions (the
order of derivatives on the boundary is less than the order of the equation) [47], which
for the Ny problem can be written as k + m — 1 < 2m — 1 or k < m. There are no
such restrictions in Theorem 3.15.

Remark 3.16. If from the elements of the kth row of the Neumann triangle P we
construct the following vector Py = ( pik) e p,(ck)), in which the free term equal to
zero and denote

F(s) = (@1(8), - om(5)s FoU () = (95,41(5); - > Pmory (5)),

where the upper index of the last vector indicates a shift of the initial index of the
vector F(s) by ¢, positions to the right, and the lower index of the last vector indicates
a shift of the final index of the vector F(s) by o7, positions to the left, then the equality
(3.4.45) can be rewritten as

/ Hi(x) Py - B0 (s) ds, = 0.
N ’

Remark 3.17. It is easy to see that for f = 0 the orthogonality conditions (3.4.37) for
the problem N} coincide with the orthogonality conditions (3.4.37) for the problem
N1, but for [ = 0 and the equality N, x; = Ny x—1,0 holds.

Remark 3.18. The smoothness of the solution in Theorem 3.15 can be weakened,
i.e. it is sufficient to require Ay € C(S) fori =0,...,m+ k — 1. Therefore, if
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@; € C?"=1+2(98), then from Lemmas 3.22 and 3.23 it follows that A‘u € C"~1(S)
fori =O0,...,k, which means A‘lu € C(S) fori =0,...,m+k—1. Consequently, by
Theorem 3.15, for such ¢;(x) and k < m the existence of u(x) implies the conditions
(3.4.37), i.e. conditions (3.4.37) are necessary conditions for the solvability of the
problem N.

3.4.4 Integral conditions for the solvability of the problem N;

Let us study the necessary conditions for the problem N from Theorem 3.15 when
k <m.Inthiscase,2m+1[l—k+1>m+ 1+ 1 > m and therefore there will be no
second group of conditions of the form (3.4.37).

I. Consider the case when the difference (k — /) is an even number, where [ € N
and / < k. Let us find out what the conditions (3.4.37) mean for k < m in terms of
the function v(x) = Ay (x).

Lemma 3.29. Let v(x) be a solution to problem (3.4.8) and the boundary data of
problem Ny satisfy the conditions (3.4.37) for even k — [ and ¢; € C*"=1+4(35),
i=1,...,m. Then (k —1)/2 of the following equalities must be satisfied

/ Hi(x)(A =k, =2)p—(k-1)j2v dsx = 0,
PR

Hx)(A=k+2,-2)—(k— vds, =0,
/as 1) Yoty 2517 d2 09

[ A =1-2.22), v ds, =0,

oS

for an arbitrary homogeneous harmonic polynomial Hj(x).

Proof. Suppose the conditions (3.4.37) are satisfied for even k — [. Then 19 = (k —
D2, =(k-0/2,(k-0D/2+1,....k=1-1,6, = 1,3,...,k—=1l—-1,0y =

(k=1)/2—-1,(k-1)/2-2,...,0, the number of conditions (3.4.37)is Ny, ks = (k—1)/2
and they look like

—(k-1)/2 —(k=10)/2
/a H (P D) 4 p G e () dse =0,

—(k-1)/2-1 —(k=1)/2-1
/aSHl(m(p&’”( PN+ p D o () dse =0,
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—k+1+1 —k+1+1
[ @ (P i)+ p i () ds =0,
S

By Lemmas 3.22 and 3.21 for ¢; € C?"~1%2(9S), where i = 1,...,m the
function v(x) has the smoothness v € C™!(§). Taking into account the equali-
ties ; = (A — k)["1y on 88, leaving the first equality unchanged, taking out the

common factor Al?! in the second equality, etc. and AX~/~21 in the last equality we
obtain
m—(k-1)/2 m—(k=1)/2
/(”Hl(x)(pg DDA k) + .+ pI DDA~k
o (A=m—(k —l)/2))vdsx -0,
—(k=D/2-1 —(k=1)/2-1
/85Hl(x)(p§m WD~k =)+ .+ pl PN (A -k -2)

o (A=m—=(k=1)/2 - 1))(A—k)[2]vdsx _ 0,

m—k+I[+1

/ H(x) (p§’”"<+’+”(A 2k + 1+ 4.+ p A k1 42).
0S
(A=m—k+ 2))(A — k)2 g5 = 0,

Letusdenotew = (A=k)(A—=k=2)...(A=2m—1+2)v = (A=k, =2)p—(k-1)/2V-
Then, according to the equality Pz (1) = (4, —2)y, the expression under the integral,
without the factor H;(x), in the first equality is transformed to the form

m—(k—1)/2 m—(k—1)/2 (k=
(P DA = pl IR A — o tr=UD Iy

= (A =k, =2)m—(k=1)j2v = W,

in the second equality it takes the form

—(k=1)/2-1 —(k=1)/2-1 —(k— _
(pim (k=1)/ )(A_k_z)[l]+’°°+p;(nm—(l(<—1);é—1)(A_k_z)[m (k=1)/2 1])
x (A=k) v = (A =k =2,-2)p_kepyp1(A = k) (A =k = 1)y

and finally in the last (k — [)/2-th equality it is transformed to the form
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(pim_k””)(A 2k +1+2)M 4 pm KD A ok 414 2) [””‘k””])

m—k+l+1
X (A= k)* 12l = (A =2k + 1+ 2, =2)pksss1 (A — ky =1)g_y_ov
= (A=k)(A—k—=1)...(A=2k+1+3))((A=2k+1+2)(A=2k+1)...
(A=2m=1+2))v=((A—k)(A—k=-2)...
A =2m=1+2))(A—k=1)(A—k=3)...(A=2k +1+3))v
= A=k, D m-k-y2(A =k = 1,-2)k—pp-1v = (A =k = 1, =2) (k121w

Then the (k — [)/2 equalities obtained above can be written in the form
/ H;(x)wds, =0, / H(x)(A—k—-1,-2)1wds, =0, ...
s 5N
c. ,L Hl(x)(A -k - 1, —2)(k_l)/2_1w de =0.
S

From the first and second equalities it follows

/ H;(x)w dsy 2/ H;(x)Aw ds, = 0.
oS oS

Then from the third equality /as Hi(x)(A—k —1,-2)wds, = 0, taking into
account those already obtained, it follows fa ¢Hi (x)A’w ds, = 0. Continuing this
process we obtain equalities of the form /as H;(x)A'wds, = 0fori =0,...,(k -
[)/2 — 2. Taking them into account, from /as Hi(x)(A=k=1,-2)(k-1yj2-1wdsy =0

we obtain partials H;(x)A'wdsy = 0fori =0,...,(k—1)/2 - 1. From the found

equalities, in turn, it follows in a similar way that
/ H;(x)wds, =0, / H(x)(A—k+2,2)1wds, =0, ...
EN as
e ,/ Hl(x) (A —k+2, 2)(k_l)/2_1w ds, =0. (3.4.50)
as

Recalling the notation w = (A — k, =2),,—(x—1)/2v and taking into account that
(A=k+2,2)i(A=k,-2)m-k-nnjp=(A=k+2i)...(A—k+2)
X (A - k) ce (A -2m -1+ 2) = (A — k + 21, _2)m—(k—l)/2+i’
wherei =0,...,(k—1)/2 -1 from (3.4.50) we obtain (3.4.49). Note that the poly-

nomials H;(x) can be selected from the complete system of homogeneous harmonic
polynomials of degree / from Definition 1.5 on page 50. The lemma is proved. O
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In further research Theorem 1.9 on page 51 is needed.

Theorem 3.16. Let w(x) be a function harmonic in S and continuous in S, then the
equality holds

/Ifl—l G () (E)w(€) dsg = 8+G (1) (D)W (x) =0, (3.4.51)

where {G,)(x) : v € N§, vi > ... > v,,v, =0, 1} is a complete system of harmonic
polynomials, and g, > 0 is some constant.

Let us denote by v;(x) the small /th order of smallness in the expansion of the
m-harmonic in § function v(x) in a neighborhood of the origin.

Theorem 3.17. Let the given problems Ny satisfy the conditions from (3.4.37) for
even k — I, have the smoothness ¢; € C2m_i_1+3(6S), i = 1,...,m, and the m-
harmonic function v(x), which is a solution to the problem (3.4.8), has the following
Almansi expansion

v(x) = v O ) + [xPvP @) + ..+ D (x), xeS.

Then for even k — [ the equalities hold true
VO ) =D () = .. = DD (5 20, (3.4.52)

Proof. From Lemmas 3.22 and 3.21 it follows that for ¢; € C?"7=1%2(9S), where
i=1,...,m harmomc components of the function v(x) have smoothness v e
Cm‘l(S), i=0,...,m—1, which meansv € C"~ 1(S). In addition, by Lemma 3.29,
the equalities (3.4.49) hold true. Let us prove that in this case the equalities (3.4.49)
imply the conditions (3.4.52).

Let us consider the last equality from (3.4.49). We apply the operator (A — [ —
2, —2),,—1 to the Almansi expansion of the function v(x)

(A=1-2,-2)p1v(x) = (A=1=2,-2) v (x) + [x[*(A = 1, =2),- vV ()
o+ PP A+ 2m =1 =4, =2) v "D (x)

and consider the harmonic in S function

W) = (A=1-2,-2)m1v Q) + (A=1,-2)p vV (x) + . ..
+ (A+2m—1—-4,-2)_ "V (x),
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which, due to the smoothness of v € ¢! (S’ ) and the last equality from (3.4.49),
satisfies the condition

0= / Hi()(A =1 = 2,2)1v ds, = / Hi () RO (x) ds,.
oS oS

where H;(x) is an arbitrary homogeneous harmonic polynomial of degree /. Then
from Theorem 3.16 it follows that hl(o) (x) = 0. Due to the homogeneity of the oper-
ator A and the definition of the generalized Pochhammer symbol, we write

0=h"x) = (A=1-2,-2)piv\” + (A= 1,-2) 19"
r(A2m =1 =4,-2), "D = (=2,-2),, v
+ (0, -2+ o+ 2m = 4,-2) Y = (<2, -2) vV ().

Therefore vl(o) (x) = 0. Next we apply the operator (A—[—-4, —2),,-» to the Almansi
expansion of the function v(x)

(A== 4,2 v (x) = (A= [~ 4,-2) 9O (x)
+xP(A=1=2,-2)mv V() o+ P2 A+2m =1 = 6,=2) v D (%)

and consider the harmonic in S function

AOGx) = (A =1 =4, -2)mov @ (x) + (A =1 = 2,-2), vV ()
oo+ (A+2m—-1-6, _Z)m—zv(m_l)(x),

which, due to the smoothness of v() € C™1(§) and the penultimate equality from
(3.4.49), satisfies the condition

0= / Hi(x)(A=1—4,2)_vdsy = / H;(x)h'V (x) dsy
oS oS

for an arbitrary homogeneous harmonic polynomial H;(x). Then from Theorem 3.16
it follows that, taking into account the equality vl(o) (x) =0, we get

0=h"x) = (A—1-4-2)v” + (A—1-2,-2),20"
to A (A2m—1=6,-2), " = (=2,-2) 0
+...+(2m -6, —2)m_2vl(m_l) = (=2, —2)m—2vl(1)(x).
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Therefore vl(l) (x) = 0. Continuing this process we will have the equalities vl(i) (x) =
Ofori=0,...,(k—1)/2 - 2. Finally, we apply the operator (A — k, =2),,—(x—)/2 tO
the Almansi expansion of the function v(x)

m—1

(A =k, =2 (k1) j2v (¥) = Z X (A =k + 24, =2) (k29 (x)
i=0

and consider the harmonic in S function

m—1

h((k_l)/z_l)(x) = Z(A - k + 21, _Z)m—(k—l)/zv(i) (x)’
i=0

which, due to the smoothness of v(?) € C”~1(S) and the first equality from (3.4.49),
satisfies the equality

0= [ HA =k Dy dse = [ HIOM D) ds,
oS oS

Then, according to Theorem 3.16, similar to the previous cases, taking into account
the equalities vl(l)(x) =0,wherei =0,...,(k—1)/2 -2, have

m—1
0= m 0 = Z(Z — k + 26, =2) (ki) 2V,
i=0
m—1
' J k=1)/2-
= Y @itk =D ey2r” = (<22 v Y
i=(k—1)/2-1

et @m =24 = ey =2) ey

= (-2, _2)m—(k—l)/2vl((k_l)/2_1)(x)-

k=1)/2
(0, = rpyy2vy T 4

Therefore vl((k_l) /2=1 (x) = 0. Thus, for even k — [, from the equalities (3.4.49) it
follows that v§0) (x) = vl(l)(x) =...= vg(k_l)/z_l)(x) = 0. The theoremis proved. O

II. Let us now study the necessary conditions for the problem N} obtained in The-
orem 3.15 (k < m) in the case of an odd difference k — [,/ € Ny and / < k.

Lemma 3.30. Let v(x) be a solution to problem (3.4.8) and the boundary data of
problem Ny satisfy the conditions (3.4.37) for odd k — I and ¢; € C*"~=1(9S) for
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i=1,...,m. Then [(k —1)/2] + 1 equalities of the form must be satisfied

/ Hi(x)(A =k = 1,-2)p_[k=1)/21-1V dsx = 0,
as

H(x)(A=k+1,-2)—1k=n/21vdsy =0,
/as 1(x)( Ym—[(k=1)/2] (3.4.53)

/ Hy () (A — 1 =2, 21w dsx = O,
oS

for an arbitrary homogeneous harmonic polynomial H;(x).

Proof. Letthe conditions (3.4.37) be satisfied forodd k—I. Then Ay = [(k=1)/2],A =
[(k=D)/2], [(k=0)/2]+1,...,k=1-1,6,=0,2,...,k=1,00 = [(k=1)/2], [(k—
/2] - 1,...,0, the number of conditions (3.4.37) is Ny, x; = [(k —1)/2] + 1 and
they look like

[(k=1)/2 ~[(k=1)/2
/as Hz(x)(pim DD () + .. +P;m_&,((_,)%]])90m—[(k-z)/2] (X)) ds, = 0,

m—[(k=1)/2]~1 m—[(k=1)/2]~1
/as H;(x) (PE DRI o) + .+ P;_[E,(C_l)%]]_l )(Pm—[(k—l)/Z]H(x)) ds, =0,

—k+l —k+1
/6‘5 H;(x) (Pgm ' +1)‘70k‘l(x) toooF pl(nm—k:l_:il)(;om(x)) dsx = 0.

By Lemmas 3.22 and 3.21 for ¢; € sz‘i‘l(GS), wherei = 1, ..., m the function
v(x) has the smoothness v € C"~!(S). Taking into account the equality ¢; = (A —
k)i=1y = (A =k, —1);_1v on 8S, taking out the common factor (A — k + 1)~! in the
first equality (this is not an inverse operator, we are simply symbolically simplifying
the operator acting on v), (A — k)l in the second equality, etc., (A — k) ¥~/=2] in the

www.irispublishers.com 246


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.4 V.V. Karachik

last equality, we get

/ H(x) (pjm‘“k‘”/ZD(A —k+D+...
a8

k=1)/2]
+P(m[5c l)}é )(A k+ 1, =1)m—[(k- 1)/2)(/\ k+1)"'vds, =0,

/ H(x) (pgm‘“k‘”/2 DA-k-1+...
aS

(m=[(k=1)/2]-1) —_—
P knyj2or (A= k= L =D k=i 2 )(A Uy ds, = 0,

/ H(x) (pgm"‘””)(/\ —2k+1+2)+...
a8

(m—k+1+1)

TP k441

(A =2k + 142,V i ) (A = ) ds, = 0.

Letusdenote w = (A—-k—-1)(A—-k-3)...(A=-2m—-1+2)v = (A-k -
1, =2)m—[(k-1)/2]-1v- Then the expression under the integral in the first equality is
transformed to the form

[(k=1)/2]
= (A=k+ 1,2 (-ny (A =k + )7y = (A =k = 1, =2)-[(t-p/21-1V = W

(pg’”‘[("—”/ﬂ)(A—k+1)[”+. _ _+p’<nm_—[<k—l>/2]>(A_k+1)[m—[<k—1>/2n)(A_k+1)—1v

(here in the expression [m—[(k—1)/2]] the outer brackets denote the factorial degree,
and the inner ones the integer part of the number), in the second equality it takes the
form

(pim—[(k—l)/Z]—l)(A k- 1)[1] + 4 p’(nm [E](Ck 1)1%2] D(A k — 1) —[(k=1)/2]- 1])
X (A= k)M = (A =k = 1, =2)p_[(k-pyj21-1(A = K)v
= (A=Kk)(A =k =1, =2)m—(k-1)/21-1V = (A = k)w,

and finally in the last ([ (k —[)/2] + 1)th equality it is transformed to the form

(pg’""‘””)(/\ 2k + 1+ )M pm DN ok 414 2) [’”—"*’*”)

m—k+[+1
X (A= k)E2y = (A= 2k + 1+ 2, =2)eger1a1 (A =k, =1)_y_2v
=(A=k)(A=k=1)...(A=2k+1+3))((A=2k +1+2)(A -2k +1)
L (A=2m—=1+2))v = (A=k)(A=k=2) ... (A=2k+1+3))((A—k-1)(A-k=3)
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o (A=2m =1+ 2))v = (A =k, =2) (k-1 /21(A =k = 1, =2) [ (k=1)/2]-1V
= (A -k, —2)[(k_l)/2]w.

Then the [(k — [)/2] + 1 equalities obtained above can be written in the form
/ H;(x)wds, =0, / Hi(x)(A—k,-2)ywds, =0,
S as

,/ Hl(x)(/\—k,—2)[(k_l)/2]wdsx=O.
oS

The first and second equalities imply the equalities

/wdsxz/Awdssz.
oS oS

Then from the third equality fa (A —k,=2),wds, = 0, taking into account the
equalities already obtained, it follows fa S A*w ds, = 0. Continuing this process we
have the equalities fas A'wds, = Ofori = 0,...,[(k —1)/2] — 1. Taking them
into account, from /as(A — k, =2)[(k-1y/21W dsx = 0 we find fas Alw ds, = 0, where
i=0,...,[(k—=1)/2]. From the derived equalities, in turn, it is easy to obtain

/ H;(x)wds, =0, / H(x)(A—k+1,2)1wds, =0,...
EN aS

. ,/ Hl(x)(A -k + 1,2)[(k_1)/2]w ds, = 0.
as

Recalling the notation w = (A — k — 1, -2),,_[(k-1)/2]-1V and taking into account
that

(A=k+1,2)i(A=k=1,-2)p_k-)j21-1 = A=k =1+2i) .. .(A=k+1)
X(A=k=1)...(A=2m+2) =(A=k = 1+2i,-2)pri—[(k-1)/2]-1
fori =0,...,[(k—1)/2] we obtain the conditions (3.4.53). O

Theorem 3.18. Let the given problems Ny satisfy the conditions from (3.4.37) for
odd k — 1, have smoothness ¢; € sz_i_1+‘9(0S), i=1,...,m, and the m-harmonic
function v(x), which is a solution to the problem (3.4.8), has the following Almansi
expansion in S

v(x) =vO) + [xPvP ) + .+ xRN (x), x eSS,
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Then for odd k — [ the following equalities hold

MO (GO Y (3.4.54)

Proof. From Lemmas 3.22 and 3.21 it follows that for ¢; € C¥"~1(3S), where
i = 1,...,m the harmonic components of the function v(x) have smoothness v e
Cc"1(S),i=0,...,m -1, and therefore v € C"!(S). In addition, by Lemma 3.30,
the equalities (3.4.53) hold true. Let us prove that in this case the equalities (3.4.53)
imply the equalities (3.4.54).

Since the last equality from (3.4.53) coincides with the last equality from (3.4.49),
then, similarly to Theorem 3.17, we have vl(i) (x) =0,wherei =0,...,[(k=1)/2]-1.
Let us apply the operator (A —k —1, =2),,_[(x-1)/2]-1 to the Almansi expansion of the
function v(x)

m—1

(A =k =1, -2)p—(k-1)/21-1v(x) = Z (A =k =1+ 20, =2 (ketyy21 -1 (%)
i=0

and consider the harmonic in S function
m—1
RUE=DRD () = Z(A — k= 1420, =2) k)21 (%),
i=0
which, due to the smoothness of v} € C"~1(S) and the first equality from (3.4.53),
satisfies the condition

0= / Hi(x)(A =k = 1,=2)m—[(k-1)/2]-1V dSx = / Hy(x) R MDD () d,.
oS PR

Then, by Theorem 3.16, similarly to Theorem 3.17, taking into account the equal-
ities v?’)(x) =0, wherei =0,...,[(k-1)/2] — 1, we have

m—1
0= hIED2D () = Z(A — k= 14 20, =2 [ (k-py 2110 (1)
i=0
m—1 _
= Z (I —k—-1+2i _2)m—[(k—l)/2]—lvl(l)(x)
i=[(k=1)/2]
= (-2, _z)m—[(k—l)/Z]—lVl([(k_l)/Z])(X) + (0, —2)m_[(k_l)/2]_1vl([(k_l)/zl“)(x)

+...+ (2m +1—k-3, _2)m—[(k—l)/2]—lvl(m_1)(x)
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k=1)/2
= (-2, _2)m—[(k—l)/2]—lvl([( 2D ().

Therefore vl([(k_l)/ 2])(x) = 0. Thus, for odd k — [, it follows from the equalities
(3.4.53) that vl(o) (x) = vl(l)(x) =...= vl([(k_l)/z])(x) = (. The theoremis proved. O

3.4.5 Necessary and sufficient conditions for the solvability of the problem N,

Let us prove that the necessary conditions for the solvability of the problem Ny, ob-
tained in Theorem 3.15 for £ < m, are also sufficient conditions if these problems
have the necessary smoothness.

Theorem 3.19. Let k < m and ¢; € C2m_i_1+8(85), i = 1,...,m then be neces-

sary and sufficient conditions for the solvability of the problem Nj are N = [(k +
1)/2][(k + 2)/2] conditions

/a Hj(x) (pim_/l)go(;ﬁ](x) +...+ pfn":{l)gom_m (x)) ds, =0 (3.4.55)
S

forl=0,1,...,k=1,A=[(k=0)/2],...,k=1-1,0, =2A-k+I+1, 0y = k—-[-1—1,
where H;(x) is an arbitrary homogeneous harmonic polynomial of degree l. The
solution to the problem Ny exists and is unique up to m-harmonic polynomials of
degree k — 1.

Proof. Sufficiency. Let v(x) be the solution to problem (3.4.8)
A" =0, x €S,
vlgs = @1(x), (A = k)vlgs = @2(x), ..., (A= )" a5 = 0, (x), x € 85.

By Lemma 3.22 this problem is unconditionally solvable. By Lemma 3.23 the
solution u(x) to the problem A} can be obtained from the equation v(x) = A*lu(x),
which is solved in m-harmonic in § functions. The function u(x) can be defined if
and only if the m-harmonic in S function v(x) has no terms up to the (k — 1)th order
of smallness, in its expansion in the origin. We represent the function v(x) in the
form

v(x) =vO ) + xPvVx) + .+ P D(x), x e S

and let the harmonic components v(x) have the following expansion in a vicinity of
the origin

(o)

V@)= >0, i=0.1..m -1
=0
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Since the functions ¢;(s) for i = 1,2,...,m satisfy the conditions (3.4.37) for
k < m, then from Theorems 3.17 and 3.18 it follows that the equalities (3.4.52) and
(3.4.54) are true for the function v(x). It follows from them that
v == =0 k-1 e,
v = =R o0 ke an -1,

which means vl(i) =0ifi < (k-1)/2, where 0 <[ < k — 1. Hence vﬁ.i)(x) = 0if
2i + j < k and therefore in the expansion v(x) in the vicinity of the origin

p—

v(x) = i v (x)

J=0

3

I
[e]

all homogeneous polynomials |x|2iv§.i) (x) having degrees deg |x|2iv§.i) (x) =2i+j <k
become zero. Therefore, the conditions of Lemma 3.23 are satisfied, which means
that the solution to the problem N}, exists and is unique up to m-harmonic polynomials
of degree k — 1. The sufficiency of the conditions (3.4.55)is proved.

The conditions of the theorem are necessary and sufficient conditions for the solv-
ability of the problem A since, according to Remark 3.18 for ¢; € C*"~=1+2(9),
i = 1,...,m conditions (3.4.37) are also necessary conditions for the problem N.
The theorem is proved. O

Remark 3.19. Conditions (3.4.55) for k = 1 (in this case we get N1 = 1 conditions)
coincide with the condition for problem N obtained in Section 3.3, and for k£ = 2 (in

this case we get N> = 2 conditions) coincide with the conditions for the problem N,
from [170].

Example 3.9. Let us write down the dynamics of the emergence of necessary con-
ditions for the solvability of problems Ny for the 7-harmonic homogeneous equation
for different k € N

ANu=0 xes;
Oku ok+1ly 9k+6,, (3.4.56)

3k las = ¢1(s), 9k |, _902() 9k+6 |5 _907(S)’S€‘95°

In our case m = 7. Taking into account Remark 3.17, consider the case [ = 0.
In accordance with (3.4.38) we have N7, o = min{k — Ao, 7} conditions (3.4.37)
with polynomial coefficients P7_,(¢) from (3.4.28) for 19 < A < min{k,7} — 1

www.irispublishers.com 251


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.4 V.V. Karachik

O +1 =21—k+2,m—oy =8+A—-k, Ay = [k/2] and max{2m+[—k,0}+1 <i < m,
when k > m.

For k = 1 we obtain 4o = O and N7,1 o = 1 conditionfor0 <1 <0,0,+1 =24+1,
m-—o,=7+A4,

/65 (P§7)901(S) +...+ p7 907(s)) dsy = 0. (3.4.57)

For k = 2 we obtain 40 = 1 and N7, = 1 conditions for | <A< 1,0, +1 =24,
m-—o;=6+A41,

/as (p§6)<,oz(s) +o+p! 907(s)) dsy = 0. (3.4.58)

For k = 3 we obtain 4o = 1 and N739 = 2 conditionsfor1 <1 <2,6,+1 =24-1,
m—oy3=5+A4,

/6(191 @1(s)+...+p} 906(s))dsx—0 /a (p1 @3(s) +...+p 907(5))dsx—0

For k = 4 we obtain 9 = 2and N740 = 2 conditionsfor2 < 1 < 3,0,+1 = 21-2,
m-—o;=4+A41,

-/65 (P§5)<,02(s) + . +p5 906(s)) ds, = 0.
/35 (P1 ©4(s) +. +p4 907(3)) ds. = 0.

For k = 5 we obtain 4o = 2 and N759 = 3 conditions for2 <1 <4,6,+1 = 24-3,
m-—o;=3+A4,

/as (pES)"Dl(S) et P5 905(3)) =0,
/6S (P§4)903(s) +o+py 906(s)) ds. = 0,
/as (P§3)905(s) + . +p3 ¢7(S)) ds, = 0.

For k = 6 we obtain 19 = 3 and N760 = 3 conditionsfor3 <1 <5,0,+1 = 21-4,
m-—o;=2+A4,

[ (PP o pfes(0) ds =0
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/aS (p§2>¢6(s) + p§2)<,o7(s)) i =0

For k = 7 we obtain 19 = 3 and N770 = 4 conditionsfor3 <1 <6,6,+1 = 24-5,
m-—o;=1+A4,

/(p§4)<,01(S)+ L+ 904(S))dsx—0

S

[ (pP s+t p00s(5)) s, =0
[ (pPests+ P 0s) dsi =0, [ o gr(5)ds. 0.

For k = 8 we obtain 1o = 4 and N7 g = 4 conditions for4 <1 <6,0,+1 =21-6,
m—-—oy=Adand7<i<7

/ (p?)“”(s) #o DS 9”4(3))de =0 / (Piz)m(s) +p§2)905(s))dsx = 0,
S as
/ p§1)906(5) de = 0, / ()Ol'(S) dsx = 0, (l — 7)

For k = 9 we obtain 1o = 4 and N79 = 5 conditions for4 <1 <6,0,+1 = 24-7,
m—-oy=A—-land6<i<7

/5(171 1(s) +.. +P3 ¢3(S))dsx:0 /a (p1 (,03(S)+p 904(S))dsx:0,
/aspgl)%(s) dsx =0, /as ¢i(s)dsy =0, (i =6,7).

For k = 10 we obtain 49 = 5 and N7,100 = 5 conditions for 5 <1 < 6,6, + 1 =
20 -8, m—oy;=A-2and5<i<7

/BS (pﬁz)wz(S) + pf)%(S)) ds, =0, / pﬁl)sm(S) ds, =0,

oS

/ i(s)ds, =0, (i =5,6,7).

oS

For k = 11 we obtain 49 = 5 and N7,110 = 6 conditions for5 <1 <6,6,+ 1 =
21-9,m—-—oy3=A-3and4<i<7

a8 aS
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/sol-(swsx:o, (=4 .7
oS

For k = 12 we obtain 4o = 6 and N7 12,0 = 6 conditions for 6 <1< 6,6, +1 =
21 -100m -0y =A—-4and3<i <7

/ P§1)902(S) dsy =0, / @i(s)dsy =0, (i=3,...,7).
s EN

For k = 13 we obtain 49 = 6 and N7,139 = 7 conditions for 6 < 1 < 6,6, + 1 =
20— 11, m—-oy3=A-5and2<i <7

/ pie1(s) ds, = 0, / @2(i)ds, =0, (i=2,...,7).
oS oS

For k > 14, according to the remark after the formulation of Theorem 3.15, since
the condition [k /2] +1 < 7 is not satisfied, then the necessary conditions for the prob-
lem N must be taken only from the second equality (3.4.37) and there are N7 ;o =7
conditions of the form

/ 0i()ds, =0, i=1,...,7.
oS

Finally, from the above analysis, taking into account Remark 3.17, it is not difficult
to obtain all the necessary and sufficient conditions for solvability, for example for

the problem N3 for the homogeneous 7-harmonic equation, following from Theorem
3.15.

Due to the specificity of the conditions (3.4.55) the condition for the problem N3
for [ = 1 is obtained from the condition (3.4.58) for the problem N, for /[ = 0 by
entering the factor H(x) under the integral sign, and the condition for problem N3
for [ = 2 is obtained from the condition (3.4.57) for problem N; for [ = 0 by entering

the factor H,(x) under the integral sign. Using the values of the coefficients pl@, pl@

and plm from the fifth, sixth and seventh rows of the triangle P
105 -105 45 -10 1

-945 945 -420 105 -15 1
10395 -10395 4725 -1260 210 =21 1

we have four necessary and sufficient conditions for the solvability of the problem N3
(this is the problem (3.4.56) for k = 3) in the form

/ ( — 94501 + 9459, — 42003 + 105¢4 — 15¢4 + 906) ds, =0,
aS
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/as (105% —105¢4 + 4595 — 10¢¢ + ¢7) ds, =0,
/65 H, (x)( — 945, + 94593 — 42004 + 105¢s5 — 15¢6 + 907) ds, =0,
/a () (1039501 — 1039505 + 472503 — 126044 + 21044
—21¢6 + 907) ds; =0,

where H;(x) is an arbitrary homogeneous harmonic polynomial.

3.4.6 Inhomogeneous equation

Consider the problem N; for the inhomogeneous polyharmonic equation

A"u=f(x), x€S; (3.4.59)
aku ak+m—1u
5;Eag=¢“ﬁ%-~’5ﬁ;;jbs=¢%tﬂpxGGS. (3.4.60)

Let f € C'(S) and f(x) # 0. Consider the volume potential V[ f](x) with density
f(x)

VI = —o- [ Ewere de,

n

where E(x,&) = (n —2)7'|¢é — x|>*™ (n > 2) is the elementary solution to the
Laplace equation, and w,, is the area of the unit sphere in R”. Let us denote V,,[ ] =

V[...V[f]]. Itis known that f € C1(S) = V[f] € C'(S) N C?(S) and AV[f] = f
——

m
in S [28], and therefore V,,[ f] € C'(S) and A™V,,[f] = f. Let us assume that a
solution u(x) to the problem (3.4.59)-(3.4.60) exists. Let us represent this solution
as the sum u(x) = V,,[ f] + w(x). Then we have

A"u(x) — f = AV, [F] + A"w(x) — f = A"w(x)
and therefore with respect to w(x) we obtain the following problem

AN"w =0, xE€S;
akw N 8k+1w 8k+m—1w

= 1, T~ 1.1 = ~27 MR ) N . 1
¢ Ovk+l las 4 ovk+tm=1|ag

ovklas = $m
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where ,
N (9k+l_1
@i(s) = ¢i(s) - va [f1,

fori =1 ..., m. The solvability conditions for the resulting problem N for a homo-
geneous equation, according to Theorem 3.15, for [ < k have the form

0= / H;(x) (pim_/l)@é,ﬁl(s) +...+ pinm_j{l)@m—(m(s)) dsy
9s

= / Hi(0) (" 5,001 (5) + o+ P, (5)) sy
oS

. 8"*‘54Vm e am+k—1—a'/lvm
_/E)SHI(X)(pi ) Lf] D [f])dsx

avk_|_6/1 ... m—A avm+k—1—0',1

where 1o < A <min{k —[,m} — 1 and

ak+i—1Vm [f]
avk+i—1

0= /a HIW03(5) ds, = /8 HiW(5) ds, - /a Hi() s,

for i such that max{2m + [ — k,0} + 1 <i < m.

Due to the properties of the operator A, the equality % = Allly is true on 4S and
taking into account (3.4.38), the conditions obtained above for 1o = [(k —[)/2] <
A <min{k — [,m} — 1 can be rewritten in the form

/ H(x) (pgm_ﬂ)sozhz-mz(s) +..+ p;ni;ﬂ)90m+l+/l—k+1(s)) dsy
N
- / H(x) (pgm-%mw +o+ pﬁn’ﬁ;ﬂ)/\[“m*”)vm [£] dse, (3.4.61)
as
and if kK > m + [, then to these conditions we add conditions of the form

/ Hi(x)g;i(s) dsy = / H(x)AM =y, [ £] ds,, (3.4.62)
oS oS

where max{2m + [ — k,0} + 1 <i < m. If we consider the mapping ® from (3.4.12)

and the polynomial
m—A

tl+2/le_/1(t) — Z p;m—/l)ti+l+2/l,
i=1

(1)

N then the condi-

which, as shown above (see, for example, (3.4.43)), belongs to L
tion (3.4.61) can be rewritten in the form
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/6 Hi@) (P 05.1(5) + -+ P pr, () s,

= [ H@OL Py DNV LS s (463)
as
Therefore, it is appropriate to introduce the following functional

L(f) = /6 HIWOIN P ()]l ] ds.

which is obviously linear in f.

Lemma 3.31. Let 0 <A <m—1and!l € Ny, then
Q[P a ()] = (¢, -1t =1 = 1,-2)4(t = 1, =2)m, (3.4.64)

where the mapping ® is defined in (3.4.12), and (a, b),, is the generalized Pochham-
mer symbol.

Proof. Let us first prove the equality
D[P, a(1)]
t—1,-2 t,—2 , | € 2Ny,
_ Jax(1/21 (5 =2)m+[172] O (3469
(t, =2)asq1y2041(t = 1, =2)pipiya, 1 €2Np + 1
Suppose [ = 0. Let us carry out induction on A. For A = 0, according to (3.4.29) we

have ®[P,,(t)] = (t,-2),,. Assuming that (3.4.65) is true for 0 < 1 < m — 1, using
(3.4.25) and (3.4.29) we find

O[2*2P,_as1(1)] = @[ P a1 () + (2m = 24 = )PP, _a(1)]
= O Ppa1_a (D] + (2m =24 = D[t Py (1)] = (1 = 1,-2)2(t, =21
+(2m =20 = 1)t = 1,-2)4(t, =2)m = (£ = 1, =2)1(t, =2 (t — 2m + 2m — 24 — 1)
=(—-1,-2)(t=-1=-20)(t,-2) = (t = 1,-2)141(t, =2) 1.

The induction step is proved, and with it the case [ = 0. Let/ = 1. We use induction
on A again. For A = 0, according to (3.4.25), we have

®[1P,(1)] = ®[2P) (] = ®[P) ()] + @m + D[P (1)]
=(t—1,-pme1 + Cm+ 1) (1 - 1,-2),,
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=(t-1,-2),(t—1-2m+2m+1)=t(t - 1,-2),

which coincides with (3.4.65) for / = 1 and A1 = 0. Assuming that (3.4.65) is true for
0 <A <m-—1,using (3.4.25) we find

Ot 2P, 1 ()] = @[ PPy (1) + (2m = 24 = D' AP,y (1)]
= O[1" Py (D] + (2m = 20 = DO[** Py (1)]
= (6,241t =1, -2)pp1 + Cm =22 = 1) (1, -2) 441 (t = 1, -2),,
=(t, -2t -1,-2),(t —1-2m+2m—-21-1)
= (1,21t = 1,-2)(t =22 = 2) = (1, 2) ps2(t = 1, =2) ..
Letnow [ = 2I’, I’ € Ny. Then it is not difficult to obtain (3.4.65) in the even case

D[Py ()] = P[Py acr (O] = (£ = 1, =2)aarr (£, =D

Similarly, for [ = 21" + 1 we have (3.4.65) in the odd case
O Py (1)) = R Py a(D] = (1,2 asr i1 (1 = 1, =)

The equality (3.4.65) is proved. Let us transform it. It is easy to see that (3.4.65)
can be rewritten in the same form

D[Py a (D] = (1 = 1+ 61, =2) 111172146, (t = 01, =2)ms(1/2] =
= (t=1+01,-2)111/2146,(t =01, =2) (12 (t = 1, =2) s,
where 6; = 0 if [ is even and 8; = 1 if [ is odd. Now let us prove that
Apa= (=140, -2) 012040, =01, -2)12 = (t,=1)i(t =1 = 1,-2),,

and therefote, taking into account the previous equality, (3.4.64) will be proved. In-
deed, if [ = 20, then

AL/{ = (t - 1, —2),14_1/([, —2)11 = (t -1- 21’, —2),1(l — 1, —2)l/(t, —2)1/
= (ZL -1 - 17 _2)1(1‘7 _1)21' = (ts _1)l(t -1- 1’ _2)/17
and if [ = 2/’ + 1, then
A= (t=2asra1(t = 1,-2)p = (t = 2" = 2, -2),(t, 2)p41 (t = 1,=2)p
= (t - l - 17_2)/1(t’ _1)2l'+1 = (t’ _l)l(t - l - 1, _2)/1

The lemma is proved. O
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Using Lemma 3.31 the functional /,( f) can be rewritten as

L(f) = /a HIOSL) A= 1=2),V, L] dss (3.4.66)

where
Sia(t) = (5, =1)(t =1-1,-2),, (3.4.67)

and the condition (3.4.63), in this case, takes the form
/6 Hi@) (P 05.1(5) + -+ P fr () s,
= [ IS =12,V dss. (3468)
S

This condition is valid when Ag = [(k —[)/2] <A <m — 1.
Remark 3.20. Let k > m + [. In this case, in the orthogonality conditions (3.4.62) the
polynomial #!%+~11 arises, where i = max{2m — k + 1,0} + 1, ..., m. Then since
(U = (1, =D gimr = (=1 (E = 1= 1,=2),
X (t=1=2m,=1)i_i—@mt+)(t =1, =2)m = S 4 (D = 1, =2)
where a notation is used
S ka1 (1) = Spm () (t =1 = 2m, =1)i-1—2m—k+1)»

then the orthogonality conditions (3.4.62) can be written in the form

[ Hies) ds,
EN
= [ HIOS s A= L2V [ dsry G469)
S
fori = max{2m — k + [,0} + 1, ..., m. From the equalities above it is clear that
, (¢, = 1D)irk-1
S’ )= —— " 3.4.70
l+k—m—1( ) (t _ l, _2)m ( )

Thus the statement is proved.

Theorem 3.20. Let the functions f(x) and ¢;(s) fori = 1,2, ...,m be such that the
solution u(x) to the problem Ny for the equation (3.4.59) exists and u € C**™1(3).
Then, for any | € Ny such that | < k the orthogonality conditions (3.4.68) must
be satisfied when 1y = [(k —1)/2] < A < m — 1 and conditions (3.4.69) fori =
max{2m -k + 1,0} +1,...,m.
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3.4.7 Polynomial right-hand side of the equation

Let the function f(x) in the equation (3.4.59) be a polynomial. According to the
Almansi formula, the polynomial f(x) can always be written in the form

F@) = xH (x), (3.4.71)

where H S(r) (x) are homogeneous harmonic polynomials of degree s. As such poly-
nomials, we can take polynomials from the orthogonal system of harmonic polyno-
mials from Definition 1.5. To calculate the potential V[ f](x) we use Theorem 3.9 on
page 195

|x|2r+2HS(r) x Hﬁr) x
() —Z o *) (3.4.72)
r,s r

V[f](x)=;(2r+2)(2r+2s+n) 2)(2s +n-2)

Based on this equality, we prove the following statement.

Theorem 3.21. If the polynomial f(x) is written in the form (3.4.71) and [ (k—1) /2] +
1 < m, then the functional 1,( f) has the form

Sl,l(2r +2m + l) (r)
I = - H,,H 4.7

where [(k —1)/2] <A <m—1and (H;, Hy) = fas H;(x)Hg(x) dsy.

Proof. Letus first assume that f(x) is a polynomial of a special form f(x) = H, ;(x) =
Ix|>"H §r) (x), where H S(r) (x) is a homogeneous harmonic polynomial of degree s.
From the equality (3.4.72) it follows that for H, ;(x) = |x|* H s(r) (x) the equality holds

|x|2r+2mH§r) (X)

2y 7(7)
) m- H; , (34.74
2r +2,2),(2r +2s + n,2),, + Qm-1(x[) (x), ( )

where Q,,_1(|x|?) is some polynomial of degree m — 1 in |x|?, the specific form of
which does not matter. To shorten the entries, let us denote R(#) = S;1(¢)(t =1, =2),.
Suppose @ € R. Since for the operator A the following equalities are true

(A=) (Qmr (XPYHT (0)) = H (X) (A = @) Qi (1117
+ Q1 (XPAHT (x) = (A = @) Qo1 (Ix2) + 5011 (Ix1P) HY (x)
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= H () (A +5 = @) Q-1 (]x]?),

and R(¢) is a product of prime factors, then
m—1
R(A) Q1 (K () = Sia(A) | (A =1=20)(Qur (K H ()
i=0

p—1
= SLA(WH () | [(A=1+5=200m-1(1x)
=0
= SiA(NH () (A =1+ 5, -2)nOm-1(Ix]?) = H (x)S1(A + 5)
X (A+5=1,-2)Om-1(Ix?) = H” () R(A + ) Qo1 (x])
and similarly

|x|2r+2mH(7) (x)
K
2r +2,2),(2r +2s + n,2),,

= H" (x)

R(A)

R(2r +2m +s) 2
2r+2,2),(2r +2s + n,2),,

Therefore, using (3.4.74), we have

R(2r 4+ 2m + s) |2
2r +2,2),(2r +2s + n,2),,
+ H DR +5) Qo1 (1x).

R(A)VulH, ] = H" (x)

Therefore, using (3.4.74), we have

R(2r +2m + s)
2r+2,2)u(2r +2s +n,2),,

+R(A+s)Qm_1(|x|2)||x|:1) /a SHl(x)Hs(V)(x) dsy. (3.4.75)

I (H, ) = (

Hence, for s # [, due to the orthogonality of harmonic polynomials of various
degrees on 0§, we obtain I,(H,)(x) = 0. If s = [, then consider the polyno-
mial R(A + 5)Qm—1(|x|?). Let the monomial ¢;|x|%, 0 < i < m — 1 be included
in Q,,_1(|x|?). In accordance with the definition R(¢) = S;1(¢)(t — I, -2),, we have

R(A + 5)g;|x|* = qiSiA(A+s)(A+ 5 -1, —2) x|
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= qiSi (A + D (A, =2)lx|* = qiS1,0(2i + 1)(26, =2)m|x[* = 0,
since 0 < i < m — 1. Therefore, R(A + 5)Q,,—1(|x|?) = 0, and therefore from (3.4.75)
with s = [, similarly to the previous equality, we find

SiaQ2r +2m +1)(2r + 2m, -2),,

L(H, ) =
ACHr) (2r +2,2) (2r + 21 +11,2),

[ mton @ s,
oS

_ 851.aQ2r +2m +1)

(r)
_ H,H").
(2r+21+n,2)m( L H)

Since the polynomial f(x) from (3.4.71) is the sum of polynomials of the form
|x|?" H(x) and the functional I,( f) is linear, then summing the functionals I, (H, )
by r and s, we get (3.4.73). The theorem is proved. O

Based on this theorem, we establish the necessary conditions for the existence of a
solution to the Neumann problems N} for the inhomogeneous polyharmonic equation
with a polynomial right-hand side.

Theorem 3.22. Let f(x) be a polynomial and functions ¢;(s) fori = 1,2,...,m
such that the solution u(x) to the problem Ny for the equation (3.4.59) exists and
u € CKm=1(8). Then, for any | € Ny such that | < k the following orthogonality
conditions must be satisfied

[ (P 501 o4 D () s,
oS

(1 _ |x|2)m—1
_ /S Gy HIOSLA(A +2m) £ () ds,

A=2A,...,min{k —I,m} -1, (3.4.76)

(1- )" ,
/as Hi(x)pils) dss = L (2m —2)!! Hi(x)S; ey (M) f (x) dx,

i=max{2m +[1—-k,0} +1,...,m,
where pl.(j) are taken from the triangle P (3.4.27), Ao = [(k—=1)/2], 6, = 24—k +1+1,
oy=k—-1-A1-1and
Sia(t) = (@, =)t =1-1,-2)0,  Si_ 1 (®) = (&, =Dgaic1 /(1 = 1, =2) .
The number of conditions (3.4.76) for | < k is equal to

N [(k+1)/2][(k +2)/2], k <2m,
k= Npx=m(k —m+1), k>2m
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Proof. Let u € C**"~1(§). We represent the polynomial f(x) in the form (3.4.71).
Consider the case 1o = [(k—1)/2] < m—1. By virtue of Theorem 3.15, the necessary
conditions for the solvability of the problem N have the form (3.4.68). By Theorem
3.21 the functional 7, ( f) can be transformed to the form (3.4.73)

br (")
L(f) = H,H
A(f) Z(2r+21+n,2)m( L H),

where for brevity we denote b, = S;2(2r +2m +1). By Lemma 3.19 on page 198 we
have

1 ~ 1 -1 (—1)!
(2r+2l+n,2)m_(2m—2)!!i:0 i J2r+20+n+20

which means, using the orthogonality on dS of harmonic polynomials of various
degrees, it is easy to obtain

1(f>—ZLr§ moN__ GOy gy
YT Liam-yn &\ i Jor+20+n+2 b

_Z(2m 2)”/ /| 1 ZZHZ(X)H()(x)Z( pz)( )dsx

n 1 2r (r) 2\ym—1
E H, H 1 - Y

(1 - |X| ) 2r r7(r)
= Hl(x) SiaQ2r +2m + 1) |x|”" Hy' ' (x) dx
Akl (2m —2)!! Z !

(1 _ |X|2)m_1 2r py(r)
B nl<t (2m = 2)!! Hi(x)S1.4(A + 2m) Z |x|“"Hg ’ (x) dx

(1 _ |x|2)m—1
=A|<1 @m ) Hi(x)Si (A +2m) f(x) dx.

Substituting the value of the resulting functional /,( f) into the right side of the
equality (3.4.68) we have the first equality from (3.4.76)

[ (P o119 ot DT () s,
oS

_/(1_|x|2)m_H Sia(A+2m) f(x) d
= | Tam o 1(X)S1A(A +2m) f(x) dx,
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where A = Ao, ...,min{k —[,m} — 1 and S; 1(¢) is defined in (3.4.67).

Further, for k > m, according to Remark 3.19, orthogonality conditions arise
(3.4.69)

[ e dse = [ HI0S,0 (A =L -2, Va1 dss
as as

where i = max{2m—k+1,0}+1,...,mand S’ , () isdefinedin (3.4.70). Oper-
ating with the integral on the right similarly to the previous case with the replacement
of the polynomial S, ,(¢) by the polynomial S’ (¢) (when calculating the spe-
cific form of S; ,(¢) is not used anywhere) we get

/ HY () pi(s) dss = / HY(x)S) (A +2m) £ (x) d,
oS S

where i = max{2m — k +[,0} + 1,...,m.

The total number of orthogonality conditions for a given k (see Theorem 3.15 on
page 231) is equal to

k-1 k-1 k
Nk = ) Nk = D min{[(k =1+ 1)/2],m} = ) min{[( + 1)/2], m},
=0 [=0 =1

where the equality k — [ — 1g = [(k — [ + 1)/2] and the change of summation index
k —1 — [ are used. If k < 2m, then we have

k
Nk = Y LA+ 1)/21 =1+ 14+ [(k+1)/2] = [(k+ 1)/2][(k +2)/2].
=1

Indeed, for k = 2k’ we obtain N,y = 1+ 1+ ...+ k" +k = K(k'+1) =
[(k+1)/2][(k +2)/2],and for k =2k"+ I we find N,y = 1+ 1+... + k' + k' +
(kK"+1) =((k"+ 1D)(k"+1) = [(k+1)/2][(k +2)/2]. If kK > 2m, then we have
Nk = Npom + m(k —2m) = m(k —m + 1). The theorem is proved. O

Remark 3.21. The solvability conditions for the problem N} for the inhomogeneous
equation (3.4.59) from Theorem 3.20 can probably be written in a simpler form
(3.4.76). This assumption is based on the results of Sections 3.3.1 and 3.3.3, where a
similar transition is made for the problem N;: from polynomials (Theorem 3.10) to
a general function (Theorem 3.11).
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Example 3.10. Let us consider the problem A3 studied in Example 3.9, but for an
inhomogeneous 7-harmonic equation with a polynomial right-hand side
Au = f(x), xeS;
&u 0*u 8%u (3.4.77)

Gvilas = #10 Gtlas = $20k e Giglyg = 10 5 € 05

Obviously, m = 7, k = 3 and [ = 0,1,2. Let us use the results of calculations
from Example 3.9 taking into account Remark 3.17. The number of conditions is
N73=[(3+1)/2][(3+2)/2] =4.

For /[ = 0 we have 19 = 1 and N730 = 2 conditions for I < A4 < 2, where
o +1=21-1,m—-o0y =5+ 4, S()J(l‘) =(t,-1)o(t—-1,-2); =t -1, 5072(2‘) =
(t—=1,-2) = (t - 1)(t-3)

1 - [x]})°
/6 (P71 4w pPe()) ds = /S %(A +13)f(x) dx,

1= [x|?)°
/as (P§5)g03(s) +... +P§5)907(s)) ds, = /S(l%l)
X(A +13)(A + 11) f(x) dx.

For [ = 1 we have 19 = 1 and N73; = 1 conditions for 1 < A4 < 1, where
o +1 =21, m—-o0,=6+4, Sl,l(l‘) =(t,-1)1(t=2,-2); =t(t -2)

[ @ (per) .ok pVr() ds,
S

(1-P)°
_ /STﬂz(x)(A £ 14)(A + 13) £ (x) dx.

For [ = 2 we obtain 49 = 0 and N73, = 1 conditions for 0 < 4 < 0, where
Oa+1=21+1,m—-0oy =T+, S20(t) =(t,=1)2(t =2,-2)g =1(t - 1)

[ i)+ o r(9)) s

(1= IxP)°
= /THZ(X) (A + 14) (A + 13)f(X) dx.
S .

Since k = 3 < 7 = m, then by virtue of Theorem 3.19 for the solvability of the
problem (3.4.77) the conditions written above are necessary and sufficient solvability
conditions.
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3.5 Generalized Dirichlet-Riquier problem
for the biharmonic equation

Steady-state processes of various physical natures are described by elliptic-type equa-
tions. One of the important special cases of fourth-order elliptic equations is the
biharmonic equation A%u(x) = f(x). Solving plane deformation problems in elastic-
ity theory in many cases comes down to integrating the biharmonic equation under
appropriate boundary conditions.

In addition, many problems in continuum mechanics are reduced to solving har-
monic and biharmonic equations, but convenient analytical expressions for solutions
have been obtained only for some domains of a particular type. Numerous scientific
studies have been devoted to the application of biharmonic problems in mechanics
and physics (see [7,8,31,43-45, 138]).

Various applications of boundary value problems for the biharmonic equation in
mechanics and physics stimulate the study of various formulations of boundary value
problems for the biharmonic equation. One of the first important works on bihar-
monic equations is Almansi’s paper [5]. In this work, Almansi proved his remark-
able representation for polyharmonic functions (see also [162]). Following this work,
great interest arose in the study of boundary value problems for the biharmonic equa-
tion (see [55, 141, 144,192]). In [71] the Almansi representation is extended to ana-
lytic functions.

For the biharmonic equation, the Dirichlet problem is well known. Recently, other
types of boundary value problems for the biharmonic equation have begun to be ac-
tively studied, such as the Navier problem, the Neumann problem, the Robin prob-
lem [49], etc. In spectral theory, the Steklov spectral problem [48] is relevant. The
conditions for the solvability of these problems are studied in the classical theory of
boundary value problems for elliptic equations and systems of equations satisfying
the so-called complementarity condition. It has been established that all problems
of this type are Fredholm and therefore their solvability for homogeneous boundary
conditions is guaranteed by the orthogonality of the right-hand sides to all solutions
of the homogeneous adjoint equation. In each specific case, it is possible to obtain
more detailed results.

This section is organized as follows. In Section 3.5.1 for the biharmonic equation in
the unit ball, a boundary value problem with boundary conditions of the general form
(3.5.1)-(3.5.2) is formulated, which we call the Dirichlet-Riquier problem. Special
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cases of the problem under consideration are the classical Dirichlet, Navier, Robin
problems listed above, the Steklov spectral problem (see Section 3.5.4), as well as
many other boundary value problems generated by these boundary conditions. The-
orem 3.23 from Section 3.5.1 formulates conditions for the uniqueness of a solution
to the problem under study. Then, in Theorem 3.24, conditions for the unconditional
solvability of the problem for the homogeneous biharmonic equation are found, which
coincided with the uniqueness conditions from Theorem 3.23. Theorem 3.25 of Sec-
tion 3.5.3 considers the case when the conditions of Theorem 3.24 are not satisfied,
but a solution to the problem under consideration still exists. Finally, Section 3.5.4
considers some special cases of the general problem. The main results of Section 3.5
are published in papers [92,93,96,97, 102].

3.5.1 Statement of the problem

Let S = {x € R" : |x|] < 1} be the unit ball in R"”, and 9§ = {x € R" : |x| = 1}
be the unit sphere. In S we consider the following boundary value problem for the
biharmonic equation

A’u = f(x), xe€S, (3.5.1)
0
agol + agp—u + aogAuL%, = pi(s), se€8s,
v (3.5.2)
0 0 o
allau + apAu + aBEAuL?S = py(s), se€ds,

0
where — is the outer normal derivative to dS, the coeflicients ag; and ay; for j =

1,2,3 arg real and constant, and f(x), ¢1(x), ¢2(x) are given functions, the smooth-
ness of which will be indicated below. The solution to the problem (3.5.1)-(3.5.2) is
the function u(x) from the class u € C* (S) N C3(S), satisfying the equation (3.5.1)
in S and the conditions (3.5.2) on dS.

The problem (3.5.1)-(3.5.2) generalizes the well-known Dirichlet problem (agg #
0, a11 # 0, and all other coefficients are zero), the Navier problem from Section 1.2
(app # 0, a12 # 0, and all other coefficients are zero), but does not generalize the
Neumann problem from Section 3.3

Alu(x) = f(x), x€S,

ou 0%u
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Let apo # 0, a;p > 0, a;; < 0, and all other coefficients be zero. Then the
conditions (3.5.2) coincide with the conditions of the Steklov problem from the work
[48].

The paper [131] considered an extended version of the problem (3.5.1)-(3.5.2).
Instead of boundary conditions (3.5.2), conditions of the form are taken there

0 0
apgou + apgr—u + agpAu + a03—AI/t’ =pi(s), se€ds,
(91/ (91/ a8 (3 5 3)
0 0 e
ajou + augu + appAu + aBEAuL‘S = y(s), s€08S,

which can easily be reduced to (3.5.2). In [131] a special case of uniqueness condi-
tions is obtained, namely: if

apo daol +naop2

b

aip ai +naop

then u = const is not a solution to the homogeneous problem (3.5.1)-(3.5.3). In
this section, we establish a criterion for the existence of a solution to the problem
(3.5.1)-(3.5.2) in the general case.

Note that for different values of the coeflicients ag; and a;; and j = 1,2,3 the
problem (3.5.1)-(3.5.2) coincides with problems considered in [36,43,48,49,54,131].
In [27,171] the existence of a solution to the Neumann problem and other boundary
value problems for the biharmonic and harmonic equation with fractional operators
in boundary conditions is investigated.

Theorem 3.23. The solution to the problem (3.5.1)-(3.5.2) is unique if and only if the
following polynomial

aopo + a01/l 2a01 + (271 + 4/1)(102

A(/l) - Adaiq 2a11 + (271 + 4/1)6112 + /1(211 + 4/1)6113

has no roots in Ny = N U {0}. If A(m) = 0, m € Ny, then the homogeneous problem
(3.5.1)-(3.5.2) has a solution

u(@) = (G +C1 = C) Hu (),

where H,,(x) is an arbitrary homogeneous harmonic polynomial of degree m, and
the constants Cy and Cy are found from the system algebraic equations

(3.5.4)

aopg + maoy 2a01 + (2n + 4m)a02 Cq 0
map 2a11 + 2n+4m)an + m(2n + 4m)az) \C2|
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Proof. Let us prove that the homogeneous problem (3.5.1)-(3.5.2)
ANu=0, xeS, (3.5.5)

0
aogoit + agi—u + apAu =0, s€IS,
5 v ; (3.5.6)
ajyl—u+apAu+aiz—Au=0, s€9S
ov ov

has only a zero solution when the polynomial A(A) has no roots in Ny. It is known
that every biharmonic function in S is such that u(x) € C2(S) can be expanded into
a power series (see Theorem 1.8 on page 50 and Lemma 3.32 below), and therefore
the solution to the problem (3.5.5)-(3.5.6) can be written in the form

hn

u(x) = uo(x) + [xPvo(x) = i Dl + Pl ) HED (0, (3.5.7)

m=0 i=1

where x € S, h,, = %(’"2’53), and {H,g?(x),m € No,i = 1, hi} is a complete

system of harmonic polynomials orthogonal on 9§ from the definition refd31d0. The
series (3.5.7) converges uniformly for |x| < & < 1. Let us look at the operators
Ly =apy+apA+apA, Ly=aA+apA+aiAA,

where asusual A = 37, xi%. Since we assume that u € C3(S), then from properties
of the operator A it follows that

0
Liu(x) = apou + ama—u +apAu=0
s€ds Y (3.5.8)

0 0
Lou(x) =2 ajj—u+apAu+aiz—Au =0,
s€ds ov ov

for x — s € 0S. Calculations show (see below) that
L (uf) + W2V ) HAD ()
= ( )(aoo + magy) +v )(aoo + (m+2)ag + 2n + 4m)a02))H( )(x)
and
Lo (uf) + 1Pl ) HSY ()

(u,(n)mau + vm)((m +2)ai + 2n+4m)ar + m(2n + 4m)a13))H( )(x)
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and therefore, for a fixed j = 1,2, the polynomials L (u,g? + |x|2v,(7?)H,gf) (x) are
orthogonal on the sphere {x : |x| = & < 1} to the polynomials H ng) (x) for (m,i) #
(p, k) since such is the system of harmonic polynomials H,Sf) (x).

Let for some m € Ny andi = 1, h,, or u,(qi) # 0, or vf,? # 0 in the expansion (3.5.7).

Then, due to the uniform convergence of the series from (3.5.7) for |x| < € < 1 and
the orthogonality of the polynomials, we have

o hp
' ' k k
H,g;)(x)Lju(x)dsx = H,(,;)(x)Lj Z Z (ué ) 4 |x|2v§, ))
|x|=¢ |x|=¢ p=0 k=1
x H) (x)dsy = H,S?(x)Lj( O 4 1x[2v <l>) HY (x)ds,.
lx|=€

Letting € — 1 in the resulting equality and using (3.5.8) we obtain for j = 1,2

HE )Ly (1) + ePvi?) LD (o), = 0. (359
|x|=1

Let us prove the calculations written above for the integrand expression. To do
this, note that the equality A(uw) = wAu + uAw is true and

A(Jx*Pp(x)) = 20P (x) + 4mPpy(x) = (20 + 4m) Py (x).
Then on the unit sphere dS we have the equalities
L1( W+ x|y (Z))H,Sf)(x) = (aoo + a1 A + aozA)( W 4 x| (Z))ngf)(x)

= (aoo(um + |x|?v (’))H( )(x) + ao (2|x|2vm + mu,(n) + m|x|2v,(q?)
+ aozvm)(Zn + 4m))H(l)(x) ( )(6100 + mag) + v )(Cloo
+ (m+2)ag; + 2n + 4m)a02))H,$i) (x)
and
L, ( (0 4 x|y (l))H(l)(x) (anA+apA+ algAA)( + |x|?v (Z))
X H,(,i) (x) = (an (mu + (m +2)|x|?v (l))H,gf) (x) + alzv,(é)(Zn + 4m)

+ algvm m(2n + 4m))H(l)(x) (u,(n)mall + vm)((m +2)ai + 2n+4m)ai;
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+m(2n + 4m)a13))H,§f) (x).

Therefore (3.5.9) can be rewritten in the form

(u’(??(aoo + mam) + V}(q? (aOO + (m + 2)a01 + (271 + 477’l)6102))

><||H,§? (x)“iz(aS) =0,

(us?mary + v (Om + 2)ans + 20+ 4m)ars +m(2n +4m)ars))
(i) 2 =
M| Ol as) = O

Since ||H,(,? (x)||%2(as) # 0, then we get

) (ago + maoy) + vy, (aoo + (m +2)ay + (2n +4m)agy) = 0,
uy'mayy + vy ((m+2)ary + (2n +4m)ay + m(2n + 4m)ays) = 0,

or in the matrix form
(a()() + maop aogo + (m + 2)61()1 + (2n + 4m)a02 ) (u,(,?

maj (m+2)a;; + 2n+4m)an + m(2n + 4m)a;3 ) =0. (3.5.10)

o
Let us calculate the determinant A of this system of equations

aogo + maopg aogo + (m + 2)a01 + (2n + 4m)a02

A= maiq (m+2)ay + 2n+4m)a; + m(2n +4m)a;s

If we subtract the first from the second column and use the assumptions of the
theorem, we get

aopgo + maopi 2a01 + (2n + 4m)a02

A=
mai 2a11 + 2n+4m)a; + m(2n + 4m)aq3

= A(m) # 0.

(i)
Therefore, the system (3.5.10) has only the zero solution (”’" ) = 0. This contra-

piD
dicts the assumption that either u,(é) # 0 or v,(A,? # 0. Thus, the problem (3.5.5)-(3.5.6)
has only a zero solution.

If for some m € Ny the equality A(m) = 0 holds, then the system of algebraic

Ci

equations (3.5.4) has a non-zero solution ( C
2

) # 0, which means

aopo + maop aopo + (m + 2)6[01 + (2n + 4m)a02 C -G —0
mai (m+2)ay + 2n+4m)a; + m(2n + 4m)a;; Cs e
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Therefore, on the unit sphere 95 the following equalities are true
L (C1 — G+ |x|2C2) H, (x)=0, L (cl — G+ |x|2C2) H,(x) =0
and therefore the biharmonic polynomial
u(x) = CiHpy (x) + Co(|x]* = 1) Hp (x)

is a solution to the homogeneous problem (3.5.5)-(3.5.6). The theorem is proved. O

3.5.2 Unconditional existence of a solution

Let us prove one auxiliary statement in which the harmonic functions from the Al-
mansi representation are explicitly defined.

Lemma 3.32. Let the function u(x) be biharmonic in the star like domain D, then
the Almansi representation is valid for it

u(x) = uo(x) + |x]%u1(x), xe€D, (3.5.11)
where uy(x) and uy(x) are functions harmonic in D, defined by the equalities

2 1 1 1
uo(x) = u(x) — %/ " Au(x) de,  uy(x) = 5/ " Au(t*x) dt. (3.5.12)
0 0

Proof. It is easy to see that since the domain D is star like, the functions u(x) and
u1(x), defined by the equalities (3.5.12) are defined in D, and the representation
(3.5.11) is correct. Let us prove that the functions ug(x) and u;(x) from (3.5.12)
are harmonic in D. It is obvious that the function u(x) is harmonic in D if the func-
tion u(x) is biharmonic in D. Further, since the equality A(|x|?v(x)) = (2n+4A)v(x)
is true for the harmonic function v(x), and also for the differentiable function w(x)
the chain of equalities holds

v 1
(2n + 4A)§/ " w(x)dt = n/ " w(¢*x)dt
0 0

1 n 1 1
+2/ t””Zx,-wxi(tz) dt:n/ t”_lw(tzx)dt+/ "w, (¢*x) dt
0 0

i=1 0
1 1
= n/ " (x)dr + t”w(tzx)|(l) - n/ " (e2x)dt =w(x),
0 0
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then the equalities are valid

1
Auo(x) = Au(x) — %A (|x|2/O t"_lAu(tzx)dt)

1
= Au(x) — 2n + 4A)% / " Au(?x)dt = Au(x) — Au(x) = 0.
0

Therefore the function ug(x) is harmonic in D. The lemma is proved. O

Let us prove the first existence theorem. Let € > 0 be small.

Theorem 3.24. Solution of the boundary value problem
ANu=0, xeS, (3.5.13)

0
agol + ag;—u + aozAu‘ = pi(s), x €08,
v o (3.5.14)

0 0
allEu + appAu + aBEAuL?S =py(s), x€as

from the class u € C3(S) for arbitrary functions ¢; € C*¢(3S) and ¢, € C'*4(9S)
exists if and only if the next third degree polynomial

A(Q) = apo(ary + apnpn) +2(2appaiz — agpan + apgraan + agpazn)d+

2 3
+ (2ap1a12 — 2amay; + 2appa13 + apgrazn)d” + 2ap1a134
has no roots in Nj.

Proof. Consider functions v{(x) and v, (x) harmonic in S such that for them v (x)|gs =
w1(s) and vy (x)|gs = ¢a(s),i.e. vi(x) and v,(x) are solutions to the corresponding

Dirichlet problems in S. By Lemma 3.32, the biharmonic function u(x) satisfies the

equality (3.5.11). Let us indicate the functions u(x) and u;(x) for which the bihar-

monic function u(x) = uo(x)+|x|>u; (x) is a solution to the problem (3.5.13)-(3.5.14).

Consider the operators L and L,

L, = a00+a01A+a02A, Ly = a11A+a12A+a13AA.
Then, due to the fact that A (|x|?v(x)) = (21 + 4A)v(x) we have the equalities

Liu =1L, (uo(x) + |x|2u1(x)) = agou + apgiAu + ap(2n + 4A)u;,
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Lou =L, (uo(x) + |x|2u1(x)) =anAu+apn+4MNu; + azAQ2n + 4A)u;.

Passing here to the limit at x — s € 45§, as in Theorem 3.23, we obtain

aoo(ug +ur) +aor (Aug + (A +2)uy) +app(2n +4A)uy = ¢1(s), (35.15)
ai (Auo + (A + 2)141) + a12(2n + 4A)u1 + a13A(2n + 4A)M1 = (,02(.8‘). o

From the uniqueness of the solution to the Dirichlet problem for the Laplace equa-
tion in S we conclude that the equalities (3.5.15) can be continued in S

aoo(uo +uy) + apr (Aug + (A+2)uy) +app(2n+4A) u; =vi(x),
ai (Auo + (A + 2)u1) + a12(2n + 4A)u1 + a13A(2n + 4A)u1 = Vz(x),

since by the property of the operator A the functions on the left in this equality are
harmonic in S. Let us rewrite the resulting equations in matrix form

aogo + a01A aogo + (A + 2)61()1 + (2n + 4/\)(1()2
Cl]lA (A + 2)6111 + (2n + 4A)a12 + A(2]’l + 4A)a13

uo\ _ (vi
X(u1)_(vQ)' (3.5.16)

Equation (3.5.16) is a system of differential equations in functions harmonic in
S. Let us show that the equation (3.5.16) is also satisfied in S. Since by condition
u(x) € C3(S), then by the equalities (3.5.12) we have uo(x), u;(x) € C'(S). Taking
into account that Au; = %Au — 5u; (see Lemma 3.32) we obtain Au;(x) € C 1(S).
Therefore, for uy(x) € C'(S) and Au;(x) € C'(S) equation (3.5.16) is satisfied in S.
So, from the above reasoning it follows that if the function u(x) = ug(x) + |x|%u; (x) €
C3 (E) is a solution to the problem (3.5.13)-(3.5.14), then the harmonic functions
uo(x) and u; (x) satisfy the equation (3.5.16) in S.

The converse is also true, i.e. if the harmonic functions ug(x) € C'(S) and u;(x) €
C'(S), Aui(x) € C'(S) satisfy the equation (3.5.16) in S, then they also satisfy the
equality (3.5.15), which means the function u(x) = ug(x) + |x|>u1(x) is a solution to
the problem (3.5.13)-(3.5.14). Since Au(x) = (2n + 4A)u;(x), then u(x) € C3(S).
So the problem (3.5.13)-(3.5.14) and the equation (3.5.16) in S are equivalent.

Consider the matrix

aogo + am/l aopo + (/1 + 2)6101 + (2]’1 + 4/1)6102

AD =100 A+ an + 2n+4)ap +A(2n + 40 ap)’
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depending on the parameter 4 € R. It is easy to see that det A(1) = A(A) and
degdet A(1) = 3. Therefore, under the conditions of the theorem, the matrix A(Q) is
nonsingular for A4 € Ny. The system (3.5.16) can be written in the form

AMNUKX) =V(x), x€8, (3.5.17)
where U(x) = (uo(x)) andV(x) = (v1 (x)). Let us factorize the polynomial det A (1)
w1 (x) va(x)
det A1) = A(1) = c(1 - 21)(A - 2) (1 - A3),
where A; € C are the roots of the polynomial A(4). Let us first assume that in the case

of complex roots A; = A, the harmonic function V(x) on the right does not contain
monomials of degree Re A in its expansion at the origin.

1) Let all roots A; of the polynomial A(A) be different. It is known that in this case

1 bl bz b3
= + + .
A~ A=2 A1-21 A-13

where b; € R. The matrix A~'(2), inverse of A(1), has the form

A7) = A (),

A(Q)
where
[(/1 + 2)(111 + (271 + 4/1)6112 [—a()o - (/l + 2)6101
A*(A) = +1(2n + 4)a3] —(2n+4A)ap]
—a11/1 aopo + am/l

Let us consider operators depending on the roots of 4; (see Section 1.1)

1
M;(A)v(x) = / = (1x) di (3.5.18)
0

fori = 1,2, 3. It is easy to see that for a differentiable function w(x)

1
(A = )M;(AM)w = (A - 24;) /O 4y (1x) dt

1 1 n 1
- —,1,-/ t_/l"_lw(tx)dt+/ i Zx,-wxi(tx)dt = —/ll-/ =Ny (1x) dt
0 0 0

i=1

X 1
+/ tw, (1x) dt—/li/ 4 w(tx) df"‘f_ﬂiw(tx)kl)
0 O
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1
+ /li/ = Y (tx) dr = t_’liw(tx)|(1) =w(x), (3.5.19)
0

if lir% t~Yw(tx) = 0. Since the equalities are true
—

Lo [P b b | BIAW) | bAGD) | bAW)
A=A A—-A4Ay A-A43 A - A=A A—A3
=cb1(A = 22) (A= A3) + cba(A = A1) (A = A3) + cb3(A = A1) (4 — Ap),

then for a function w € C2(S) such that lin(l) t~Yiw(tx) = 0 where i = 1,2,3 we have
t—

A(A) (DM (A) + baMa(A) + bsM3(A)) w = (cbi(A — 22) (A - 23)
+ CbQ(A - /11)([\ - /13) + Cb3(A - /11)(/\ - /12))W =1-w. (3.5.20)

Therefore, if the function V(x) satisfies the conditions lin& 1=V (tx) = 0 fori =
r—

1,2, 3, then the solution to the equation (3.5.17) can be written in the form

U(x) = A*(A) (b1M1 (A) + bQMQ(A) + b3M3(A)) V()C) (3.5.21)

Indeed, the function U(x) found from (3.5.21) by virtue of the equality (3.5.20)
satisfies the equation (3.5.17) in S

A(MU(x) = A(NA™(A) (biM1(A) + baMa(A) + b3M3(A)) V(x)
= A(A) (biM(A) + baMy(A) + bsM3(A)) V(x) = V(x).

2) Let two roots of the polynomial A(1) coincide A; = Ay, i.e. A(2) = c(d—11)*(A-
A3). It is known that in this case

1 bl bz b3
= + + :
A -4 A-2)> A1-43

and therefore the equalities hold

b b b biA(d)  bA(A
1= A [+ —— + — :1()+2()2
/l—/ll (/l—/il) /l_/l3 /l—/ll (/l—/ll)
b3A(A
N ; (ﬁ) = cb (A= 21) (A= 23) + cby(A = A3) + cb3(1 — 11)%. (3.5.22)
— A3
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Consider the operator
1
MP (A (x) = - /O Int 17 (1x) dt.

It is easy to see that if the function w(x) is differentiable, then the equalities hold
true

1
(A= A)MP (A)w = —(A - A;) / Int 1w (rx)dt
0

1 1 1
= /11/ lntt_“il_lw(tx)dt—/ Int rYw,(tx)dt = /11/ Ins =YY (ex)dr
0 0 0

1 1
—Int M w(tx)]) - 4 / Ins =M w(ex)de +/ Ny (ex)de
0 0
= My (A)w +1Int ™M w(tx)|y = Mi(A)w,

which means (A — 1;)’M 1(2)(A)w = wif lina Int t~w(tx) = 0. Since the equalities
—

(3.5.22) are true, then for a function w € C2(S) satisfying the condition lim In ¢ 71w (zx) =

t—0

0, we have
A(A) (b1M1 (A) + .M P (A) + b3M3(A)) w
- (cbl(A—/ll)(A — 13) + chy(A = A3) + cba(A —11)2) w=1-w.

So, if 11 = A, and the harmonic function V (x) satisfies the conditions lir% Int =MV (tx) =
t—

0 and lin(l) =BV (tx) = 0, then the solution to the equation (3.5.17) can be written in
—

the form

U(x) = A*(A) (blMl (A) + baM P (A) + b3M3(A)) V(x). (3.5.23)

3) Let the three roots of the polynomial A(1) be equal, i.e. A(1) = c¢(1—A;)>.
Consider the operator

1 1!
M1(3)(A)v(x) = E/ In?s =4y (1x) dt.
0

It is easy to see that if the function w(x) is differentiable, then for it the equalities
hold true
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1 1
(A= )MP (A)w = (A - )3 / In2t =1 (£x)dt
0

A [ 1!
— __1/ In2t t—/ll—lw(tx)dt + —/ In’t t_ﬂlwt(tx)dt
2 0 2 0

A [ 1
— _71 / In?¢ t"“_lw(tx)dt + Elnzt l‘_ﬂlw(fx)hl)
0

1 1 1
+71/ In’t t_/l‘_lw(tx)dt—/ Inz =M w(ex)dt
0 0

2 1 _ 2
=M (Mw + Elnzt i ()]) = M (A)w,

provided that lim In?s r~Y'w(¢x) = 0. By virtue of what is proved above, we have
t

-0
(A - /11)3M1(3) (A)w = w, and therefore in this case the solution to the equation
(3.5.17) can be written in the form

U(x) = %A*(A)MIB)(A)V(x). (3.5.24)

Now let us find out the conditions that need to be imposed on the function V(x)
so that we can use the equalities (3.5.21), (3.5.23) and (3.5.24). First, the limits
lir% t~4V (tx) = 0 must be valid for different roots, wherei = 1,2, 3, or lir% In¢ =V (tx) =
— 11—

0 (k = 1,2) in the case of multiple roots. Second, in order for the function U(x) to
have the smoothness necessary to satisfy the boundary conditions of the problem, it
is necessary that the operator A*(A) be applied to the function V(x) in S. Due to
the structure of the operator A*(A) this is possible if v; € C2(S) and v, € C!(S).
Such smoothness of the functions v{(x) and v, (x) is ensured if ¢; € C**¢(9S) and
@, € C1*2(9S), which are satisfied.

4) Let us return to the conditions

lim iV (x) =0, i=1,2,3, (3.5.25)
t—

which are actually imposed on the functions ¢; € C>*¢(9S) and ¢, € C*9(95S).
Note that due to the smoothness of the function V(x) and Re A; ¢ Ny the conditions
ling) t~4V(tx) = 0 and lin(l) In*r =%V (tx) = 0 are equivalent. If Red; < 0, then the
tto t—

conditions (3.5.25) are met. Otherwise, i.e. if for some i we have Re A; > 0, then the

conditions (3.5.25) may not be satisfied for some functions ¢; and ¢;.
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Let all roots A; be different. Let us slightly change the form of the solution (3.5.21)
in the case of Re A; > 0. First, note that if tlim t~Yiw(tx) = 0, then for the operator

—0

]\Z(A)v(x) = — /loot_ﬁi_lv(tx) dt,

for w(x) € C'(R"), equalities similar to (3.5.19) are true

(A - Ai)ﬁi(A)w = /li/ (1) dt - / t~Yiw, (1x) dt
1 1

:/1,-/ =y (1) dt——t_/l"w(tx)rl’o—/li/ =y (tx) dt
1 1

= —t"Mw (1) P = w(x).

For example, for || < Re A; we have

t|a|—/1,~ b a

_ X
1 || _/li’

M;(A)x® = —x® / o=l gy =y

1 =7 (3.5.26)

where x* = x{'...x;" and |@| = a1 + - - + @, i.e. the operator M;(A) is applicable

to the polynomial x®. Let us change the equality (3.5.21). We represent the function
V(x) in the form

Vix) = Z infj)H;(cj)(x) +(V(x)_ Z iV;fj)H;(f)(x))

k<Re; j=1 k<Re; j=1
= v (x) + V) (v),

where {H,S? (x),m € Ng, i = M} is a complete system of harmonic polynomials
from Definition 1.5 orthogonal on 9§, and V,Ej) are the coefficients of the expansion
of the function V(x) in this system. It is clear that for Re 4; < 0 we have Vl(i) (x) =0
and therefore Vz(i) (x) = V(x). Consider the expression

Ui(x) = b;A*(A) (AZ(A)Vf") (x) + My(A)V (x)) . (3.5.27)

Since Vl(i) (x) is a polynomial of degree ny < [Re 4;] and and by assumption ny #
Re A;, then for each polynomial Vlfj 'H IEJ ) (x) included in it, the inequality Re(k—A4;) <
Re 4; — Re A; = 0 holds true and therefore, by (3.5.26), we can apply the operator
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]\Z(A) to the polynomial Vl(i) (x). Since Re(—A4; + ng + 1) > 0, then |t"li Vz(i)(tx)| <
Cl¢|Ret#no*l — (0 at t+ — 0. This means that the operator M;(A) can be applied to
the function Vz(’) (x). So the expression (3.5.27) is legal.

Due to the properties of the operators M;(A) and M;(A) the equalities hold
AMNUI) = bAMA () (V] () + M (VS ()
= bAN) (A @) + M (VS ()
= chi(A = ) (A = 23) (Vl(i) (x) + V. (x)) = chi(A = ) (A = A3)V,
which means for the next function
U(x) =Ui(x) + Uy(x) + Us(x) (3.5.28)
the equalities are true
3
A(MU = ) ANUi(x) = (cbi(A = A2)(A = 3)

i=1
+ Cbz(A - /11)(1\ - /13) + Cbg(A - /11)(/\ - /12))‘/ =1-V=V.

This means that the function U (x) from (3.5.28) is a solution to the equation
(3.5.17) in S, and therefore the function u(x) = ug(x) + |x|?u;(x) is a solution to
the problem (3.5.13)-(3.5.14).

In the case of multiple roots 4; = A, > 0 (real roots), together with the operator
M (A) it is necessary to consider the operator

M (A (x) = /] Int 4 Vv (rx) dt,

for which, in the case of a differentiable function w(x) € C!'(R"), the equalities hold
true

(A—AI)MI(Z)(A)W:—AI/ lntt_/h_lw(tx)dt+/ Int ™ w,(tx)dt
1 1
=—/11/ lntt‘ﬂl‘lw(tx)dt+1ntt‘”‘1w(tx)|‘1’°+/11/ Inz =M w(rx)dt
1 1

) /oo t_/ll—lw(tx)dt — _t—/liw(tx)|‘1>° + ]\21 (AMw = ]\21 (AM)w(x)
1
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and that means (A — /11)2]\21(2) (A)w = w. For example, for |a| < 1] we have

MP (A)x® = x / Ingfo=t-1gp = 2 / Int drl*I=
I la| = A1 Jy
o= 0 417 @ 00 1 —~
el 07 / flal=ti=lgy = M (A)x®
la| =41 |} el =41y la| - 4,
3 1
(la| = 21)°

and therefore the operator M 1(2) (A) is applicable to the polynomial Vl(l) (x). The so-
lution to the equation (3.5.17) can be represented as

U(x) = Ui (x) + U (x) + Us(x), (3.5.29)

where the functions U; (x) and Us(x) are defined in (3.5.27), and the function U fz) (x)
is written in the form

U@ (x) = byA*(A) (1\21(2>(A)v1“>(x) +M? (A)v2<1>(x)) .

In the case of triple roots 11 = A, = A3 > 0 the solution to the equation (3.5.17)
has the form

U(x) = %A*(A) (1\7[1(3)(A)V1(1)(x) + M1(3)(A)V2(1)(x)) , (3.5.30)

where X
— 1
M1(3)(A)v(x) = —5/ In?r =My (ex) dt,
0

and the operator M 1(3) (A) and the functions Vl(l) (x) and Vz(l) (x) are defined as before.

Let us consider the last case, when for complex roots 4| = 1, the harmonic function
V(x) in the equation (3.5.17) contains in its expansion at the origin homogeneous
terms of degree my = ReAd;. We denote them as V,,,(x) and solve the equation
A(A)Upy(x) = Vyyy,(x). Since det A(mp) # 0, this solution has the form U,,,(x) =
A=Y (mo)V,, (x). Let us add this solution to the one constructed in case 4).

So, the solutions to the equation (3.5.17) in S are constructed in all cases of the
location of the roots of the polynomial A(1). After finding these solutions — the
harmonic functions uy(x) and u;(x), the solution to the problem (3.5.13)-(3.5.14) is
written in the form u(x) = ug(x) + |x|?u1(x). The theorem is proved. O
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3.5.3 Conditional existence of a solution

Let us consider the case of the problem (3.5.13)-(3.5.14) not studied in Theorem 3.24,
when for some m € Ny the equality A(m) = 0 holds.

Theorem 3.25. Solution of the problem (3.5.13)-(3.5.14) from the class u € C3(S)
in the case, when for some m € N the equality A(m) = 0 holds, exists if and only if
the functions ¢, € C**2(9S) and ¢, € C'*2(S) satisfy the equalities

/aS Hyy(x) (q1(m)e1(x) + g2(m)ga(x)) dsy =0, (3.5.31)

where H,,(x) is an arbitrary homogeneous harmonic polynomial of degree m, and a

vector of the form ( Z;EZ% ) is an arbitrary solution to a system of algebraic equations

(ago + apim)q1(m) + ajymga(m) =0,
(agp + (m +2)ag; + 2n + 4m)ap)qgi(m)+ (3.5.32)
+((m+2)ap + 2n+4m)a; + m(2n + 4m)a3)gr(m) = 0.

Proof. The solution to the problem (3.5.13)-(3.5.14) constructed in Theorem 3.24
is not suitable under the conditions of this theorem. It needs to be tweaked a little.

Consider the equation (3.5.17). Let us decompose the function V(x) into two terms
V(x) =V(x)+ V,(x), where

i

V,(x) = Z POHD (y), (3.5.33)
i=1

Let us find the conditions under which the equation (3.5.17) has a solution in the
special case when the right-hand side of the equation is a monomial of the form
Vin(x) = P,S?H,(,;)(x), where

! ( Jys it ()1 (x) dsx) |

i (i)
N2, 5 \os ' (¥)@2(x) ds

G

Due to the homogeneity of the operator A(A), the solution to the equation (3.5.17),

in this case, can only be of the form U,,(x) = Q ,(1? H ,Sf) (x). Substituting the polynomial

Un(x) = Q,S?ani) (x) into (3.5.17) we get

ANOYHY (x) = HY (x)A(m)QY = HY (x)PLY,
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which means the equality must be satisfied

Am)QY = pW. (3.5.34)

The resulting system of algebraic equations has a solution only if the right-hand
side of the system P,S;) is orthogonal to the zeros of the conjugate system A” (m)Q = 0,

that is to all vectors (g; EZ; ) from the conditions of the theorem

ﬂmﬁmw_WJﬂm%@ﬁﬁVMM)

" \g2(m) fas H,Sf) ()2 (x) dsy g2(m)
=/qmmﬂm%mmﬁ/qmmﬁwmmmx
oS oS

= /as H,(,f)(x) (g1(m)p1(x) + g2(m)ea(x)) ds, = 0.

By virtue of (3.5.31) this condition is satisfied, which means a solution to the
system (3.5.34) exists. Going through all the terms in the sum (3.5.33) and using the
conditions of the theorem, we conclude that a solution to the equation (3.5.17) for
V(x) = V,u(x) exists. Let us denote it U, (x). After this, if the polynomial A(A) has
no other roots in Ny, then according to Theorem 3.24 we solve the equation (3.5.17)
for V(x) = V(x) and add the resulting solutions U(x) = U,,(x) + U (x). The function
U (x) is the solution to the equation (3.5.17) in S, which means the problem (3.5.13)-
(3.5.14) has a solution. If the polynomial A(1), in addition to the number m, also has
other roots in Ny, then we proceed with the function V(x) in the same way as we did
above with the function V(x). Thus, for each root of the polynomial A(1) in Ny the
conditions (3.5.31) must be satisfied. The theorem is proved. O

3.5.4 Special cases of the problem

1. Dirichlet boundary value problem: for agg # 0, a;; # 0, and all other coefficients
are equal to zero, we have

aoo O

Al = and 2an

= 2appaq; # 0,

which means, by Theorem 3.24, this problem is unconditionally solvable, which is
true (see Section 2.4).
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2. Navier boundary value problem (see Section 1.2): for agg # 0, aj2 # 0 and all
other coeflicients are equal to zero we have

__|400 0
A(/l) 10 (2n + 4/1)6112

which means, according to Theorem 3.24, this problem is unconditionally solvable,
which is also true.

= (2n +4A)agoarz # 0,

3. Riquier-Neumann boundary value problem: for ag; # 0, a13 # 0, and all other
coefficients are equal to zero, we have

ANu=0,xeS;
Ou OAu (3.5.35)
aOIELS = ¢1(s), aBW oS wa(s), seds.

To study this problem, let us find the polynomial A(1)

a01/l 26101

— 2
0 /l(2n+4/l)a13 =A (2n+4/l)a01a13.

AQQ) =

It can be seen that A(0) = 0. The system of algebraic equations (3.5.4) from

Theorem 3.23 has the form
0 26101 C] —0
0O O G|

and its solution is written in the form C; = 0 and C; is arbitrary. By Theorem 3.23
the solution to problem (3.5.35) is unique up to the constant u(x) = C;Hy(x) = Cj.
For the existence of a solution to the Riquier-Neumann problem, consider the system
(3.5.32) for the Riquier-Neumann problem for m = 0

0 0)(a:1(0) _,
2ap1 0 \g2(0) ’
which means ¢1(0) = 0 and the space of zeros of the system (3.5.32) in this case is

one-dimensional and spanned by the vector ((1)) Therefore, the condition (3.5.31) for

the existence of a solution to the problem (3.5.35) has the form fa g P2 (x)ds, = 0.

For example, with ag; = a;3 = 1 and ¢; = 0, ¢ = 1 the resulting condition for
the existence of a solution to the problem

8u| aAu)

ANu=0,xeS,; a3 = =1

as Ov las
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is not satisfied. Let us make sure that there is no solution to this problem. From the
second boundary condition it follows that for the solution u(x) = ug(x) + |x|2u1(x)
(see Lemma 3.32) of this problem the equalities must be satisfied

0
Wy = / ds, = / —2n+4MN)u;(x)ds, =0,
as as OV

which is not true. Here it is taken into account that the integral of the normal deriva-
tives of a function harmonic in S over 95 is equal to zero. Therefore this problem has
no solution.

4. For the problem (3.5.13)-(3.5.14) when ap; = 0, a;; = 0 we have

aopo + aogrd 2a01
0 2n+4)app + A(2n+44)a;s

= (21’l + 4/1) (a()() + 6101)(6112/1 + a13/1).

AQA) =

Let us put in (3.5.2) agp = =2, ap1 = 1, a;p = -3, aj3 = 1, that is consider the
problem
ANu=0,x€S,;
ou 0Au (3.5.36)

_2 _ = _ A _— = .
u+ o o1(s), —-3Au+ T o ©2(s), s € 0S

We have A(1) = (2n + 44)(A — 2)(A — 3) and therefore A(2) = 0 and A(3) = 0.
For m = 2 the system (3.5.4) has the form

) a\ _,
0 —2n+8)/\c) =

and that means C; = 0 and Cj is arbitrary. Therefore, the polynomial u;(x) =
C1H>(x) is a solution to the homogeneous problem (3.5.36). For m = 3 the system

(3.5.4) has the form
1 2\ (Ci) _
b o)c)-o

and that means C; = —2C; and C; is arbitrary. Therefore, the polynomial u3(x) =
C>(|x|> = 3)H3(x) is also a solution to the homogeneous problem (3.5.36). Let us
check the solutions obtained. It is clear that u;(x) and u3(x) are biharmonic polyno-
mials. Further it is easy to calculate that

Liuy = —2Lt2 + AMZ = Cl(—sz + AHz) =0, Louy = -3A uy + AAMQ =0,
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and also
Lius = —2us + Auz = Gy (—2(|x|2 ~3) + (5[x[? - 9)) H;(x)

= C2 (3P = 3) Ha(x)las = 0.
Louz = —3Au3z + AAuz = C; (—3(271 + 12) + 3(271 + 12)) H3(x) =0,

that is the boundary conditions of the homogeneous problem (3.5.36) are satisfied.
So, if a solution to the problem (3.5.36) exists, then it is unique up to polynomials of
the form u(x) = C1H»(x) + Co(|x|? — 3) H3(x).

For the existence of a solution to the problem (3.5.36), consider the system (3.5.32)

)
m (m-=3)2n+4m)| \g2(m))

form = 2 and m = 3. Let m = 2, then we have

AR
2 —2n+8) | \q2(2)) 7

which means ¢g(2) — (n + 4)g>(2) = 0 and the space of zeros of the system (3.5.32)

: . . n+4
in this case is one-dimensional and spanned by the vector . Therefore, the first

1
condition for the existence of a solution to problem (3.5.36) has the form

/a Ha3) (14 4)1(5) + (1)) di = 0.

Let now m = 3, then we have

(3
3 0/\q203))

which means ¢1(3) = 0 and the space of zeros of the system (3.5.32) in this case is

one-dimensional and spanned by the vector ( ) Therefore the second condition for

1
the existence of a solution to the problem (3.5.36) has the form fa ¢ H3(x)@a(x) dsy =
0. So, the problem (3.5.36) has a solution if

/ Ha () ((n + 41 (x) + 92(x)) dsy = 0, / Hy(®)pa(x)dsx =0, (3.5.37)
oS oS
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where H;(x) and H3(x) are arbitrary homogeneous harmonic polynomials of degrees
2 and 3, respectively.

For example, for n > 2, ¢; = x1x2 and ¢, = 0 solution to the problem (3.5.36), if it
exists, then it has the form u(x) = uo(x) + |x|?u1(x) and due to the second boundary
condition (2n + 4A)(A — 3)u;(x) = 0, whence (A — 3)u;(x) = 0 and therefore
u1(x) = H3(x). Due to the first boundary condition, uq(x) must be such that

0

2t =

and that means (A —2)ug(x) = x1x2 — 3H3(x) in S. This equation has no solution in
functions harmonic in § since the harmonic function on the left (A — 2)ug(x) does
not contain second-order terms in its expansion at the origin, but on the right there
are such terms. Note that in this case, the first condition from (3.5.37) is not satisfied
for Hy(x) = x1x, since /as x%x% ds, # 0.

5. Robin problem [49]: with agy = a;; = 0 and all other coefficients are positive
we get

A*u = f(x), xe€S,

0 0
agou + a01$u|as = i1(s), appAu + aBEAM‘aS = y(s), se€0S.

For this problem we have

aopo + aoid 2a0,
0 (271 + 4/1)(112 + /1(271 + 4/l)a13

= (a()() + a01/1) (2n + 4/1) (a12 + a13/1) # 0,

AQQ) =

for 1 € Ny and therefore the Robin problem is unconditionally solvable and its solu-
tion is unique.

3.6 Neumann type problem for the biharmonic equation

The boundary value problem of this section (3.6.1)-(3.6.2) is not included in the class
of problems for the biharmonic equation studied in Sections 3.4 and 3.5, but is in-
cluded in the problems of general form H, studied in Section 1.1. First, in Theorem
3.26, the condition for the existence of a solution to the problem (3.6.1)-(3.6.2) for a
homogeneous equation is formulated and this solution is found in (3.6.15). Then, in
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Theorem 3.27, the uniqueness up to a constant of the solution is established. Finally,
in the Theorem 3.28, with the help of Lemmas 3.34-3.35, necessary and sufficient
conditions for the solvability of the problem (3.6.1)-(3.6.2) for an inhomogeneous
equation are found. Example 3.11 shows the solvability conditions for the problem
with the right-hand side of the equation of the form f(x) = |x|"h(x). The main
results of Section 3.6 are published in [95].

3.6.1 Statement of the problem

Let S = {x € R" : |x| < 1} be, as usual, the n-dimensional unit ball in the Euclidean
space R", and 4S be the unit sphere. In S we consider the following boundary value
problem of Neumann type for the biharmonic equation

A*u = f(x), x€S, (3.6.1)

ou Au
_ ] 3.6.2
aylos = 108 o5 = ¢a(s). s €05, (3.6.2)

0

where — is the outer normal derivative on 9§, and f(x), ¢1(x) and ¢,(x) are given
%

functions, smoothness which is indicated below. We use, as before, the operator

Au = ¥_, xxu', and the factorial power of the variable ¢ according to the equality
t]l = t(t = 1)...(t — k + 1) with the agreement 7% = 1. For example, using the
Stirling triangle (1.1.2) on page 13, we easily obtain 13! = 3 — 372 + 2¢.

The following simple statement is needed in what follows.

Lemma 3.33. Let ¢, € CX, then the equality holds true for the operator A¥]
k

AR (o) = Z (’: )A[i]goA[k_i]w. (3.6.3)

i=0

Proof. Let us prove the equality (3.6.3) by induction. Since Al!l = A, then for k = 1
the equality (3.6.3) holds: A(¢y) = ¥ Ap + pAy. Let the equality (3.6.3) be true for
k — 1. Then given that Al = A (A — k + 1) we get

k-1
A[k](gmﬁ) =(A—k+ l)A[k_l]((,Dlﬁ) — Z(A k4 1)(k l I)A[i]goA[k_i_l]lp.
i=0

Since for a, b € R we have

(A—a-b)(o¥) =yAp+ oAy — (a+ D)oy =y (A —-a)p + (A -D)y,
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then it follows that
k-1

k—1\ /. . . |
Al () = Z( l_ ) (A=A 4 AV A TK-i)

i=0

»
L

The lemma is proved. O

For example, by virtue of Lemma 3.33 the equalities

AB ) x)?) = [xPARu(x) + 3AP u () A |x 12 + 3AM u () AP x |2
+u() AP x| = [x2(AB! + 6ART + 6AM ) u(x)

hold true, since Alx|> = Al?l|x|? = 2|x|?> and ABl|x|? = 0. By virtue of the binomial
theorem for factorial powers, we find

ABY ) |x?) = [xP(A +2)Blu(x). (3.6.4)

To represent a biharmonic in S function, we also use Lemma 3.32.

3.6.2 Existence of a solution to the problem for homogeneous equation

Let us prove the existence theorem for the problem (3.6.1)-(3.6.2) with a homoge-
neous equation. As a preliminary analysis, we note that Corollary 3.2 on page 223
shows that the sphere integrals of normal derivatives of orders m > 2 -2 -1 = 3 of
a function biharmonic in S are equal to zero, i.e. if u(x) is a solution to the problem
under consideration, then the equality /a ¢ ¢2(x) dsy = 0 must hold. This necessary
condition for the existence of a solution to the problem turns out to be a sufficient
condition for existence of a solution.
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Theorem 3.26. The solution of the problem

ANu=0, xeS, (3.6.5)
ou
ov

from the class u € C(S), Au € C(S), ABlu € C(8) exists if ¢ € C**¢(3S), ¢, €
C(0S) and the condition is satisfied

A3u
os =210, S=lis = ea(s), s€ s, (3.6.6)

-/65 ©r(x) dsy = 0. (3.6.7)

Remark 3.22. If we require the smoothness of u € C* (S)NC3(S) from the solution of
the problem (3.6.1)-(3.6.2), then the following smoothness of the boundary functions
@1 € C>*4(9S) and ¢, € C3*2(9S) are sufficient.

Proof. Consider functions v{(x) and v,(x) that are harmonic in S and continuous in
S and such that for them v;(x)|ss = ¢1(s) and v2(x)|ss = ¢2(s), i.e. vi(x) and
v2(x) are solutions to the corresponding Dirichlet problems in S. Let the biharmonic
function u(x) = ug(x) + |x|?u;(x) be a solution to the problem (3.6.5)-(3.6.6). By
Lemma 3.32 (S is a ar like domain), the biharmonic function u(x) has a representation
(3.5.11) in S. Let us indicate the functions u(x) and u;(x) from (3.5.12) for which
this is the case. Consider the operators L and L, of the form

Li=A, Ly=APBl=AA-1)(A-2).
Due to (3.6.4) the equalities hold true
Liu = A (o) + [xPur (x)) = Ao ) + x| (A + 21 (x),
Lou = AP (uo(x) + |x|2u1(x)) = ABlug(x) + [xP(A +2)Pu, (x).
Passing here to the limit at x — s € 95 and taking into account that Ljulss =
Mos = @1(s), Loulas = %Ias = ¢2(s) we get

Auo(s) + (A +2)ui(s) = ¢1(s),

AB]M()(S) + (A + 2)[3]u](S) — SDZ(S). (368)

Let vi(x), v2(x) be solutions to the Dirichlet problems for the Laplace equation in
S with boundary values ¢ (s) and ¢;(s), respectively. From the uniqueness of the
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solution to the Dirichlet problem for the Laplace equation in § we conclude that the
equalities (3.6.8) can be continued in S

Aup(x) + (A +2)ui(x) = vi(x),
AP uo(x) + (A +2)Blug (x) = va(x),

since by the property of the operator A the functions on the left in this equality are
harmonic in S. Let us rewrite the resulting equations in matrix form

B T

Equation (3.6.9) is a system of differential equations in functions that are harmonic
in S. The smoothness of the solution needs to be examined only in S, since in S the
harmonic functions are infinitely differentiable. Let the harmonic functions ug, u; €
C3(S) satisfy the equation (3.6.9) in S and therefore they satisfy the equality (3.6.8).
Then for the biharmonic function u(x) = ug(x) + |x|2u;(x) we have Au € C(S),
ABly € C(S). Therefore, the function u(x) = uo(x)+|x|?u; (x) is the desired solution
to the problem (3.6.5)-(3.6.6). So, the problem (3.6.5)-(3.6.6) has been reduced to
solving the equation (3.6.9) in functions harmonic in S.

Consider the matrix A(A) of the symbol of the operator from (3.6.9). By virtue of
the equalities (3.6.4) we have

A A+2 A A+2
A = (/1[3] (A + 2)[3]) - (/1[3] ABLpeal2l 4 6/1) ’ (3.6.10)

where A € R. It is easy to calculate that

1

detA(1) = A(1+2) ‘(ﬂ _11)[21 1+ 1)

=2121-1)(1+2)  (3.6.11)

and this means that 4; = 0, 4, = 1/2, A3 = =2 are zeros of A(1). Therefore the
matrix A(A) is nonsingular for A € N. The system (3.6.9) can be written in the form

AMNU(x) =V(x), xe€S, (3.6.12)

where U(x) = (ZOSC;) and V(x) = (:183) It is easy to see that the equality holds
1 2

1 b1 b2 b3

——=—+ + :
detA() A A-1/2 A+2

true
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where b; = 1/(det A)’ (4;). Itis clear that the inverse matrix A~1(Q) has the form

1
~1

where -
. (1+2) -A-2
A (/1) = ( _/1[3] /l .

Consider the following operators depending on the roots of A;, similar to those used
in the previous Section (3.5.18)

1
M,~(A)v(x):/0 =Yy (1x) dt,

where i = 1,2,3. It is easy to see that if hrré t~Yiw(tx) = 0, then the differentiable
r—

function w(x) satisfies the equalities
1 1
(A= 2)M;(ANw = (A - /li)/ Y (tx) dr = —/l,-/ =y (tx) dt
0 0

1 n I :
+/ l_/li inWxi(tX) dt = —/li/ [_Ai_lw(tx) dr + / [_Aiwt(tx) dt
0 0 0

i=1

1 1
—/l,-/ Y w(tx) dt + t"“w(tx)|(1) + /l,-/ Y (1x) dt
0 0

(3.6.13)

= t_ﬂ"w(tx)|(1) = w(x).

Since the identities

1 b, bs bydetA(d) bydetA(A)
1= detA(d) (2L
det (/l)(/l 1-1/2 /1+2) 1 T Ta-1)2

A
4 bydet A(A)

— 5 = 4bI (= 1/2)(1+2) + 4b2A(1+2) +4b3A(A - 1/2),

hold true then for a function w € C2(S) and such that lirrol t~Yiw(tx) =0fori =1,2,3
t—

we have

detA(A) (b]M] (A) + szz(A) + b3M3(A)) w = (4]91(/\ - 1/2)
X (A +2) +4byA(A +2) +4bsA(A—1/2))w = 1-w. (3.6.14)

www.irispublishers.com 292


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.6 V.V. Karachik

Therefore, if the harmonic function V (x) satisfies the following conditions liII(l) 4V (tx) =
—

0 fori = 1, 2, 3, then the solution to the equation (3.6.12) can be written in the form

U(x) = A*(A) (b]M] (A) + szz(A) + b3M3(A)) V(x) (3.6.15)

Indeed, the harmonic function U (x) (it is infinitely differentiable in §), found from
(3.6.15), due to the equality (3.6.14), turns the equation (3.6.12) into an identity in S

AMU(x) = A(AN)A*(A) (b1 M1 (A) + baMy(A) + bsM3(A)) V(x)
= det A(A) (DiM1(A) + baMy(A) + bsM3(A)) V(x) = V(x),

which, by continuity of V(x), extends into S. The solution to the equation (3.6.9)
has been found. A similar method for constructing solutions to partial differential
equations is applied in [89].

Now let us find out the conditions that need to be imposed on the function V (x) so
that we can use the equality (3.6.15). First, the limits lina 1~V (tx) = 0 must be true,
—

where i = 1,2, 3. Second, in order for the harmonic function U(x) to be continuous
in S, due to the presence of operators of the form A*(A)M;(A) in the structure of the
operator A*(A) and according to the equality (3.6.13), it is sufficient that v; € C?(S)
and v, € C(S). This holds if ¢; € C**¢(3S) and ¢, € C(8S). From the fulfillment
of the equation (3.6.9) it follows that Au € C(S), ABlu € C(S).

Note that if we require smoothness of a solution of the form U € C? (E), oru €
C3(S), then it is necessary that the operator A(A) be applicable to the function U (x)
in S. This is possibleif v; € C3(S) and v, € C3(S). Such smoothness of the functions
vi(x) and v, (x) is ensured if ¢, € C>*4(0S) and ¢, € C3*4(S) (see Remark 3.22).

Let us return to the conditions

lim TV (x) =0, i=1,2,3, (3.6.16)
11—

which are actually imposed on the functions ¢; € C>*(4S) and ¢, € C(9S). Since
t~5 = 12, then for 13 = —2 the condition (3.6.16) is satisfied

lim =BV (tx) = lim >V (tx) = 0.

t—0 t—0
However, the operators M1 (A) and M,(A) are not applicable to all functions V (x)

since ~41~! = =1 and 1~ = r73/2. Therefore, let us decompose the function V (x)
from (3.6.12) into two terms V(x) = Vy(x) + Vi(x), where Vy(x) = Vp = V(0) is
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homogeneous harmonic polynomial of zero degree. Then V;(0) = 0. Let us solve
two equations separately

AN Up(x) = Vo(x), AMNU;(x) =Vi(x), x€S (3.6.17)

and then the sum of their solutions U (x) = Uy(x) + U;(x) is a solution to the equation
(3.6.12). Let us look at the first equation. It is clear that Uy(x) = Uy. Let us denote

N0

0)
Uy = (u({o)) and V = (:EO) ) It is easy to see that if P(A1) is a polynomial, then
P(A)x® = P(a)x®. That is why

(0) (0)
AN Uy = A(0)Up = (8 3) (Z?m) - (E%m) -
1 2

According to the Fredholm alternatives, a solution to this equation exists if its
right-hand side is orthogonal to all solutions of the conjugate homogeneous equation

cem (41) _ (O O) (41
A*(0 = =0.
© (612) (2 0) (qz)
It can be seen that the solution space of the homogeneous adjoint equation is
spanned by the vector ( (1) ) and therefore a solution to the first equation (3.6.17) exists

(0)
lf (:io) ) . ((1)) = V;O) — 0 It is known that Véo) — /(;S (,02()") dsx (See, for example,

Theorem 1.8 on page 50) and therefore the solution to the first equation (3.6.17) exists
if the condition (3.6.7) is met.

So, the solution U(x) = Uy(x) + U; (x) to the equation (3.6.12) in S is constructed.
After finding the harmonic functions uy(x) and u;(x), the solution to the problem
(3.6.5)-(3.6.6) is written in the form u(x) = uo(x)+|x|?u; (x). The theorem is proved.

O

3.6.3 Uniqueness of solution to the problem
Theorem 3.27. The solution to the problem (3.6.1)-(3.6.2) is unique up to a constant.

Proof. Similar to Theorem 3.26, we reduce the solution of the homogeneous problem
(3.6.1)-(3.6.2) to the homogeneous equation (3.6.12)

AMU(x) =0, xe€S, (3.6.18)

www.irispublishers.com 294


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.6 V.V. Karachik

where the matrix A(A1) has the form (3.6.10). Let U(x) = (“0()‘)) be the solution

u(x)
to (3.6.18). It is known that in a certain neighborhood of the origin the harmonic

function U(x) expands into a uniformly convergent power series (Theorem 1.8 on
page 50)

Ux) = > Un(x),
m=0

where U, (x) are homogeneous harmonic polynomials of degree m € Ny. This series
can be differentiated indefinitely under the sum sign. Therefore, since, due to the
properties of the operator A, the equality A(A)U,,(x) = A(m)U,,(x) holds, then

i A(m)U,,(x) =0.
m=0

This means A(m)U,,(x) = 0 and therefore either det A(m) = 0 or U,,(x) = 0.
However, according to (3.6.11) det A(1) = 24(24—1)(A+2) and therefore the matrix
A(A) is nonsingular for A inN. Thus, the only possible optionis m = 0, when U, (x) #

0, since det A(0) = 0. In this case, the vector Uy = (1’2) must be a solution to the

o120

which means the solutions to the equation (3.6.18) have the form U(x) = Uy =

equation

( 8 ) Therefore, the solution to the problem (3.6.1)-(3.6.2) is unique up to functions

uo(x) = C +0 - |x|> = const. The theorem is proved. O

3.6.4 Existence of a solution to the problem for inhomogeneous equation

Let us consider the case of the inhomogeneous equation (3.6.1). Let n > 3. Let us
prove a statement generalizing Theorem 3.26.

Theorem 3.28. Let f € C2(S), ¢ € C**4(3S) and ¢y € C(9S). Then a solution to
the problem (3.6.1)-(3.6.2) from the class u € C3(S) exists if and only if the equality
holds

/ @2 (x) dsy = l/(1 — T (A +3) f(1) dr. (3.6.19)
PR 2 Js
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Proof. Let V[ f](x) be a volume potential with density f(x), i.e.

1
VI = —o- [ Eware de, (3.620)
where E (x,&) = (n—2)"1& —x|*>™ (n > 2) is an elementary solution to the Laplace
equation. We also denote

Valf1(x) = VIVIfI(x).

It is known [28] that if f € C'(S), then V[f] € C'(S) and AV[f] = f in S, and
therefore Vo[ ], AVa[f] = Vi[f] € C'(S) and A>V,5[f] = f in S. Therefore, in
the equation (3.6.1) we can replace the variable u = w + V23[ f1. Since the following

equalities hold AVa[f]|,5 = 2ZVa[£1(s), ABWA[£1],5 = Z5Va[f1(5s). s € S, then
the problem (3.6.1)-(3.6.2) is equivalent to the following boundary value problem

Aw =0, xE€S, (3.6.21)
0 93
I 61(s), ZX = 45(5), seds, (3.6.22)
ov ov3

where
P1(s) = p1(s) - sz[f]‘as, $2(5) = ¢a(s) — APV, [ ]

The solvability condition for the problem (3.6.21)-(3.6.22), and therefore for the
problem (3.6.1)-(3.6.2), is found in Theorem 3.26 and has the form

/ (,52()6) ds, = 0.
aS

This condition can be rewritten as

/ ¢2(x) dsy = / ABIWL[ F1(x) ds,. (3.6.23)
oS oS

oS

Let us calculate the integral included in (3.6.23) on the right. To do this, we exam-
ine the expression

ABIVS[£](x) =~ AT /S E(r.e)VIf1(6) dé

n

RN
= —A /SE(x,f)/SE(f,T)f(T)d‘rd.f.

Wy
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Recall that f € C2(S). Let us prove two equalities necessary in what follows

A [ Eere) de
- [Econe+ D@ de- [ Ecos©dse (3624
S oS

and
As / E(r.6)/(€) dse = - / E(r.€)(Ae + 1 - 2)f(&) dse
oS oS
+ w, f(x)+ /SE(x,f)Agf(f) dé. (3.6.25)

According to divergence theorem we can write

/uAv dé = /Z(fﬂ”’)& df—n/uv df—/vAu dé
s S ‘5 s s
:/ Zfizuvds§—/v(A+n)ud§

:/ uvdsf—/v(A+n)ud§, (3.6.26)
oS S

even if Av has an integrable singularity in S of order E (x, ). Therefore the equality
(3.6.24) is correct

A /S E(x,&) (&) dé = /S ;(xi CEVEL (n.6) () dé - /S FEAE ) de
- (2-n) fS E(x.&)f (&) dé - /a PO dse s /S E(x.&)(A +n)f(£) dé
- / E(r.&)(A+2)(€) dé - / E(x.£)f(£) dse.

S oS

Using the integral representation of functions from C? [143] we can write

wn f(x) = /aS(E(x,f)Agf(f) —f(f)AfE(x,f))dS§—/SE(X»f)Aff(f) dé,

from where, considering that

www.irispublishers.com 297


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.6 V.V. Karachik

‘/C;Sf(f)AfE(x’ é‘:) dsf = ‘/a‘S;(é:l _xl')ngi(x’ é:)f(é:) dsf - Ax ’/a‘SE()Q é‘:)

X F(£) dse = —As /a B () dse = (1) /a FOEG.8 dse

we get (3.6.25).

First, note that since AV [ f](£) = f(&), then from (3.6.25) for f(&) = V[f](£) it
follows

A [ EGovIE s
a8
_ / E(x,€)(A¢ +n = V[ f](£) ds + w,V[f]
oS
. / E(r.6)f (&) dé = - / E(x.8)(Ag +n-2V[f1(&) dse. (3.627)
S N

Now let us use the equality (3.6.24) also for (&) = V[ f](£). We have

(Ar—1) / E(r.6)VIf1(&) dé = / E(r.&)(Ae + DVIF1(&) dé
S S
- / E(r.&)VI1(€) dse.
oS
from where, using (3.6.27) and again (3.6.24), we find
(As=2)(As— 1) /S E(r.&)VIF1(€) dé = (Ay—2) /S E(x.8)(Ae + DVIf1(£) dé
+ / E(x.&)(A¢ + mVIf](&) dsg = / E(x.©)Ae(A + DVF]() dé
oS S
_ / E(x.&)(Ae + DVIf](6) dé + / E(x.&)(Ae + m)VLF1(€) dse
oS oS
- /S E(x. ©)Ae(Ae + DVF1(8) dé + (n - 1) /@ EOVISIE) dse.

Finally, we calculate APV, [ £](x) = Ay(Ay — 1) (A, — 2)Va[ f](x). Again using
(3.6.27) we write

AP, £16) = LA, / E(x,&)Ac(Ae + DVIF1(E) de

S
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n-1
+

/ E(r.&)(Ae +n— VI F1(&) dsg = ——— / AE(x, &) Ae(Ag + 1)
oS Wy Js

Wy,
n-1

Vi@ ds =" [ Eeo) [(hesn-2EEn1(0) drdse

fl

From here we get

/as A[3]V2[f](x)ds§ =—— dsx/A E(x,&)As(Ag + DV f1(£) dé

Wy
n-1

5 / dsx/ E(x,¢) /(A§+n—2)E(§,T)f(T)deS§
Wy JIS s S
=1+ 1. (3628)

Here V[f] € C*(S), since f € C?(S). Let us first consider the integral I,. It
has integrable singularities and therefore, according to Fubini’s theorem, the order of
integration in it can be reversed

L=-

/(A§+n—2)E(§,T)ds§/ E(x,¢&)dsy.
oS oS

For further proof, auxiliary statements are needed. Let {ngi) x),i=1,..., hk}
be a complete system of homogeneous degree k € Ny orthogonal harmonics poly-

nomials (see Definition 1.5) normalized so that fa S(H ](:) (£))? ds¢g = wy, where wy, is

_ 2k+n=2 (k+n-3
the area of the unit sphere 05 and h; = == ( Zf3 )

Lemma 3.34. If |£| < |x|, then the representation is valid

|X| (2k+n-2)

E(x,&) = y ———— > H ()H"(&). (3.6.29)
;) 2k +n Z

The series in (3.6.29): 1) converges uniformly in & for |€| < a < |x| and fixed x;
2) converges uniformly in x for |£| < a < |x| and fixed &.

Proof. In Lemma 2.7 on page 88 the representation (3.6.29) is established. Let us
prove the uniform convergence of the series in (3.6.29). From the equality (3.6.29) it
follows that for any & such that |£]| < a < |x|

£ 8)] < x| 2>Z e/l ZZIH(’)(x/IXI)H(’)(f/ISI)I
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In [73, Lemma 12] it is established that the inequality holds true

hy . .
S HS /D ES (/16D)] <
=1

and therefore since iy = O(k"2) for k — oo, we have the estimate

1 hi a \k N EYEAY
E(x,&)| < (_) SC2K (_)
|E(x,&)] |x|n—2;)2k+n—2 |x| ;) ¥l -

for some C > 0. Therefore, the series in (3.6.29) converges uniformly in ¢ for |£| <
a < |x| and fixed x. The first case is proved. Let us consider the second case. From
the equality (3.6.29) it follows that for any x such that |£]| < a < |x|

E(r8)| < a0 Z elfa Z 10D HY €D,

Again, using [73, Lemma 12], similarly to the previous case, we find

L < h €]\ K o s ([ENVK
|E(X’§)|San—2;2k+z—2(7) Sclkzz(:)k 3(7) < %

where C| > 0 and therefore the series in (3.6.29) converges uniformly in x for |£| <
a < |x| and fixed £. The lemma is proved. O

Lemma 3.35. Let H,,(x) be a homogeneous harmonic polynomial of degree m and
|€] < 1, |t| < 1. Then the equalities hold

1 1
— [ HaAEw O ds = 6, G
wn Jos 2m+n—2

1 (TP 1-1tl* Hu(7)
w_n/SE(f’T)Hm(f)dg_(Zm+n+ 2 )2m+n—2’ (3.6.32)
and
1
L / Ho(&)ACE (7, £) de
Wy Js§
_(m|t|? 1—|71*\ Hun(7)
_(2m+n_(m+n_2) 2 )2m+n—2' (36.33)
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Proof. 1°. Let us use the representation (3.6.29) for |¢| < |x| = 1 in the equality

/a EC.oH, (x)@ / Hy (X)sz 2ZH(’)(X)H(’)(§)

Since, by Lemma 3.34, the series under the integral converges uniformly inx € 95
for a fixed |£] < 1, we can rearrange the order of integration and summation. If we
then use the orthogonality of the system of polynomials {H,(Cl) (&),i=1,...,h,k €
NO} on 05, then we get

—/ E(x,&)H,, (x)dsx—22k+n_zzwn/ H, (x)H? (x) ds,

xHY (@)= 5 Z H () / H (1) H,y) (x) di.

Due to the completeness of the system {H,S? x),i=1,...,hy,m € No}, the

expansion holds
h

Hp(x) = > ciHyl (x).
J=1
Substituting this expansion into the previous equality and using the orthogonality
of the polynomials H,Si) (&) fori=1,...,h, ondS and their normalization we obtain
(3.6.30)

1
—/ E(x, £)H,(x) ds,
Wy Jos
1 fim lm
(i) () e (D)
-——  N'g — | HYHD (x) d
TErE)) m<f>j§:1c,wn/as S OHS (x) ds,

R LRI ()2 ds. =
D€ [ H) W) ds, = 5 (©).

T 2mn-2 4
20, From (3.6.29) for |£| < |x| = 1 we find

L[ HyOAE® € ds,
Wy Jos
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_ b - —(k+n 2) (l) (l)

From here, similarly to the first case, we derive (3.6.31).

39, It is easy to see that since the function E (1, &) H,, (&) is integrable with respect
to & € S for |[T] < 1, we can write

L/E(Tg)H (g)dg_—hm (/ / )
Wy, Wn =40\ Jjg1<|r|-e IT|+e<|é|<1

X E(T,©)Hn(€) dé = lim (I7(7) + I5(7).

Let £ > 0 be small. Let us calculate the integral /T (7). We use Lemma 3.34 to
represent the function E (&, 7). Taking into account the uniform convergence of the
series from (3.6.29) under the integral over |£| < |7| — € for 7| < 1 (Lemma 3.34 is
applicable for a = |1| — & since |£| < a < |t]) we can change the order of integration
and summation. That is why

I5(7) = 1/ E(1,)Hp() dé
|€l<|T|-¢€

1 > |T|_(2k+”_2) hi 0 ;
" w, ey 2y m(&)H déH

- | (2k+n-2) Ik

| 0 / (i)
H, H,(&)H .
Z Sy A— Z g ) A @ @ d
Further, it is easy to verify the validity of the equality
b
/ f(&)dé = / dr f(g) dsg = / " dr f(rn) ds,. (3.6.34)
a<|é|<b a Inl=1

Applying this equality, using the completeness and orthogonality of the system of
harmonic polynomials {H,il) (£), k € No} on 0S we transform the integral

I{(7)
) h
T| (2k+n-2) 1k 0 |T|—¢& . 1 2k 0
HOw [ ars [ s o) ds,
s k +n— ; Wn Jyl=1 k

www.irispublishers.com 302


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.6 V.V. Karachik

2m+n
— —(2m+n-2) (|T| - 8) H(l) L o H(l) 4
7 (2m+n_2)(2m+n)z W @) [ e 0) ds,

)2m+n

|—(2m+n—2) (lTl B

2m+n-2)2m + n)Hm(T)°

= It

Now let us calculate the second integral /5 (7). Again we use Lemma 3.34 to rep-

resent the function E(7,¢&) = E(&, 7). Due to the uniform convergence of the series

under the integral over &: |7| + & < |€| < 1 for |t| < 1 (Lemma 3.34 is applicable for

a = |t|+e&since |T| < a < |£|) we can change the order of integration and summation.
Therefore

I5(r) = - / E(&,7)Hn() de
|T|+e<|é]<1

o Z|

|T|+,s<|g|<1 e 2k +n

= N H(l) _/ —(2k+n—2)Hm H(l) dé.
;2k+n Z (7) reclelc] 14 (&)H,"(§) dé

Applying the equality (3.6.34), usmg the completeness and orthogonality of the
system of harmonic polynomials {H @) (&),i=1,...,hg, k € No} on 0S we get

g~ (2k+n=2)

ZH (OH, (&) deH (1)

IS(T) H(l)(T) —(2k+n—2)rn—1 dr
sz+ ZZ "
| 5 0 L= (I| +&)?
o Sy HEO) Ao = 55 7T
hm o)
G, 1 (i) 1 - (|t +¢)
xS HY ()= [ H.(pHY () ds, = Hy (7).
D [ o dsy = 55 Lo

Thus, taking into account the calculated values of the integrals I7(7) and I5(7) we
obtain (3.6.32)

o [ E€nH€) e = lim (15) + 15(0)

(I7] = g)*m" 1= (Ir]+8)°
2m+n-2)2m + n) " 2(2m+n—2))

= Hy(7) lim (Je[Cm2
s—+0
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L
~ \2m+n 2 2m+n—-2"

A more general result is obtained in the equality (3.7.12) below.

49, Similar to case 3°, due to the integrability of the function H,, (E)AE(T,€)
with respect to & € § for |7| < 1, we can write

1
Wn /s Hn(E)AE(T, £) df = w_n A0 (/§|<ITI & /|T|+8<|€|<1)
X Hu(E)AE (. £) dE = lim (J5(r) + J5(7)).

Proceeding in the same way as in the case of 3" we find

m(jr| - )"

JE — -(2m+n-2)
1(m) =7l 2m+n-2)2m + n)

Hy (1)

and . 5
@0ﬁ=—0n+n—%2éﬁfJf;H%ﬁ)

From here we derive (3.6.33)
s

1 m|t
[ HaneE(r.) de = (3o

1 - |T|2) Hp (1)

- (m+n-2 .
(mn = ) o n =2
The lemma is proved. O

Let us return to calculating the integrals /7 and /5 from (3.6.28). Using the equality
(3.6.30) for m = 0 we find the inner integral in I,

L E(x,&) ds, = L
Wn Jos n-—2
That is why
I, = — (nn_—z)l n/f(T)dT/ (Ag +n=2)E(&,7) dsg.

Next, using the equalities (3.6.30) and (3.6.31) for m = 0 we find

1
—/ (Ag+n—-2)E(&,1)dse =-1+1=0,
aS
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and that means I, = 0. Let us calculate the integral /;. Since this integral has an
integrable singularity, using Fubini’s theorem we rearrange the order of integration

= /S Ae(Ag + DVIF1(&) dé /a AE()ds,

Using the equality (3.6.31) for m = 0 we find

1 n-—2
— ANE(E,T7)dsg = — =-1
a)n/('i‘S ‘ (é:T) i n-2

and that means
/6 AP f) (x)dse = 1y = /S Ac(Ag + DVLFI(E) dé.
Using the equality (3.6.24) we get

(A4 DV === [ Bent+ s dre— [ E@nas,

n

and therefore
1
/65A Va2l f1(x)dse wn/Sdf/SAfE(f’T)(AT+3)f(T)dT
1
+w_n/SA§df/aSE(f,T)f(T)dsT.

Again, using Fubini’s theorem, we rearrange the order of integration

3] __ b
/asA Vol fl(x)dsg = o /S(AT+3)f(T) dTLAfE(f,T) dé
+L f(T) dST/AfE(é:,T) dé:
S S

Wn Jo
Using the equality (3.6.33) for m = 0 we find

1= |7]?

1
w—n/SAfE(T,f)CIf:— ,

Noting that (1 — |7|?)|,; = 0 we get

/ APV F] () disg = / LV A4 3) f(r) dr.
as s 2
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Substituting the calculated value of the integral into the equality (3.6.23) we ob-
tain the condition (3.6.19). When it is satisfied, a solution to the problem (3.6.21)-
(3.6.22), and therefore to the problem (3.6.1)-(3.6.2), exists. The theorem is proved.

O

Remark 3.23. Using the equality (3.6.26) we can write

/ (1= [t2) (As +3) f(7) d = / 0. f(r) ds; - / FO)(Ae+n-3)(1 = |2]) dr,
S oS S

which means the condition (3.6.19) can be rewritten in the form

/aS ©r(x) dsy, = %/S((n - 1)|‘1'|2 -n+ 3)f(T) dr.

Remark 3.24. The condition (3.6.19) differs in appearance from the corresponding
condition for the solvability of the problem (3.6.1)-(3.6.2), obtained in [58, Theo-
rem 3.2] and is more convenient for use. However, [58] requires less restrictive data
smoothness.

Example 3.11. Let in the problem (3.6.1)-(3.6.2) f(x) = |x|"h(x), where m € N
and i € C%(S) is a function harmonic in S. Then the existence condition (3.6.19) for
a solution to the problem is rewritten in the form

1 1
3 /(1 — 7)) (Ar +3) f(7) dr = 3 /(1 — T)7I"(Ar + m + 3)h(7) dT.
s s
If we denote i (x) = Ah(x), then using the equality (3.6.34) we can write

1 2
5 /S(l 1T|7)(Ar +3) f(7) dT
1
_ % /0 (1 = P2yl gy /|§ )+ (m+ IR0 e

Since the functions /4 (rx) and & (rx) are harmonic in S for r € (0, 1) and &, (0) =
0, then by the mean value theorem

S hi(ré) dsg = h1(0) =0, S (m +3)h(ré) dsg = (m + 3)h(0).
Wn Jigl=1 Wn Jlgl=1

Taking into account the found values of the integrals, we write

m

3 1
;’ / (1 = )™= dr w, h(0).
0

3 [ =P+ 3 dr =
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It is easy to calculate that

1
1 1 2
/ (1 —rH)rmlygr = -
0

m+n mn+2 (m+n)(m+n+2)

which means that for f(x) = |x|"u(x) the condition for the existence of a solution to
the problem (3.6.1)-(3.6.2) has the form

1 m+3
— ds, = h(0).
Wy /asgoz(x) > (m+n)(m+n+?2) ©)
In special cases f(x) = 1 or f(x) = x; we have

1 3 1
- dx:—’ — dx:O,
— /a s = s /@ a(a) ds

respectively.

3.7 Green’s function of the Robin problem for
the Laplace equation

This section is devoted to the construction of the Green’s function of the Robin prob-
lem for the Laplace equation. The results of this section are used in next Chapter
4.

The Green’s function of the Neumann problem for the Poisson equation in the
half-space R is explicitly constructed in [41], and the Green’s function for the Robin
problem in a circle in [22, 107, 156]. In [157, 158] a representation of the Green’s
function is given for the classical external and internal Neumann problems for the
Poisson equation in the unit ball. The representation of the Green’s function obtained
in this work differs from that found in [157] (see Remark 3.25) and is a natural con-
tinuation of the Green’s function of the Robin problem from (3.7.17) for the case
A=0.

This section is organized as follows. In Lemma 3.36 of Section 3.7.1 a polyno-
mial solution to the Neumann problem is found under zero boundary conditions and
a polynomial right-hand side of equation. Then in Theorem 3.29 the resulting solu-
tion is written through an integral over S with the kernel as a function N (x, &) from
(3.7.7). Theorem 3.30 of section 3.7.2 shows that the found function N (x, &) is the
Green (Neumann) function of the Neumann problem and through it an explicit rep-
resentation of the solution to the Neumann problem is given. Section 3.7.3 studies
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the Robin problem. In Lemma 3.37 the case of the polynomial right-hand side of the
equation is studied. Further, based on it, the case of the right-hand side of general
form is investigated. Equality (3.7.17) from Theorem 3.31 gives the Green’s function
Ni(x, &) of the Robin problem and provides an explicit representation of the solution
to this problem in integral form. The main results of Section 3.7 are published in
papers [104, 107].

3.7.1 Auxiliary statements

Recall that the Green’s function of the Dirichlet problem for the Poisson equation in
the unit ball for n > 2 has the form

G(x,€) = E(x,) - E(

X

=, lnlg),

x|

where E (x,&) = (n—2)"|x —£|>™" is an elementary solution to the Laplace equation
(see Section 2.2). We assume throughout this section that n > 2.

Let S = {x € R" : |x| < 1} be the unit ball in R” (n > 2) and f € C'(S). Consider
the following Neumann problem in the unit ball S

Au(x) = f(x), x € S; 6_u =0, (3.7.1)

where v is the outer unit normal to 0S.

Let first the function f(x) be a polynomial of a special form f(x) = |x|**H,(x),
where s,k € Ny = N U {0}, Hy(x) is some homogeneous harmonic polynomial of

degree s and |x|* = x% +.. X2

Lemma 3.36. Let f(x) = |x|**H,(x) and s > 0, then the solution to problem (3.7.1)

has the form

B Ix|2%*2 — 2k +2 + 5)/s
u(x) = (2k +2)(2k + 25 + 1) Hs(x) (3.7.2)

and this solution is unique up to an arbitrary constant. If s = 0, then a solution to
problem (3.7.1) does not exist.

Proof. 1t is known that a necessary and sufficient condition for the solvability of the
Neumann problem (3.7.1) with a homogeneous condition is the condition fS f(x)dx =
0 (see Remark 3.8 on page 205). Due to the orthogonality of harmonic polynomials
H(x) of various degrees on the sphere 4S5, for s > 0 the equalities hold true
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1
_ 2k _ 2k
/S Fx) dx = /S X[ H, (x) dx = /0 dp /| )

1 1
— / pn—l dp/ kaHS(pé':) dS§ — / p2k+s+l’l—1 dp/ 1- Hs(é'.‘) dS§ =0.
0 €l=1 0 9S

Therefore, the problem under consideration is solvable for s > 0. If s = 0, then, in
accordance with the calculations done above, we have

1
_ 2k+n—1 _ Wn
/Sf(x)dx—wn/Op dp——2k+n¢0,

where w,, is the area of the unit sphere 9.5, which means the problem (3.7.1) for s = 0
is not solvable.

Let us find a solution to the problem (3.7.1). Let us act with the operator A + 2
on both sides of the equation (3.7.1) and use the equality AAu = A(A — 2)u (see
Theorem 3.12 on page 206). We have

AAu(x) = (A+2)f(x), xe€S.

Since %| as = Au| gs> then denoting v = Au we reduce the problem Neumann
(3.7.1) to the next Dirichlet problem

Av(x) = (A+2)f(x), x €S, 0. (3.7.3)

V|as =

Of course, in the general case, we need to more accurately justify the connection
between these two problems, but we simply find the solution to the Dirichlet problem
(3.7.3), after that we find the function u(x) from the equation v = Au, and then we
check the resulting solution. It is easy to see that, due to the homogeneity of the
operator A, we have

(A+2)f(x) = (A +2)|x|*Hy(x) = 2k + 5 + 2)|x|* Hy(x).

Therefore, if we denote by w(x) the solution to the Dirichlet problem
Aw(x) = [x|*Hy(x), x € S;  w|,s =0,

then v(x) = (2k + s + 2)w(x). From Theorem 2.10 on page 127 the solution w(x) to
this problem has the form

|2k+2 -1

|x H, (%), (3.7.4)

WO = ik s s ) D
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which means

(|x|***2 = 1) 2k + s + 2)H ).

) = Ck s+ 2wl = S sy

Therefore, to find the function u(x) it is necessary to solve the equation

(**? = 1)(2k + 5 +2)
(2k +2)(2k + 25 + n) H(x)

Au = fi(x) =

in functions from C'(S). Theorem 3.12 on page 206 establishes that the solution to
this equation under the condition f;(0) = 0 has the form

1 2k+2 1
dt (2k + 5+ 2)|x[*""H, (x) Dk+s+l
= t _+C: ! St dt
u(x) /0 file)3 2k +2)(2k +25+n) Jg
1
(2k + s + 2)Hg(x) s gy

2k +2)(2k + 25 +n) Jo
B |x|?K4% — 2k +2 + 5) /s
2k +2)(2k + 25 +n)

Hy(x) +C. (3.7.5)

It is obvious that for s > 0 the solvability condition f;(0) = 0 is satisfied. Let us
check the solution (3.7.2). It is not hard to see that

A(|x[**2H,(x))

"0 = Grr ke vy - T ) =)
e ( P2 = s )/
2k + s+ 2)|x - sk +s+2)/s
A = H
u(x) (2k +2)(2k + 25 + 1) s(0),
whence it follows that Au (x)| a5 = 0. The lemma is proved. O

Let us transform the solution (3.7.2) to another form.

Theorem 3.29. Let, similarly to Lemma 3.36 f(x) = |x|*"Hy(x) and s > 0, then the
solution (3.7.2) of the Neumann problem (3.7.1) can be written in the following form

1
o) =—o- [ Mo r@ de, (3.76)
where the Green’s function (or Neumann'’s function) N (x, £) has the form

N(.X, ‘f) = E()C, ‘f) - EO(-X’ ‘f)’ (377)
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the function Eo(x, &) is written as

1
dt
Eo(x, &) _/ ( (I . t|x|§) + 1) (3.7.8)
and E (x, &) = AcE(x, &), where A, denotes the operator A on x.

Proof. Let us substitute the function N (x, &) into the equality (3.7.6). Then we get
the sum of two integrals

1 1
) = === [ B oleP i@ de + - [ Ea(re)leP (o) de

n

=I(x) +J(x).

First, let us calculate the first integral /(x). A special case of this integral is calcu-
lated in Lemma 3.35 on page 300. Let {HIE’) x),i=1,..., hk} be a complete system
of homogeneous degree k € Ny orthogonal harmonic polynomials from Definition

1.5, ./GS(HI(ci) (£))2dse = wn, b = ZH2(73) s the dimension of the basis of

homogeneous harmonic polynomials of degree k. Then the homogeneous harmonic
polynomial H(x) satisfies the equality

hy
N @)y L (i)
H,(x) = iél H; (x)—wn Aﬂ:le(n)Hs (n) dsy. (3.7.9)

Lemma 3.34 on page 299 for |£| < |x| proves the representation
| xl (2k+n-2)

E(x, &) = Z T r— Z H"(x)H"(¢), (3.7.10)
k=0

where series: 1) converges uniformly in & for |£| < a < |x| and fixed x; 2) converges
uniformly in x for |£| < a < |x| and fixed £. Since the function |€|*"H(€)E (x, &) is
integrable on S with respect to &, then the equality holds true

1
w—/E(x £)I¢1""H (f)df—w—glﬂlo(/ﬂ o /|| " 1)
X E(x, )€1 H, (€) dé = lim (I (x) + 15 (x)).

Lete > 0 be small. Let us calculate the integral I7 (x). We use the equality (3.7.10)
to represent the function E (x, ¢). Taking into account the uniform convergence of the
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series from (3.7.10) under the integral over |£| < |x| — & for |x| < 1 (the equality is
applicable for a = |x| — & since |£| < a < |x|) we can change the order of integration
and summation. That is why

1
1) = - / E(x, &)|EP"H, (&) dé
Wn Jig|<lx] -

00 h
1 R e (i) (i)
= — IE17"Hs(§)H, " (§) dEH, " (x)
Wn |§|<|x|—skZ; 2k +n - Z

|~ (2k+n-2)

x () / 2m (i)
ZQ,H,,L_ ZH g [ EPH@OH @ de

Further, similarly to (3.6.34), for the integrable function f(x), the equality holds

b
/ (&) dé = / " dr f(rn) ds,. (3.7.11)
a<|é|<b a Inl=1

Applying this equality, using the completeness of the system {H lgi) (£),k € Np}
of harmonic polynomials, namely the equality (3.7.9), and orthogonality on 9§ of
harmonic polynomials of various degrees, we transform the integral 17 (x)

. | | (2k+n-2) l Ix|-& .
HOR Z S H”(x) ! dr
1 Im+s+k (i) |x|_(23+”_2)(|x| — 8)2m+2s+n
X - m-=s H H d —
Wn Jn|=1 ' s(MH, () dsy 2s+n—-2)2m +2s +n)
X Z H(l)(X)_ =1 Hs(n)Hs(i)(,]) dsy
|7
|—(2s+n—2) (x| = 8)2m+25+n

= (2s+n—2)(2m+2s+n)HS(x)'

Now let us calculate the second integral I5(x). Again we use (3.7.10) to represent
the function E (x,¢) = E(&,x). Due to the uniform convergence of the series under
the integral over &: |x|+¢& < |&| < 1 for |x| < 1 (the equality (3.7.10) is applicable for
a = |x|+esince x| < a < |£]) we can change the order of integration and summation.
That is why
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Wp

1
1500 = - /| o 6 de

¢ (2k+n-2) Nk

= | m (i) (i)
- y e Qe O et

Ix|+e<|€l<1 350
- 1 i 1 m— n— i
= Z—ZH,E)(x)— / PR D (&) H (¢) de.
— <2 x| +e<|é|<1

Applying the equality (3.7.11), again using (3.7.9) and the orthogonality on 9§ of
harmonic polynomials of various degrees, we obtain

Ig(x) _ Z Y — Z H(’)(x) p2m=(2k+n=2) =1 .

|x|+&
1 — (|x| + 8)2m+2
2m+2)2s+n—-2)
1 - (|x]| + &)?"+?
2Cm+2)2s+n—-2)

1 s ;
X — FSH (i HY () dsy =
Wn Jn|=1

h
N l 1 i

< HO 0 [ HaH ) ds, = Hi ()
i=1 Wn Jn|=1

Thus, taking into account the calculated values of the integrals I7 (1) and I5 (1) we
find

- [ EGoleP ) de = Jim (1506) + 15)

— lim (|x| (2s+n-2) (|x| _3)2m+2s+n 1 - (|x| +8)2m+2 )
£—+0 2s+n-2)2m+2s+n) (Cm+2)2s+n-2)
< H (x) _ ( |x|2m+2 .\ 1 — |x|2m+2) HS(X)
S (2m + 25 + n) 22m+2) /2s+n—-2
__ RP™HG Hy(x)
Qm+2)2m+2s+n)  Q2m+2)2s+n-2)
Hence
o) = — PP"CH) Hi(x) (3.7.12)

2m+2)2m+2s+n) (Cm+2)2s+n-2)

The resulting integral generalizes the equality (3.6.32) obtained for m = 0. Now
let us calculate the second integral

16 = o= [ Eatr o)) de.

n
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It is easy to see that according to (3.7.10) for |£| < |x| we have

|x| (2k+n-2) 0) (i)
E(x,€) = A E —2k+ § H (x)H. ()
_ k+n- (2k+n=2) (i) (i)
= 42k 4n—2 || E H(x)H,” (§).

Therefore, since for x € S and & € S we have ||x| - &| = |x||€] < | = , then
the function ¢(t) = E(ﬁ, t|x|€) forx € S, & € S and ¢ € [0, 1] has no singularities
and is continuous in ¢ € [0, 1]. Then

rotee = [ (B vie) +1)
hi

k+n-2 4 0 () g
/sz+n_ > HO W H @) d

i=1

_ k+n @) oy g7 (D)
_ ;k(2k+n Z)ZH x)H(£). (3.7.13)

Changing the order of integration and summation is legal, since the series con-
verges uniformly in # € [0,1] forx € S and & € S. Moreover, the series in the
resulting equality converges uniformly in & € S as x € S. This follows easily from
Lemma 3.34, similar to the equality (3.7.10). Therefore, in the following equalities
it is legal to change the order of integration over ¢ € S and summation over k

J(x)

1 1 [t
= — / Eo(x,&)|E1*"H(§) dé = — /0 p"dp /B SEO(X,Pf)szHs(Pf) ds¢

hi
k+n-2 1 - -
d E 2m+s+k+n—1 H(l) Hs H(l) d
/ p /S k(2k +n— 2) Wy Zi:l ¢ (EH(E)H " (x) dsg

_ k+n- 2m+s+k+n—1 (@) ()
_ Z - +n_2)/ de " /aSHk ()H, (&) dseH (x).

Using (3.7.9) and the orthogonality on dS of harmonic polynomials of various
degrees we find
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s+n-—2

J(x) = s(2s +n-2)2m + 2s + n)

ZH“(x) / H (&) H,(€) ds¢
oS

1 s+n-—2

= - Hs(x)-

2s +n—2s(2m + 25 + n)

Thus, the function u(x) from (3.7.6) is a polynomial and has the form

() === [(Bx.) - Eox. )P HL(6) de

B |x|>"*2H,(x) H(x) ( 1 s+n-2 )
T 2m+2)2m+2s+n) 2s+n-22m+2 sQ2m+2s+n))’

Since
1 s+n-2 _s@2m+2s+n)+(2m+2)(s+n-2)
2m+2 sCm+2s+n) s2m+2)(2m +2s +n)
_s@Cm+2)+s2s+n-2)+(2m+2)(s+n-2)
B s2m +2)(2m + 2s + n)
_(25+n-2)2m+s+n)
C sCm+2)2m +2s+n)’
then

B IX|?"*2 — 2m + s +2)/s
W) = S ) (am + 25 + )

which coincides with the equality (3.7.2) for f(x) = |x|*"H(x) and m = k. The
theorem is proved. O

Hy(x),

Example 3.12. Solution of the Neumann problem (3.7.1) for f(x) = x;|x|?, where
1 <i < n, according to the equality (3.7.2) for k = 1 and s = 1, looks like

Mﬁ—l—4 [x|* -
4(2+2+n) 4(n+4)

1
o) === [ N e)ele de -

3.7.2 Green’s function of the Neumann problem

Let us get rid of the polynomial condition for the function f(x) in the representation
of the solution (3.7.6) of the Neumann problem (3.7.1).
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Theorem 3.30. Let the function f € C'(S) be such that /S f(&)dé = 0, then the
solution to the Neumann problem (3.7.1) can be represented as (3.7.6), where the
function N (x, &) is found from (3.7.7), and the function Eo(x, &) found from (3.7.8)
is harmonic in S by x for & € S.

Proof. Due to the property of the operator A, which preserves the harmonicity of the
function, the function E (x, &) = A E(x, &) is harmonic in x, & € S for x # &. Further,
it is known [28] that since the function E (x, &) is harmonic in x and & for x # £, then
the function

1 .
v(x,€) = |x|n_2E<x/|x|2,§>

is also harmonic under the condition x/|x|> # &. Since in our case & € S, then for
x € S we have x/|x|?> € CS and this means this condition is satisfied. Let us transform
the function v(x, £). Since

Al —gP)= ™

. B NI
E(x,é) = — n_z Zx, "2 &)l — €]
o RP-x-£
—Z(x% Xl - €7 = -,
Z x—é|
then we get
1 . 1-x-& 1
v(x,€) = = E(x/Ix*,€) = ~ ;
|2 ( ) el 21 |/ e |? = €]
Il —x-& A
- = E(x/|x], |x[¢).
e/ 1| = |x1€]"
In addition, it is easy to see that £ (xx/1x], tlxlf)’ .o = —1 and therefore since the

function E (x /x|, t]x|& ) is differentiable with respect to ¢ € [0, 1], then the integrand
function in the integral

rotee = [ (B vie) +1)

has no singularity at ¢ = 0. Therefore, the function E (x, &) is defined for x € S and
¢ € S. Moreover, since the function E (x/|x|, t|x|€£) is harmonic in x, & € S, then the
function Eg(x, &) has the same property. So the function

161 = o= [ Eatrn )76 e

n

www.irispublishers.com 3 16


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.7 V.V. Karachik

is harmonic in S. Therefore, for f € C'(S), based on the properties of the volume
potential, the function u(x) satisfies the equation (3.7.1)

dutx) = A= o= [ E.6)7(€) de) + A1) = £,

Let us check the boundary conditions of the Neumann problem. It is not hard to

see that (| : t|x|§) (I; 1 |tx|§) —f( (I t thlf))

Therefore, taking into account the calculations performed above, we have

Abo(r,8) = [ A(B( i) + 1) = [ (2w a
-5 108) - ) <) .
Using these calculations we find

AN ()]s = (AE(x,6) — E (| : Ixl) - 1)

Thus we obtain

ou

81/‘35

= )], = (= o [ M@ )|
- [aneg) @ de= - [ 1@ de=o

Entering the operator A, under the integral sign is legal due to the properties of
potential type integrals [ 183, p. 25] since the singularity of the function A, E (x, &) for
x = ¢ is of order n— 1 and therefore it is integrable with respect to & € S. The passage
to the limit with respect to x — 9 can be entered under the integral sign since an
integral of potential type with a singularity of type A, E (x, &) is a continuous function
with respect to x € S. Neumann’s condition is met. The theorem is proved. O

Remark 3.25. In [157] another representation of the Green’s function of the Neumann
problem in the unit ball is found in the form

N(x,y) = ——(ECray) + EGelyl y/Iy]) + E1 (5 0).

n
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where |
n ds
Eiteo) = [ (Isslyl = y/bIE - )5

which differs from that obtained in the equality (3.7.7).

Remark 3.26. Let P,,(x) be a homogeneous polynomial of degree m, then by virtue
of Theorem 3.29 the equality holds

I
Sl / N (X, )P (€) dé = Qpsa(é),
nJdSs

where Q,,+2(x) is some polynomial of degree m + 2. If, in accordance with the
Almansi formula (2.1.5), we write the polynomial P,,(x) in the form

m—2k>0

Pu(x)= D WP Hpoai(x),

k=0

where H,,_»;(x) are homogeneous harmonic polynomials of degree m — 2k > 0O (the
formula for calculating them depending on P,,(x) can be found in Lemma 1.11 on
page 52), then by virtue of the equality (3.7.2) we get

m-2hZ0 | 12642 (1 4 2) /(- 2K)

= H,_ .
3.7.3 Green’s function of the Robin problem
Now consider the Robin problem for the Laplace equation
ou
Au(x) = f(x), x € S: (— + /lu)| _ 0, (3.7.14)
ov EN

where A € R and n > 2.

First, let the function f(x) be a polynomial in problem (3.7.14). We construct a
solution to such a problem.

Lemma 3.37. Let f(x) = |x|**H,(x), then a solution to problem (3.7.14) exists if
and only if 1 + s # 0 and this solution has the form

H(x)
(A+5)2k +2s +n)’

u(x) =ugq(x) — (3.7.15)
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where uy(x) is the solution to the Dirichlet problem with zero boundary conditions
from (3.7.4). If -1 & Ny, then the solution (3.7.15) is unique, and if —1 € Ny, then
the solution (3.7.15) is unique up to arbitrary homogeneous harmonic polynomials

of degree —A. If A + s = 0, then a solution to problem (3.7.14) does not exist.

Proof. By virtue of Theorem 1.1 on page 15 a solution to the problem (3.7.14) exists
if and only if the condition is satisfied

1€ No = VA_y(x) /S A1(&)I¢PEH, () di = 0,

where H_;(x) is a homogeneous harmonic polynomial of degree —1 and the solution
is unique up to arbitrary homogeneous harmonic polynomials of degree —1 € Ny. If
—A ¢ Ny, then there are no additional conditions for the existence of solutions to the
problem (3.7.14).

It is easy to see that for —A € Ny according to (3.7.11)

1
2k+s+n—-A4

’ 1H_a(n)Hs(n) dsy.
T]:

/S A (6)|€P*H, () dé =

This expression for —14 # s, due to the orthogonality of homogeneous harmonic
polynomials of various degrees, is equal to zero, i.e. the condition for the solvability
of the problem is satisfied. The solution to the problem is unique up to arbitrary
homogeneous harmonic polynomials of degree —1 € N. If —4 = s, then the integral
on the right, when choosing A_;(x) = H,(x), does not vanish and therefore a solution
to the problem (3.7.14) does not exist.

In Lemma 3.36 a method is proposed for finding a solution to the Neumann prob-
lem for polynomial f(x), but we skip a similar step for the problem (3.7.14) and only
check that the equality (3.7.15) specifies the solution to the problem (3.7.14). It is
not hard to see that

Au(x) = Aug(x) = |x|**H(x)
and keeping in mind (3.7.4) we find

2k + 5+ A+ 2)|x]?**2 — (s + 1)
(2k +2)(2k + 2s + n)

(A + Dug(x)| 5 = H,(x)] g

1

S
2k +2s +n s
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and therefore on 05

H,(x) (A + 5)H(x)
A+ A = - =
At ) = e v (+s) 2k + 25 +70)
The solution (3.7.15) is defined for A + s # 0. The lemma is proved. O

Let us get rid of the polynomial condition for the function f(x) in problem (3.7.14).
Let us present some arguments that clarify the origin of the function E,(x, &) from
(3.7.18). Note that the equality (3.7.15) can be rewritten in a form similar to (3.7.2)
from Lemma 3.36

PRIk + 245+ ) /(s + )
u(x) = (2k +2)(2k + 25 + 1)

H;(x).

From the equality (3.7.5) itis clear that in the numerator of the fraction from (3.7.2)
the denominator s arises due to the integral /01 -t=1dt. If now instead of this integral

we take the integral /01 -t*=1dt, then the denominator s + A will probably appear in
the numerator from (3.7.5). The following statement is true.

Theorem 3.31. Let f € C'(S) and A > 0. Then the solution to problem (3.7.14) can
be represented in the form

1
o) === [ M of @) de. (3.7.16)
where the Green’s function N)(x, &) has the form

Ni(x, &) = E(x,&) — E (x,8), (3.7.17)

the function E)(x, &) is written as

1
Ey(x, &) = /0 E}(i,mg)ﬂ—l di (3.7.18)

x|

and EA/[(X,f) = (A + DE(x,¢).

Proof. Tt is easy to see that, by analogy with the function Eq(x, &), the function
E(x, &) is harmonic in x, & € S for x ne&, which means the function £ (ﬁ, tlx|€) is

defined for x € S, ¢ € S and the function E l(ﬁ, tlx|& )t/l‘1 is integrable with respect
tot € [0, 1] for 4 > 0. Moreover, similar to the proof of Theorem 3.30, it is easy to

www.irispublishers.com 320


www.irispublishers.com

Iris Journal of Mathematics Chapter 3, Section 3.7 V.V. Karachik

verify that the function E (chc_l’ t|x|€), and therefore E,(x, &) are harmonic for x € §

and & € S. Therefore the function

1

1) = = [ Ean )56 de.
Wn Js

is harmonic in S. Therefore, for f € C'(S), based on the properties of the volume

potential with density f(x), the function u(x) from (3.7.16) satisfies the equation

(3.7.14)

M) = A= o= [ Ewo£€) de) + M) = £

Let us check the boundary conditions of the problem (3.7.14). It is not hard to see
that

AcEa(7ntbele) = A Iexle) = o Ea( il

Therefore, for 4 > 0 we find

AEq(x, £) zfoleEﬁ(l s t|x|§) - ldt—/ (E”(ﬂ t|x|§))'ﬂdt

_ m;A(ﬂ t|x|g)(; CAE(x,€) = m(ﬁ [XI€) = AEA(x, &),

which means
(At DE(x,8) = Ea( 1 Iele).
It should be noted that above, for example in (3.5.18) and Lemma 3.23, it is shown
that the integral operator used above is the inverse of the operator A + A in the class
of harmonic functions. Using the resulting formula, we write

(Ae+ DN )]s = (A4 DEC) —E. )| =0

Thus we have

0
—u+/lu|

|
] = ] = o [ DM@ de] =

Entering the operator A, under the integral sign is legal due to the properties of
potential type integrals [183] since the singularity of the function A, E(x, §) forx = £
is of order n — 1 and therefore it is integrable over £ € §. The passage to the limit
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with respect to x — dS can be entered under the integral sign, since a potential-type
integral with the singularity A, E (x, £) is a continuous function with respecttox € S.
The conditions of the problem (3.7.14) are met. The theorem is proved. O

Remark 3.27. The case A = 0 is not covered by Theorem 3.31 and therefore Theorem
3.30 complements Theorem 3.31. The equality (3.7.7) is a natural continuation of
the equality (3.7.17) for the case of 4 = 0.
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Chapter 4

Navier and Riquier-Neumann boundary value
problems

This chapter examines the issues of finding solutions to the Navier [146, 166] and
Riquier-Neumann [101] boundary value problems for the polyharmonic equation in
the unit ball. In Theorem 1.4 from Section 1.2, based on the system of normalized
functions for the Laplace operator, the solvability of the Navier problem for the poly-
harmonic equation is already investigated and a solution method is even proposed,
but it is a recurrent method, which is not always convenient for specific tasks. As a
motivation for this topic, we note that in Theorem 2.8 from Section 2.3 the Green’s
function of the Dirichlet problem is constructed, and in Theorem 3.7 from section
3.2 an integral representation of the solution to the Neumann problem is given. In
addition, in Section 3.7 the Green’s function N (x, &) of the Neumann problem for the
Poisson equation is found. Therefore, it is natural to want, using the results obtained
above, to construct Green’s functions also for other problems for the polyharmonic
equation in the unit ball, namely the Navier and Riquier-Neumann boundary value
problems.

Chapter 4 is organized as follows. In Section 4.1 the Navier and Riquier-Neumann
problems for the biharmonic equation in a ball are studied. Theorem 4.1 gives an
integral representation of functions from the class u € C*(D) n C3(D), then the
Green’s function of the Navier problem is defined in Theorem 4.2 and in the Theo-
rem 4.3 an integral representation of the solution to this problem is given. Theorem
4.6 defines the Green’s function of the Riquier-Neumann problem, and Theorem 4.7
finds the integral representation of the solution to this problem through the Green’s
function. Section 4.1.4 provides two examples of finding solutions to the considered
homogeneous problems with a polynomial right-hand side of the biharmonic equa-
tion. Theorem 4.5 provides a formula for finding a solution to the Neumann problem
for the Poisson equation with polynomial data.

Section 4.2 gives an integral representation of functions from C>”(D)NC>"~1(D).
First, an elementary solution E;,,(x, &) of the polyharmonic equation is determined,
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which generalizes the elementary solutions E4(x, &) from (4.1.2) given in the previous
Section 4.1 and E(x, ¢) for the m-harmonic case. Lemmas 4.1 and 4.2 prove some
properties of the function Ej,, (x,&). Theorem 4.8 using Ey,(x, &) establishes the
integral representation of functions from the class u € C?"(D) N C>*"~'(D) in a
bounded domain D c R" with a smooth boundary, which generalizes the equality
(4.1.3). Example 4.1 is given.

In Section 4.3 necessary and sufficient conditions for the solvability of the Riquier-
Neumann problem for an inhomogeneous polyharmonic equation in the unit ball are
obtained. First, in Theorem 4.9, using Lemmas 4.3 and 4.4, the solvability of the
Riquier-Neumann problem for a homogeneous polyharmonic equation is investigated.
Operator formulas are given that allow one to find a solution to the Riquier-Neumann
problem. Further, in Theorem 4.10, based on Theorem 4.9, necessary and sufficient
conditions for the solvability of the Riquier-Neumann problem for an inhomogeneous
polyharmonic equation in the unit ball are obtained.

Section 4.4 considers the Navier problem (in [146] it is called the Riquier prob-
lem) for the polyharmonic equation in the unit ball. Based on the results of Section
4.1, the definition of the Green’s function G}, (x, &) of the Navier problem is given.
Then, in Lemma 4.5, the property of the auxiliary function E7, (x, &) is proved. After
this, in Theorem 4.11, a recurrent equality for the Green’s function G/, (x, &) is es-
tablished. Finally, in Theorem 4.12, an explicit formula for representing the solution
to the Navier problem is derived. In Example 4.2 the integral with the kernel of the
Green’s functions G, (x,&) form = 1,2, 3 of a homogeneous harmonic polynomial
is calculated and the simple Navier problem for the 3-harmonic equation is solved.

Section 4.5 presents a solution to the Riquier-Neumann problem for the polyhar-
monic equation in the unit ball. Section 4.5.2 gives Definition 4.5 of the Green’s func-
tion Ny, (x, &) of the Riquier-Neumann problem. Theorem 4.13 proves a recurrent
formula for a certain Green’s function. Theorem 4.14 from Section 4.5.3 contains
an integral representation of the solution to the Riquier-Neumann problem. Theo-
rem 4.15 proves that the function found in Theorem 4.14 is indeed a solution to the
Riquier-Neumann problem in the unit ball. Finally, Theorem 4.16 from Section 4.5.4
considers a special case of the Riquier-Neumann problem for the homogeneous poly-
harmonic equation and gives Example 4.4 of solving the Riquier-Neumann problem
with simple boundary data.
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4.1 Green’s functions of the Navier and Riquier-Neumann prob-
lems for the biharmonic equation

In this section, prefacing the results obtained for the polyharmonic equation, we study
the Navier and Riquier-Neumann problems for the biharmonic equation in the unit
ball. First, Theorem 4.1 gives an integral representation of functions from the class
u € C*(D) N C3(D). Then Theorem 4.3 defines the Green’s function of the Navier
problem and Theorem 4.3 gives an integral representation of the solution to this prob-
lem. Next, we study the Riquier-Neumann problem. Theorem 4.6 defines the Green’s
function of the Riquier-Neumann problem, and Theorem 4.7 finds the integral rep-
resentation of the solution to this problem through the Green’s function. Two exam-
ples of solving the considered homogeneous problems with a polynomial right-hand
side of the equation are given in Section 4.1.4. Theorem 4.5 considers the Neumann
problem for the Poisson equation with polynomial data. The results of Section 4.1
are published in papers [117,119].

We present several formulas from Section 2.2 so as not to send the reader too
far back in the text. The Green’s function of the Dirichlet problem for the Poisson
equation in the ball S = {x € R" : |x| < 1} is be denoted as
X
Ga(x,&) = E(x, &) —E(m, [xI¢), 4.1.1)
where E (x, £) is an elementary solution to Laplace equation. We write the elementary
solution of the biharmonic equation (2.2.7) in the form

| . )
2(n_2)(n_4)|x—§| , n>4,n=3
E4(x,§) = 5 _%ln lx = &1, n=4 . 4.12)
|X—§|2(1 _
7 (Inlx=¢gl-1),  n=2

4.1.1 Integral representation of functions
Let us present the integral representation of a function from u € C*(D) n C3(D),
where D C R” is a bounded domain with piecewise smooth boundary dD.

Theorem 4.1. The function u € C*(D) N C3(D) has the following integral represen-
tation
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u(x) = L( — /6D E4(x, f)%d /aD %Au ds¢

IA:E4(x, £)
— ‘/BD A§E4(x,f)5 de + /BD Tu(f) ng

2
+ /D Ea(x, &)A2u(£) dg), (4.1.3)

where w,, = |0S| is the area of the unit sphere in R" and v is the outer unit normal to
0D.

Proof. Consider the functions u,v € C?(D) N C!(D). It is easy to see that for them
in the domain D the identity holds

vAu — ulAv = div(vVu) — div(uVv).

Let us integrate this identity over the domain D and use the divergence theorem
[28]

/(vAu —ulAv)dé = / v% - uE dsg. (4.1.4)

Substituting u = Au, as well as v = Av, we get two equalities

/(vAzu — AulAv) dé = / vaﬂ — Au@) dsg,

ov

8u 0Av

— 2 — — —
/(AvAu uA“v) dé = / Avav u 5y )ds§.

Adding these equalities we obtain

oA 0 0 oA
/(VA2 —ul*v) dé = / v—u Y NPy N u—v) dsg. (4.1.5)
ov ov ov

Obviously, the resulting formula is correct for u, v € C*(D)NC3(D). Let us select
apoint x € D from the domain D together with a closed ball |¢ —x| < ¢ of such radius
¢ > 0 that this ball belongs to the domain D. We denote the remaining part of the
domain D by Dg. It is obvious that 9Ds = dD U {& € R" : |£€ — x| = ¢}. Letus
apply the equality (4.1.5) for the domain D = D; in the case when v(&) = E4(x, &)
and take into account that A§E4(x, &) =0and A¢E4(x, &) = —E(x, &) forx #6 € D

Obviously, the resulting formula is correct for u, v € C*(D)NC3(D). Let us select
apoint x € D from the domain D together with a closed ball |¢ —x| < ¢ of such radius
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¢ > 0 that this ball belongs to the domain D. We denote the remaining part of the
domain D by Dg. It is obvious that 0Ds = dD U {¢ € R" : |¢€ — x| = ¢}. Letus
apply the equality (4.1.5) for the domain D = Dy in the case when v(&) = E4(x, &)
and take into account that A§E4(x, &) =0and A¢E4(x, &) = —E(x, &) forx #6 € D

/D E4(x, )A%u(£) dé

e L L
oD 4 4
—/ (E4(x g)aﬂ—A —aE‘gx’f) —E(x g)a—” —8E(x’§))ds§. (4.1.6)
€ —x]=6 v ov

The minus sign arose due to the fact that the internal normal to part of the boundary
of the domain Ds — the sphere |¢é — x| = ¢ in the divergence theorem is replaced by
an external normal. Let us calculate the second integral on the right in the resulting

formula, which we divide into four terms / f, Ig Y 0 Y % in order.

I. Let n > 4, or n = 3. By virtue of the equality (4.1.2) E4(x,&)|jx—¢g]=s =
64" /(2(n —2)(n —4)) and that means

0Au
Y e
|§—x|=6

If n = 4, then E4(x, &)||x—g=5 = —% In 6 and then similarly to the previous

54" maxgep ||VAul|
2(n—2)|n—4|

’ds§ < wn8"! < const 5°.

| In 6| max,cp ||VAu]|

, w48> < const|In§|6°.

s
17| <

If n = 2, then E4(x, &)||x—g|=5 = 6%|1n6 — 1|/4 and then
6% In¢d — 1| maxgep ||VAul|
4

|If| < w16 < const |Ind — 1]6°.

II. Consider the next integral Ig for n > 4, or n = 3. Taking into account

OE4(x,¢) _ 1 N &-x G-xg 8"
v lx-gl=s  2(n-2) L x — €| |x - ¢|m? - 2(n-2)
we have
OE 6" max, 5 |Au|
|1§5| S/ ’M“A | dsg < £eb w,6" ! < const §2.
|é~x|=6 2(n-2)
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If n = 4, then

8E4(x, f)
ov

_ ‘fl Xi & — X i
-él=5 4 |x =&l |x - §|2 46’

which coincides with the previous case for n = 4 and therefore we obtain a similar
estimate |I§ | < consté?. If n = 2, then

6E4(-x’§) é:l 1
— J(n|x =& —-1)+ —|x -

e N Fi(E =) Inlr =] = 1)+ 7l —¢]

_kx —fl
———Q2Inlx-¢|-1) = —(21n(5—1)
and then
0|12In¢6 — 1| max,_p |Au|
1I0] < £eb w8 < const62|2Iné — 1.

2= 4

III. Consider the next integral I‘S for n > 2. Taking into account the following
equality E(x,&)|jx—¢=5 = = 6%27"/(n —2) we have

52" maxgp || Vul

wnd" ! < const$.
n—2

ou
|1‘5|s/ G &)l o dse <
P Jiexi=s avI™*

If n = 2, then since E(x,&)|x—¢=s = —Ind, we get

[I2] < |In 8| max || Vullwzd < constd]Ind|.
éeD

In all cases considered, 15 = 0for6 »-0,k=1,2,3.
xeD

IV. Let us examine the last integral If. Since forn > 2

IE(x, &)
ov

__ S &i—xi i X _ _gln
-tl=o & 1E—x][E — x| ’

then we have
v [ SRS < [ e [ as

<5 mmax, u(€) = u(x)|wa""" = W (8)wn,
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where w () is the modulus of continuity of the function f. By Cantor’s theorem
wr(6) — 0 for § — 0, which means

n—1
OE(x.¢) ds§) + u(x)w 0

14‘1S = (Iff —u(x) — wyuu(x), 6 — 0.

n
e-xl=s OV ot
Let us passing to the limit at 6 — 0 in the equality (4.1.6). Due to the integrable
singularity in the volume integral on the left, at which
tim [ B 67 de = [ Eitx.)f(©)de
0—0 Ds D

and taking into account the found limits of the integrals I,f for k =1,2,3,4 we obtain

0Au _ 0E4(x,&) Ay
ov ov

0 0E (x,
—E@f@%+—§§§

[ Exonu@ae= [ (Ee)
D oD
u(f)) dsg + wuu(x).

Transferring all the integrals from the right side of the formula to the left, dividing
by w, and taking into account the equality A¢E4(x,&) = —E(x, &) we obtain the
representation (4.1.3) to be proved. O

Remark 4.1. The formula (4.1.3) for n > 3 remains valid if we replace the elementary
solution E4(x, &) with the fundamental solution E4(x, &) from (2.3.7) because, as
noted in Remark 2.6, these functions are the same.

4.1.2 Green’s function of the Navier boundary value
problem

The problems below are considered in the unit ball S = {x € R" : |x| < 1}. The
Navier problem (in [20] it is also called the Dirichlet-2 problem) consists of finding
the function u € C*(S) N C3(S), which is a solution to the following boundary value
problem for inhomogeneous biharmonic equation

Au(x) = f(x), x€S,

4.1.7)
ulas = o(&),  Aulgs = ¢1(€), € €0S.
Definition 4.1. Function of the form
G, (x,&) = E4(x, &) + g,(x,€), (4.1.8)
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where g; (x,£) € C;(S ) is a biharmonic function in the variables x, & € §, for which
for x € § the following conditions hold

G (x,8)|¢cos = AeGy(x,€)|gecos = 0

we call the Green’s function of the Navier problem (4.1.7).

In what follows we also consider another function

Ejey) = o [ EGEGE) dy,

nJds

Theorem 4.2. The Green’s function G} (x, ) of the Navier problem (4.1.7) satisfies
the equality

1
qma=;£&mw@ma@ 4.1.9)

n

where the function G,(x,y) is defined in (4.1.1).

Proof. First, let us prove that the function (4.1.9) has the form (4.1.8). To do this,
we establish that the function go(x,&) = Ej(x,€&) — E4(x, &) is harmonic in & #
x € S, where E4(x,y) is defined in (4.1.2). Suppose x # & € S. Let us denote
Ss=S\{yeR": |x—y| <6} andtake 6 > 0 so small that & € Ss,i.e. |x —&| > 6
and {y e R": |[x —y| <6} C S. Then

o= o[+ [ JEGECod

Since € € S5 and x ¢ S§, then by the property of the volume potential

1
Ae— [ E(x,y)E(y,é)dy = —E(x,§). (4.1.10)

wn S5

Let n > 4 or n = 3. Other cases are treated similarly. Let us denote

F@f)=/'|5E@JﬂN%§ﬂW= 116MV”M—§—UF”dn
x—=y|< n|I<

(n=2)?

The integrand in the last integral has a singularity only at the origin (j]x — & —n| >
|x—&|—06 > 0) and therefore differentiation of the integral with respect to £ is possible
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under the integral sign, which means F(x, ) is a harmonic function with respect to
¢. Therefore, by the property of the function E4(x, &)

Afg()(x’ f) = Af(EZ(xa f) - E4(xa f)) = —E(.X, g) - (—E(X, é:)) =0

for x # £. The function E4(x, &) for & = x has the singularity O(|x — &|*") if n > 4.
Further

Ejee) =C [

| le—f—vﬁP%m”ansczf 2 = nP P dn
E+nl<

In<2

o[ [ Je-uPrmEran=nen
|z|<[nl<2 Inl<lz|

where z = x — . For the first integral /; we have

hSCkF“/ 2= 0Pl dn = 012",
|n|<2

since according to [183, p.27] the integral in this equality is bounded. Besides
b= CIPll [ o= elelP 6P do
101z]1<lz|
= el [ fe-errieras,
|6]<1

where Z = z/|z|. Since the last integral is continuous in Z € 4S5, then I, = O(|x —
£|*™). This means go(x, &) = O(|z|>™) and by the theorem on erasing singulari-
ties [183] the function go(x, £) is harmonic in £S. Since the functions Ej (x, &) and
E4(x, &) are symmetric, the function go(x, &) is also harmonic in x € S.

Now let us transform the function G, (x, ). Using (4.1.1) we write

(/E(x,y)gd(y,f) dy

1
Gy(x,&) = E4(x, &) + go(x, &) + —
w S

d d d
+ [ewnEGe e [ g6 )
= E4(x, &) + g4(x,€), (4.1.11)

where g%(x, &) = —E (ﬁ, |x|€). The first and third integrals in the resulting equality
are harmonic functions in &, since the singularity in the first integral is integrable,
and differentiation does not increase this singularity.
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The second integral, by the property of the volume potential, is a biharmonic func-
tion in &, since the function g?(x,y) = —E (|x|, |x|y) has bounded derivatives with

respect to y in S for x € S. Similar statements are true for the variable x.

Let us check the boundary conditions for the function G} (x, ). By the property
of the Green’s function G, (x, £) and the continuity of the volume potential, we have

1
G (x,8)|¢cos = - /SGz(x, Y)G2(y,€)|eeos dy = 0,

where x € §. Using (4.1.11) and the properties of the volume potential at x € S we
find

AeGy(x,€)|ecos = (— E(x,&) - 8d(x,§))|geas = =G2(x,&)|eeas = 0

Since the functions E4(x, &) and g?(x,y) are symmetric, the function G (x,¢)
from (4.1.9) is also symmetric. From (4.1.11) it is clear that g} (x, §) € C;(S_) for x €

S since the same are the functions g¢(x, &) and go(x, £). The theorem is proved. O

Theorem 4.3. The function u € C*(S) N C3(§), which is a solution to the Navier
problem (4.1.77), can be represented as

| [ 0AGH(x.9)
v =4 [ B g+ - [ 2

Wn
+w—n/SG£(x,§)f(§)d§. (4.1.12)

4( &)

¢1(&) ds¢

Ifpo € C(0S), ¢ € C'*2(8S) and f € C(S), then the function u(x) from (4.1.12)
is a solution to the Navier problem (4.1.7).

Proof. Letu € C*(S) N C3(S) be a solution to the Navier problem (4.1.7). If we use
the equality (4.1.3) and similarly derived equality

_ r aAM agZ(X,f)
0‘/85(_g4(x’§) o T e O

OAegy(x, &)
ov

- Ay O ) dse+ [ i(x 67 de, @113

then we get
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1 . dAu  0Gy(x,§)
u(x)=—n/as(—G4(x,§) L

NG (x, &)
ov

0 1
MG ) dse+ - [ Gir )11 de,

Using here the equalities G, (x, £)|zcas = AsGl(x,E)|zcos = 0 for x € S we get
(4.1.12).

Let us check that the function u(x) determined from (4.1.12) is a solution to the
Navier problem (4.1.7) for ¢y € C(9S), ¢1 € C'(dS) and f € C'(S). Let us
denote the first, second and third integrals from (4.1.12) by u(x), uz(x) and u3(x),
respectively. Since AsG)(x,£) = —Ga(x, &) for x # & (proven similarly to (4.1.10)),
then, as it is known, the function

un(x) = —— /a S 9G2(x.8) | () disg = iy (3)

Wy, ov

is a solution to the Dirichlet problem for the Laplace equation in S with value ¢g on
the boundary. Further, by virtue of Fubini’s theorem, we obtain

) = o [Gaten(o- [ FEED o) dse) ay

n Wy ov

1
L / Ga(x, V), (¥) dy,
Wy Js

which means A,us(x) = wy, (x) and u(x)|ss = 0. In this case, the function w, (x)
must be subject to the condition w,, € C 1(S), and this condition is satisfied if ¢ €
C'*2(9S) [4, Lemma 2.7]. Thus, the biharmonic function u; (x) + u>(x) is a solution
to the Navier problem (4.1.7) for the homogeneous biharmonic equation. Finally, by
the property of the function G;(x, £),

Run() = -2 [ Gal£)1(6) de = 1)

and u3(x)|ss = Aus(x)|gs = 0. The theorem is proved. O

The solvability of the Navier problem also follows from Theorem 3.24, but since
a more complex problem is considered, the smoothness of ¢g and ¢ is higher.
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4.1.3 Riquier-Neumann boundary value problem

The Riquier-Neumann problem [101] (in [20] it is also called the Neumann-2 prob-
lem) is to find the function u € C*(S) N C3(S), which is a solution to the following
boundary value problem for the inhomogeneous biharmonic equation

A*u(x) = f(x), xE€S,
ou 0Au (4.1.14)

5352"00(6)’ WaSZQN(f), £ €0S.

First, a few notes on the Neumann boundary value problem. In Section 3.7 the
Green’s function

N(X,é:) = E(X,f) - E()(X,f)

for the Neumann problem for the Poisson equation in the ball § is constructed, where
the harmonic function Ey(x, &) is written in the form

Eo(x, &) = /01 (E(lji—l,t|x|§) + 1)%

and E(x,&) = AE(x,&). Tt is easy to see that the function N (x, &) is symmetric.
The following result is an addition to Theorem 3.30 on page 316.

Theorem 4.4. Let f € C'(S) and ¢y € C(0S), then the solution to the Neumann

problem
ou
Au=1, E|as =¥
provided that
[ w@ase= [ s ae @.1.15)
as S
can be written, up to a constant, in the form
1 1
v = o [ Neow@de-— [Nxof@de. @10

Proof. First note that Au = % on 0S. Theorem 3.30 established that the second
integral in (4.1.16) is a solution to the inhomogeneous Poisson equation with f €
C'(S) on the right-hand side and that

A /S N 6)f (&) dé]. 5 = - /S 1(&) dé. (4.1.17)
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Let us consider the first integral in the equality (4.1.15). It is clear that by virtue
of the definition of the function N (x, £) it is harmonic in S. Using the symmetry of
Gy (x, &) itis easy to calculate that for & € 05

AN (6,8 = AE(x,€) = E( i) =
an(x, éf) _
v

and therefore, by the property of the Green’s function G;(x, £) of the Dirichlet prob-
lemin S

= -NeGao(x,6) -1 =~ 1,

1 . 1 an(-xaéj)
1 1
-5 @ = - o [ uedse

From here we get

0 1 1
P s =00 - [ w@dse+ - [ riorde

If we use the condition (4.1.15) here, then the harmonic in S function v (x) also
satisfies the boundary condition of the Neumann problem. The theorem is proved. O

Remark 4.2. During the proof of Theorem 4.4, we get an equality that is useful later

1 [ ON(x, 1
1 o8 &) dseleess = olx) - _/6590(5) dé, (4.1.18)

wn Jos  OVx Wy,
where ¢ € C(0S).

The proved theorem is not very convenient to apply in the case of polynomial data.
Similar to Theorem 2.15 on polynomial solutions to the Dirichlet problem, the fol-
lowing statement is true for the Neumann problem.

Theorem 4.5. Let P(x) and Q(x) be polynomials, then the solution to the Neumann
problem

ou
u(x) =Q(x), x € 5; 9y las (xX)las,

exists only in the case v(0) = 0, where
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|X|2—1 (1-alx?)’(1-a)’
v(x) = Plx)+ / Z (25 + 2)11(25)!!

X A*((A +2)0 — AP)(ax) &"* ' da (4.1.19)

and can be written as

1
u(x):/ v(tx)%+C. (4.1.20)
0

Proof. According to Theorem 3.12 on page 206 the solution to the Neumann problem
is represented in the form (4.1.20), where the function v(x) is the solution to the
Dirichlet problem

Av(x) = (A+2)0(x), x €85 vlas = P(x)las

According to Remark 3.9, a solution to the Neumann problem exists only in the
case v(0) = 0. If we use Theorem 2.15 for the Dirichlet problem written above, we
obtain the equality (4.1.19). The theorem is proved. O

Let us return to the Riquier-Neumann problem for the biharmonic equation (4.1.14).

Definition 4.2. Function of the form

Gy'(x,&) = E4(x, &) + 8" (x,8), (4.1.21)

where g,"(x,&) € C 4(S) N C3(8) is a biharmonic function in the variables x, & € S,
for which the equalities hold for x € §

dG7(x,€) 0A:G"(x, &)

T'geaS =Y Oy |§eaS = 1. (4.1.22)

we call the Green’s function of the Riquier-Neumann problem (4.1.14).

Theorem 4.6. The Green’s function G} (x, §) of the Riquier-Neumann problem (4.1.14)
can be represented as

Gy (x.¢)
—n(/SN(x,y)N(y,f) dy—%n/SN(x,y) dy-/SN(y,cf) dy), (4.1.23)

where T, = |S| is the volume of S. The Green’s function G}" (x, £) is symmetric.
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Proof. First, let us prove that the function (4.1.23) has the form (4.1.21). It is not
hard to see that

675, = Ey(v8) = ([ EGEne) dv+ [ ol n)En) dy

n

_/SEO(x,y)Eo(y,f) dy+%n/SN(x,y) dy-/SN(y,f) dy)

= E4(X, é:) + ggn(x’ ‘f)

Theorem 4.2 states that E) (x,&) = E4(x,£) + go(x,&). The first and third inte-
grals in the resulting equality are harmonic functions in &, since the singularity in
the first integral is integrable, and differentiation does not increase this singularity.
The second and fourth integrals, by the property of the volume potential, are bihar-
monic functions with respect to &, since the harmonic function Ey(x, &) has bounded
derivatives with respect to £ in S for x € S.

Let us check the boundary conditions for G}"(x, ). By the property of the Green’s
function N (x, &) (4.1.17) and the continuous differentiability of the volume potential
for x € § we have

G, (x,§) 1 1
Tfeas—w—n(—/SN(X,y)dy"‘T—n/SN(Xa)’)dy'Tn) = 0.

In Theorem 3.30 it is also established that Az N (x, £)|zeps = —1 and since

1
AgGZn(X,f) = —N(X, ‘f) + E/SN(X, y) dy

for x # & (proved similarly to (4.1.10)), then for x € S

(9A§G£n (x, f)

=1.
ov

£eds B

The symmetry of G}"(x, £) follows from the symmetry of N'(x, ). The theorem
is proved. O

Theorem 4.7. Let the function u € C*(S) N C3(S) be a solution to the Riguier-
Neumann problem (4.1.14), then it can be represented as

1 |
) === [ 86T O0@) dse = o [ G000 die

n

www.irispublishers.com 337


www.irispublishers.com

Iris Journal of Mathematics Chapter 4, Section 4.1 V.V. Karachik

1
+— /S G (x, &) f(£) dé + C. (4.1.24)

Moreover, if po € C(9S), ¢1 € C'*2(0S) and f € C'(S), then the function u(x)
from (4.1.24) is a solution to the Riquier-Neumann problem (4.1.14) provided that

/ o1(£) dse = / £(&) dé. (4.1.25)
oS S

Proof. Let u(x) be the solution to the Riquier-Neumann problem (4.1.14). Similar
to the proof of the theorem 4.3, if we use the equality (4.1.3) and then (4.1.13) with

gy (x, &) = g"(x, xi), then we get

1 o 0Au  0G}"(x,€)
M(X)_w_n/GS(_G4 (x,¢) 5y + 5y Au

0A:GY" (x, &)
ov

0 1
2O 2 s ) dse+ - [ 6T of(@) de.

If we now recall the equalities (4.1.22), we obtain the equality (4.1.24) for C =
w%, fa GU (&) dsg.
Let us check that the function u(x) from (4.1.24) is a solution to the Navier problem

for g € C(9S), ¢1 € C'(4S) and f € C'(S). Let us denote the first, second and
third integrals from (4.1.24) by v (x), v2(x) and v3(x), respectively. Since for x # &

rn — i
MG () = ~N(r&)+ — [ NGy ay,

then, by virtue of (4.1.16), the function

00 = o [ M@ dse-— [ Ne( [ el dse)ay

is a solution to the Neumann problem for the Laplace equation in S with the value ¢q
on the boundary and with the value % fa ¢ ¢0(&) ds¢ on the right parts of the equation
(the required condition for the equality of the integrals is satisfied). This means v (x)
is a biharmonic function satisfying the conditions %bs = @o(x), %las = 0.

Further, by virtue of Fubini’s theorem, we will have

va(x) = —win/SN(X,y)(win /aSN(y,f)‘Pl(f) ds¢
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- [ = [Meoaa@as) o,

whence, due to (4.1.16) (the integral over y of the coefficient in parentheses for the
function N (x, y) is equal to 0)

1 1
A = — [ Newon@dse- [ — [NaOda©ds,
Wn Jos S Tn J§
= V¢1;0(X) -C
and 22|55 = 0. In addition, AZv(x) = 0 and by (4.1.18)

3AVQ

= e [ eerae

When calculating A,v2(x) on the function v,,.0(x), the condition v,,.0 € C1(S)
must be imposed under the integral, and this holds if ¢; € C'*¢(9S) [4]. Finally, by
the property of the functions G}"(x, ) and N (x, §)

Wva(x) = =0 [ Nk £ de = )

at f € C!(S) and since it is possible to enter a derivative under the sign of the volume
potential and because of the equality A, N (x, &) |xeaS = —1 we get

(9\13 (9AV3
Eheas =0, |ceas = / f(&) de.

Thus, the function u(x) = vi(x) + va(x) + v3(x) is a solution to the following
Riquier-Neumann problem

Au(x) =0+ 0+ f(x) = f(x),

0

= cas = 90() +0+0 = go(x),
0A

s =040 - [ w@de+— [ e ae.

ov

Therefore, if the conditions (4.1.25) are met, then the function u(x) from (4.1.24)
is a solution to the problem (4.1.14). The theorem is proved. O

Remark 4.3. A necessary and sufficient condition for the solvability of the Riquier-
Neumann problem for a polyharmonic equation is also obtained in [101] and this
condition has the form (4.1.25).
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4.1.4 Examples

Let {H,(Ci) (x):i=1,...,hg, k € Ng} be a complete system of homogeneous degree
k € Ny harmonic polynomials orthogonal on 9.5 normalized so that /a S(H ,(:) (€))% ds £ =

Wy, and hy = an+”2 2(k;:"33) forn > 2, hy = 2 for n = 2 (see Definition 1.5).

Let us find solutions to the homogeneous Navier and Riquier-Neumann boundary
value problems considered above for the inhomogeneous biharmonic equation in §
with £(x) = [x[*HY (x), I € N,.

1. Navier boundary value problem. By Theorem 4.2 the Green’s function of the
Navier problem G/, (x, £) has the form

1
Gy(&) = o [ Ga(Galy. ) .

n

It is known that the function G;(x, ¢) is symmetric and from Lemma 2.8 it follows
that for n > 2 and |x| > |£]

G2(x’ é:) = Z |x
k=0

|~(2k+n=2) _

2k +n

(i) (i)
— § HY DB (©).
Let us calculate the following integral

1= 1 [Geare = [ ol G616 di

|x|—&
= 1im ( / ) ldp— [ Gav.pt) F(p8) dse
el +e Wn Jig)=1

8—>0

= lim (I7(x) + I5(x),

If x = 0, then the integral I{ (x) must be omitted. Let us calculate the first integral
I7(x). Since |£] < |x| — & = a < [x], then, in accordance with Lemmas 2.7 and 3.34,
the series below converges uniformly in & and so summation and integration can be
interchanged

(2k+n-2) _

bl 21+ +n—1+k |x|
18 — m-r-n—
1) /0 Z 2k +n—
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hy
() poy 1 (i) ()
x ;Hk ()= /|§ OO @ s

Using the orthogonality of the system {H,(ci) (x):i=1,..., h, k € No} we find

|x|—(2m+n—2) -1 (|x| _ 8)2[+2m+n

I3 (x) = H (x).

2m+n-2 2l +2m +n

Passing to the limit at & — +0 we obtain

|2l+2 _ |21+2m+n

lim I%(x) = Ix X HY (x).

£—+0 2m+n—-2)2l +2m + n)

Similarly, using the symmetry G, (x, ) we find

1 —-(2m+n-2) _ 1 . 1
IE — 20+2m+n—1P d H(J) —
2 (%) Ahgp 2m+n—2 p Hy () 2m+n—2

X( 1 1 (|x| +8)2l+2 s (|x| +8)21+2m+n
2l+2 2l+2m+n 20+ 2 2l +2m+n

)Hﬁk@.

Passing to the limit at & — +0 we obtain

|21+2 |21+2m+n

1 (1—|x I —|x

Hm 72 (x) = _
im (%) 2+2  2+2m+n

()
H )
£—+0 2m+n-—2 ) m (%)

Thus we have

= /S Go(x, )€ HY (&) dé = 10(x) + 12(x) = — (1 — W) HY (v).

1
Cl,m

where C;,, = (21 + 2)(2] + 2m + n). Therefore, by Fubini’s theorem,

1 - 1 1
— / Gh(x. &) HY () de = — / Ga(x,y)— / Ga(y. )¢

n

x Hil (6) dé dy = —— | Ga(x.y) (1= [yP")H,] (7) dy
Im Wn Js§

B (|x|21+4 -1 .\ 1= |x|2
Cl,mCl+1,m Cl,mCO,m

)Hﬁk@.mjza
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2. Riquier-Neumann boundary value problem. By Theorem 4.6 the Green’s func-
tion of this problem G}"(x, ) is written in the form

675, = ([ MeyNG & dy =2 [Ny dy- [ Mo )

The solvability condition for the homogeneous Riquier-Neumann problem for f(x) =
|x|21H,${)(x) has the form fs |§|21H,§{)(§) d¢ = 0, which is possible only for m > 0,

since for such m the equality /a S H,S{ )(f) ds¢g = 0 holds. Theorem 3.29 proved the
equality

. 242 ,
wi /S N, 6)eBY (@) dg = -2 (Z”m)/ "HY (v, (4.127)

which we use. By virtue of Fubini’s theorem, we write

1 ; 1 1
- [ormor @ de = - [N [Noor@ded

n 1 1 20 17(J)
—w—n/SN(x,y)dy-w—n—/s(w—n/SN(y,f)dy)|§| H,l’(¢) d¢
= J1(x) + J2(x).

Let us calculate the integral J; (x). Due to (4.1.27) we have

1 Iy|#*2 - 2L +2+m)/m
50 === [ Ny =~ H () dy
IX|?*4 -l +4+m)/m 24+2+m|x|> - (m+2)/m ()
:( - )Hm(m.
Cl,mCl+1,m mCl,m CO,m

From the equality (3.7.13) of Theorem 3.29 it follows that

N _ktn=2 <N e
Eo(x.) = —; LTS Z‘H" (H(©).

where x € S and £ € S. Therefore, taking into account Lemma 3.34, we have the
following representation of the function N (x, &) for |£] > |x]|

€]~ (n=2)
n—?2

N(x,&) =

342
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£~k 4 (k 40— 2) [k < () (i)
Z Y Z;H (NH (). (4.128)

From here we find

1 I S
— [ Negrde=—( [+ [ ) [ Nwpo dsedp
Wn Js Wn \Jo |x]| as

1 2 1 2 1 2
(ﬁJ, x| )— P 4120

“a-2\n "2 2 )" 22

Therefore, using the symmetry of N (x, £), we obtain

win /S (wi /S N(y,€) dy) g2 HY (@) de
2] 2042 .
= wi/s (z<lf|— 2) S il @ e =o.

0 and therefore for m > 0

whence it follows J,(x) =
Ix|?*4 — 2l + 4+ m)/m

1 .
— [ G(x, &) HY) (¢) de =
- [ e @ de = (F— =
20 +2 2 - 2 :
_2UH24m T (m A )/m)H,S{)(x). (4.1.30)
mCl,m CO,m

Since the coeflicients of H,; (/ )(x) on the right-hand sides of (4.1.26) and (4.1.30)
do not depend on j, then instead of H (x) in them we can take an arbitrary homo-

geneous harmonic polynomial of degree m.

343
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4.2 Integral representation of functions from C>"(D)NC?"~ (D)

In this section, an elementary solution Ey,(x,&) of the polyharmonic equation is
defined. It generalizes the elementary solutions E¢(x, &) from [110], E4(x, &) from
(4.1.2) and E(x, &) given in the previous Section 4.1 to the m-harmonic case. Lem-
mas 4.1 and 4.2 prove some properties of the function Ey,, (x, ¢). Theorem 4.8 using
E> (x, &) establishes the integral representation of functions from the class C>"(D)N
C?"=1(D) in a bounded domain D c R” with a smooth boundary, which generalizes
the equality (4.1.3). Example 4.1 is given. The main results of Section 4.2 are pub-
lished in [125].

4.2.1 Elementary solution E»,,(x, &)

By analogy with the elementary solutions E4(x, ¢) and E (x, &), we introduce an ele-
mentary solution to the m-harmonic equation. Let m € N. Then the set N \ {1} can
be divided into two disjoint sets N, = {n € N : n > 2m > 1} U (2N + 1) and its
complement N = {2,4,...,2m}. Since the set N, is finite, then N, is infinite. It
is clear that N;— c N¢ . and therefore N,, € N,,_;. It should be kept in mind that
Np = N U {0}.

1

Definition 4.3. We call an elementary solution of the m-harmonic equation A”u = 0
a function of the form

E2m(x’ f)
(=1)"|x — &|2mn
2 =122 D)t € N,
J RS M R o T b
(2-n,2)5(2,2)m1 P e "

where (a,b);y = a(a +b)...(a + kb — b) and (a,b)o = 1. The symbol (a, b);
means that if there is O among the factors a, (a + b), ..., (a + kb — b) included in
(a, D)y, then it should be replaced by 1. For example, (-2,2); = (=2) - 1-2 = —4.
In addition, if in the sums included in (4.2.1) the upper index becomes less than
the lower index, then the sum is considered equal to zero. Note that (2 — n,2),, =
(2-n)(4—n)...(2m —n) # 0 for n € N,, and therefore the first part of the equality
(4.2.1) is defined correctly.

It should be noted that in [110] an elementary solution for the 3-harmonic equation
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is defined in the form
1

__ ¢#16-n
24(n_2)(n_4)(n_6)|x §| ) n>3n+4,6,
- 1H|x—f|, n==6
Ee(x,&) = 1 ic'f(f'fz_?l(”l“‘; n+2) . (4.2.2)

————(In|x - ¢| - N =

2n(n —2)2 on I

=g (1 e |_n+2_ n+6 ) _,

Snn+ )\ T T T T ey T

and on its basis the Green’s function of the Dirichlet problem for the 3-harmonic equa-
tion is constructed. The connection between all the elementary solutions mentioned
above is established in the following lemma.

Lemma 4.1. The function E,,,(x, £) coincides with the elementary functions E (x, £),
E4(x, &) from (4.1.2) and E¢(x, &) from (4.2.2) form = 1, m = 2 and m = 3, respec-
tively.

Proof. Let m = 1. Then N{ = {2}, (2 - n,2); = 2 -n, (2,2)p = 1, and therefore
Er(x,&) = E(x,€) forn > 2. If n = 2, then (0,2)] =1, m-n/2=0,m-1=0
and therefore in the second equality from (4.2.1) the numerical sums are absent and
therefore E>(x,&) = E(x, &) forn = 2.

Letm = 3. Then N§ = {2,4,6},(2-n,2)3=2-n)4-n)(6-n),(2,2), =2-4,
and that means
x — £[°7"
8n—-2)(n—4)(n-06)’
which coincides with (4.2.2) forn = 3,50rn > 6. If n = 2, then (2 — n, 2); =2-4,

(2,2), =8, m—n/2 =2, m—1 =2 and therefore in the second equality from (4.2.1)
the sum of 2 numeric sums without a sign has the form % + % + % + % = % and therefore

4
E¢(x,&) = _|x8 é' (ln lx —&] - %)
which is the same as (4.2.2). If n = 4, then we have (2 —n,2); = -2-2,(2,2); =8,
m—n/2 =1, m — 1 = 2 and therefore in the second equality from (4.2.1) both
numerical sums without a sign have only one term % + % = %. Therefore in this case

e - €7
—4-8

Ee(x,€) = n e Ns,

Eo(v, ) = 5 (Inlx— e - 2),
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which is the same as (4.2.2). Finally, for n = 6 we find (2 - n,2); = -4 - (-2),
(2,2), =8,m—n/2 =0, m—1 = 2 and therefore in the second equality from (4.2.1)
there is no numerical sums and therefore we get (4.2.2)

1
Eg(x.§) =~ Infx = &].

Using similar reasoning, it is also easy to verify that the function E»,,(x, &) for
m = 2 coincides with E4(x, &) from (4.1.2). O

Remark 4.4. S.L. Sobolev [162, p. 521] considered the fundamental solutions G, ,, (x)
of the polyharmonic equation, which differ slightly from the elementary solutions
E>p(x, €). For example, for odd n

(_1)(n—1)/2
C(m)['(m —n/2 + 1)22mgn/2-1"

|2m—n

Gm,n(x) = Xm,nlx s Xmn =

Considering that 2"~'T"(m) = (2,2),._1,
2"T'(m-n/2+1)=2m—-n)...2-nI'(1 -n/2) =2 -n,2),I'(1 —n/2)
and w, = 27"/?/T'(n/2) we can write

1 (-1 D/2g
T W0 (2,2)-1(2 = 1,2), T (n/2)T(1 —1n/2)

Xm,n

If we now notice that I'(n/2)I'(1 — n/2) = = 7(=1)""D/2 then we get

Sin(lzrﬂ/Z)

1 1
W (2,21 (2-1,2)0

Xm,n

however, the function E»,,(x, &) also contains the factor (—1)™. This factor is addi-
tionally taken into account in Theorem 4.8. For n € N7 the difference between these
functions is somewhat greater and it is associated with the following property of the
function Ey,(x, &), which G, ,(x) does not possesses.

Lemma 4.2. The symmetric function Ey,(x, &) defined for x # & satisfies the equal-
ities
AeEyy(x,&) = =Eyu-1)(x,&), A¢Ex(x,€&) = 0.
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Proof. From the equality (4.2.1) it immediately follows that the function E»,, (x, &) is
symmetric.

19. Letn e N,, c N,,_; and m > 1. Consider @ € R. Tt is easy to check that

a N a2
a_é:llx E" =a (& —x)|x =€

and that means
ol gl = (- € (- 2) (- x) k- 677

Therefore we have
Aelx — €|* = a(a +n - 2)|x — €772 (4.2.3)
For @ = 2m — n it follows that
Aghe = €™ = (2m = n) (2m = 2)|x = €727,
which means the equality holds

(=1)"(2m — n)(2m - 2)

A¢Eo (X, — _ ¢|2m-n
B = T @ ¢
(—l)m_1|x _ é;|2m—2—n
- = —Erim-1(x,8).
Q- (2, (08)
20 Letnown € N¢ ={2,4,...,2m} and m > 1. For @ € R we have
aéﬂx £ In fx - ¢])
=a@erx—aWHMx—a+u—fwf:ﬂy (4.2.4)
whence it follows that
82 a a-2
agox—alnu—a)—au—a Injx -
a—4 a— 2(§l )
+a(a—2)(&—x) x — €1 Inlx — & + alx — & P
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+ e = €177+ (@ =2y = €177 E - x)°

and therefore if @« # 0 and a # 2 — n, then

Ae(Ix = €17 In]x - £]) = nalx - 2 n]x - €]

ta(e=2)r =€ Il - £+ (@ +n+a -2 -

| |
:am+n—mu—gwﬁﬁmx—a+—————+—)
a+n-2 «

In the case @ = 0 we get
A(lx = &7 In [x = £]) = (n = 2)lx = &7,

and for « = 2 — n we find
Ae(lr =P Inlx —£]) = 2 - m)lx — €]

Therefore, taking into account also (4.2.3), for @ # 0 and @ # 2 — n we have
AJM—gWUmx—a+c»
1 1
:am+n—mu—gwﬂﬁmx—a+—————+—+c)

a+n-2 «

where C is some constant. Therefore, if n € N¢ = {2,4,...,2m} and n # 2m, and

m>1,ie. ne€ an_l ={2,4,...,2m — 2}, then we get

(—l)mlx _ €;|2m—n m—n/2 1 m—1 |
A m ’ = A 1 _ _ A 1
eEon(v.8) = Me iy — oy 2)m_1( nlx —&| ; . k;;z 2k)
_ L (2m = n)(2m = 2)|x — &P mnf2
B CRr o mr G PV

k=1
m

Z_‘j 1 .\ 1 .\ 1 ) _ (_1)m—1|x _ §|2m—2—n
) 2k 2m -2 2m-—n (2-n,2)" (2,2)m—2

k=n
m—1-n/2 1 m-2 1
X(ln|x—§|— — = Z —)=—E2m—2(X,§)-
k=1 2k k=n/2 2k

In the case n = 2m and m > 1 we have n € N¢, \N’Cn i.e. n € N,,_1 and then (see

case @ = 0 above)

-1°
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g
AeEan(x,€) = A PErEEE £1)

B T | [y
T 2-m2)p1(2 )1 =121 (22 ~Eam-2(x, ),
since (2,2)m_1 =2-4...(2m =2) = (2,2)mo(n - 2).

30. The remaining case is m = 1. From Lemma 4.1 it follows that E,(x,&) =
E(x, &), and therefore we have A¢E>(x, &) = 0 for x # €. The lemma is proved. O

4.2.2 Integral representation

The formula for representing the harmonic function u(x) in a bounded domain D C
R with a piecewise smooth boundary 0D is well known [183, ¢.361]. In the notation
made, it has the form

u(x) = a)i /60 (Ez(x f)a—u - 8E+j’§)u) dsg.

where w,, = |0§| is the area of the unit sphere in R”, v is the outer unit normal to
0D. In addition, we can recall the integral representation of a function from the class
C*(D) N C3(D) from Theorem 4.1. Let us present a similar integral representation

of a function from the class u € C*"(D) N C**~1(D), where D c R" is a bounded
domain with piecewise smooth boundary 0D.

Theorem 4.8. The function u € C*™(D) N C*" (D) has the following integral
representation

k
u() = — Z( D (Exante,£) 751 = PR ) g,
L D" / Eom(x, €)A2"u(£) d€, (42.5)
Wy D

where w,, = |0S| is the area of the unit sphere in R", v is the outer unit normal to dD.

Proof. Consider the functions u, v € C?"(D)NC?"~1(D) and use the equality (4.1.4)

8u ov
/(vAu —ulAv)dé = / VE — Eu) dse,
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where v is the outer unit normal to dD. Substituting here u = A™ %=1y, as well as
v :Akv,wherek=O,...,m—1weget

/ (AkvAm_ku _Ak+1VAm_k_1l/l) df
D

Am—k—] Ak
- / (Akv(9 “_ 0 vAm_k_lu) dsg.
oD ov ov

Let us sum the resulting equality over k = 0,...,m — 1

/Z AkVAm k —Ak+1VAm_k_1I/l) dé"‘
D

k=0
N1y AK
/ Aty ov -~ 8VVAm_k_1u) ds;.
aD o

Since

p—

m-— m-—

1
(AkvAm-ku _ Ak“vAm‘k‘lu) > akvanky
k=0 k=0

m—1 m—1 n
_ Z ARFL, Am=k=1, Z ARy ARy Z AFYA Ry = A — uA™,
then we get

/ (vA"u — uA™v) dé
D

aAm—k—l aAk
/ “_ vAm_k_lu) dse. (4.2.6)
oD k O Gv 81/

Obviously, the resulting equality is correct for u, v € C>"(D) N C*"~1(D). Let us
select from the domain D a point x € D together with a closed ball |¢ —x| < 6 of such
radius 0 < ¢ < 1 that this ball is located in the domain D. We denote the remaining
part of the domain D by Dg. It is obvious that by construction dDs = dD U {¢ €

" |& —x| = 6}. Let us apply the equality (4.2.6) to the domain D = Dy in the
case where v(&) = Epu(x, €). At the same time, we take into account that by virtue
of Lemma 4.2 A?Ezm (x,&) = —Eop—2(x,&) and A¢Er(x,&) = 0 when € € Dy
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/D Eom(x, €)™ u(£) dé
m—k—1
:/ Z( 1)k(E2m 2% (x, f)aA . aEzmzk(x’g)Am_k_lu) ds¢
oD =0 4

—_—

m— (9Am_k_1u
— — k ———————————————
E (=1) (/|§—x|=5E2m_2k(x’§) 3y ds¢

k=0
OEamon(x,€) o
_ / 22k (6 €) )ik 1uds§). 4.2.7)
E-x|=5

ov

The minus sign in front of the last sum arose due to the fact that the internal normal
v to a part of the boundary of the domain D — the sphere {¢ : |£ —x| = ¢} is replaced
by outer normal to this sphere. Let us denote

aAm—k—lu
I = (—1)k+1/ Exn—k(x,&) 3
|£—x|=6 v

OEom 2k (X, &) \ i
JS = (—1)’</ 2240 E) ek Y dse,
xl=s OV

ng,

where k = 0,...,m — 1. Let us estimate the dependence of the quantities I,f and J,f
on o.

1°. Let n € N,,,. According to the equality (4.2.1) we have
(_1)m62m—n
(2 —-n, 2)7’!’!(2’ 2)771—1

and sincen € N,, > n € Ny,,, o fork =0,...,m — 1 we find

Eom (X, )| jx—g)=5 =

aAmkl

Bl [ B
|§—x[=6

maxes ot

|(2 —-n, 2)m|(2, 2)m—1

where C ]EI) is a constant depending on u, m, and n. Therefore I]f — 0ato — 0.

< §2m=2k-n w, 6" < C}EI)(sZ’"‘Zk‘l < C,El)d, (4.2.8)

Next, consider the value of J ,f atk =0,...,m—2. Itis not hard to see that

é:l a-2 a—1
E —x;)|x — = ad
h—gl=5 /)| ¢l |x—&|=6
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and therefore

alzl’}’l— 9 —f— — —p— —
|J;f|S/ ) 2m—-2k (X, &) ARy dsg < 2k 50
|E—x|=6

ov
12m — 2k — n| maxcp |A k=1

|(2 - n, 2)m|(2’ 2)m—1

whence it follows that J]f —0atd — 0.

< CPe™m 2 < Ps%, (4.2.9)

Now consider the value J";_l. In this case Eop_o(m-1)(x,&) = E2(x,&) (n # 2
since n € N,,) and that means

aE2(x’ 5)

o & —xi & — X l-n
= gl
ov

lzs A E—x] |- xI"

(4.2.10)

Therefore we have

|J31—1 —(—1)m_1u(x)/ N 5% f)

ov
6E2(x f) n
sé_xlém(f) o) || =222 ds < 61

Juax (&) = u(x)|wps"!

where w () is the modulus of continuity of the function f. By Cantor’s theorem
ws(0) — 0 for 6 — 0, which means

_ m— aEZ(x f)
ng_l = (ng_l - (—1) lu(X) k/|;_)(| (56—)/ §)

n—1

- (1)) 2

— (-D)"w,u(x), (4.2.11)

ato — 0.
20, Let n € N¢,. According to the equality (4.2.1) we have

m—1
o > )

k=1 k=n/2

m-n/2

(1) g
Ean(3.6) = ity 3y (0= €= 2

Let us estimate the value of I,f. If it turns out that for a given k the inclusion
n € Ny,,,_2r holds, then we obtain the estimate (4.2.8), otherwise
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k-1
ON" " u dsg < §2m=2k-n

Bl [ i
|§—x[=6

max ||VAm k—1 ” m—1 1
£h " < cPm < cfolms -y |
|(2 n, 2)m|(2a 2)m—l p k
In both cases I,f — Qato —» 0, wherek =0,...,m—1.
Next, consider the value of J/f atk =0,...,m— 1. In accordance with (4.2.4) we
write
0

(=gl (In =1+ O) )| _g1s

:Z(gl xi)® (@ln|x — &) + @C + 1)|x — £]°72

=6 Nalns +aC +1).
~|x-¢|

=0

If K <m — 2 is such that n € Ny,,_»;, then we have the estimate (4.2.9), otherwise

neNj , and then

0Ey,, _ , -
|J,f| S/ ) -2k (%, €) |A K 1u|ds§
6-xl=0 dv

<62m —2k—-n— IC(4)|ln6|max|Am k— 1u|wn6n 1
éeD

< CV %2105 < €82 In 5|

for small 6. It follows that J,‘j —0atd — 0.

Finally, consider the value of Ji_l whenn € N7, -, =Nj = {2}. In this case
Eym—o(m-1)(x,€) = E2(x, &) = —In [x — €| and therefore, in accordance with (4.2.4)

fora =0,

OE> (x, &)
Oy

-x; & — -1 1-n
- =—5 =g,
—¢l=6 Z & — x| |€ - XI2

which is the same as (4.2.10). Therefore, the derivation of the equality (4.2.11), which
is based on the written equality, is similar, and therefore Ji_l — (=1)"w,u(x) at
0 — 0 in this case too.

Thus, in all considered cases I]f —0,k=0,1,... ,m—l,]]f —-0k=0,1,...,m—

2, and Jr‘fl_l — (=)™ wuu(x) at 6 — 0. Taking these remarks into account, let us

www.irispublishers.com 353


www.irispublishers.com

Iris Journal of Mathematics Chapter 4, Section 4.3 V.V. Karachik

pass in the equality (4.2.7) to the limit at 6 — 0. Since 2m —n > 2 —n, the singularity
in the volume integral on the left is integrable. Therefore the equality holds true

(%13(1) Eon(x,€) f (&) d§=/DEzm(x,§)f(§) dé

Ds

and therefore

ON"™ k— 1I/t
[ Bt ute) ae = [ S 1 (Bams (. 22
D aD 125
_ aEzm_;ﬁ(x’f) Am_k_lu) dsg + (-1)"wuu(x). (4.2.12)

Transferring all the integrals from the right side of the resulting equality to the
left side, dividing both sides by (—1)"w,, and changing the summation index k —
m — k — 1, we obtain the equality (4.2.5). The theorem is proved. O

Example 4.1. For m = 2, from (4.2.5) we obtain a representation of the solution to
the inhomogeneous biharmonic equation

1 ou 0E>(x,&)
w0 == [ (Batx0Gh0 - T u(e) ds
1 oA aE ,
= [ (Ewo %y iﬁamwxﬁgéawa&@wa

which coincides, up to simple transformations, with that obtained in Theorem 4.1.

4.3 Riquier-Neumann boundary value problem

In this section, necessary and sufficient conditions for the solvability of the Riquier-
Neumann boundary value problem for the inhomogeneous polyharmonic equation in
the unit ball are obtained. First, in Theorem 4.9, using Lemmas 4.3 and 4.4, the solv-
ability of the Riquier-Neumann problem for the homogeneous polyharmonic equation
is investigated. Quite cumbersome formulas are given (see, for example, the equality
(4.3.20)) that allow one to find a solution to the Riquier-Neumann problem. Further,
in Theorem 4.10, based on Theorem 4.9, necessary and sufficient conditions for the
solvability of the Riquier-Neumann problem for the inhomogeneous polyharmonic
equation in the unit ball are obtained. The main results of Section 4.3 are published
in [101].
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Let S be the unit ball in R". Consider in S the following Riquier-Neumann bound-
ary value problem for the inhomogeneous polyharmonic equation

A"u = f(x), x¢€S, 4.3.1)
ou 0Au A" 1y
—| =0y, —| =Zon..., = Q-1 (4.3.2)
ovlas ¥o v las #1 ov las $m-1

0

where — 1is the outer normal derivative to the unit sphere, f(x) and ¢;(s) fori =
14

0,...,m—1 are given functions on S and 0S5, respectively. This problem generalizes

the well-known Navier problem [47, p. 33], which is also called the Requier problem
[68]. For the biharmonic equation, such a problem is a special case of a more general
problem studied in Section 3.5. Riquier-Neumann boundary conditions arise, for
example, in a boundary value problem when modeling the displacements of a flat
plate.

By a solution to the problem (4.3.1)-(4.3.2) we mean a solution u(x) of the equation
A"u = f(x) in § for which v - Vu(x) — ¢o(s), v - VAu(x) — ¢i(s), ...,v -
VA" lu(x) — @m_1(s) for x — 05, where (—v) is the internal normal at point
s € 0S passing through the point x € S.

4.3.1 Homogeneous equation

Let us consider the problem (4.3.1)-(4.3.2) for the homogeneous polyharmonic equa-
tion.

Theorem 4.9. Let f(x) = 0 and ¢; € C(9S) fori = 0,1,...,m — 1. Then for
the existence of a solution to the Riquier-Neumann problem (4.3.1)-(4.3.2) for the
homogeneous polyharmonic equation (4.3.1) it is necessary and sufficient that the
condition be satisfied

/ Om—-1(x) ds, = 0. (4.3.3)
S

The solution to the problem under consideration is unique up to an arbitrary con-
stant.

Proof. Necessity. Let the problem have a solution. It is known that any polyharmonic
function in S can be represented using the Almansi formula in the form u(x) = ug(x)+
Ix|%ui (x) + ...+ |x]*"up_1 (x), where uj(x) for j =0,1,...,m — 1 are functions

www.irispublishers.com 355


www.irispublishers.com

Iris Journal of Mathematics Chapter 4, Section 4.3 V.V. Karachik

harmonic in S (see, for example, [162, p.531] or [71]). Let v(x) be some function
harmonic in S. It is easy to verify that the equalities hold true

n
A(Ix[*v(x)) = AP v(x) +2 Z 2k|x|* 2% Dy v (x) + [x[*FAv (x)
i=1
= 2k(2k + n = 2)|x|?*72 + 4k|x|?* 2 Av(x) = 2k[x|P* 22k + n =2 4+ 2A)v(x)

since

n n
Alx[** = Z DI (xi+...+xp) = Z Dy 2kx;(x2 + ...+ x2)k!
i=1 i=1
n
=2k ) [0+ ) T+ (k=2 (x4 4) ] = 2k (k=2
i=1

Therefore we have

m—1 m—1
Au(x) = Y A(xPui(x) = > 27 1P 7227 = 2+ n+ 20)u;(x),
j=0 Jj=1
whence, taking into account that all functions Au;(x) for j = 0,1,...,m — 1 are

harmonic in S, we find

m—1
A2u(x) = Z 2/ (27 = 2)x|¥ 42 = 2+ n+2A) (2] — 4 +n + 2A)u; (x).
j=2

Similarly calculate

m—1 . i

. i (2PN ,

Au(x) = ) [x[22 @(z—)zl)u [ [27 -2k +n+20u;). (4.3.4)
j=i k=1

where, in the case when the superscript in a product becomes less than the lower
index, then the product should be considered equal to 1.

Let us consider the boundary conditions (4.3.2). Let v be the outer normal to
0S. Since the internal normal to S passing through the point x € § has the form
—v = —x/|x|, then

n
v V”(x)|as = Z %Dm”bs = A”|as
i=1
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and therefore the boundary conditions (4.3.2) can be rewritten in the form

Auias = $0, AAML?S = Q1. .. ,AAm_1M|55 = Om-1- (4.3.5)

Let v;(x) be functions harmonic in S such that Vi|as =g fori=0,...,m—1,1i.e.
v;(x) is a solution to the corresponding Dirichlet problem for the Laplace equation in
S. Then

(AN U =v)|,g=0, i=0,....,m—1. (4.3.6)

Let v(x) again be some harmonic function in S. Since the operator A is a linear
homogeneous differential operator of the first order, then

A(x[Fv(x)) = x| (A + 2i)v(x).

Therefore, recalling the formula (4.3.4), let us transform (4.3.6) to the form

m—1 i
Z(| i-2i_{ ])2)”(A+2j—2i)ﬂ(2j—2k+n+2A)uj(x))—vi‘aszO,
k=1

=i

where i =0, ...,m — 1. From here it immediately follows
(Z (2! (A+2j—2i)ﬁ(2j—2k+n+2/\)u-(x) —v,~)| =0. 4.3.7)
(27 = 2i)!! 1 J as

Since inside the outer parentheses in (4.3.7) there are functions harmonic in S
that are continuous up to the boundary, then by virtue of the uniqueness theorem for
the solution of the Dirichlet problem in S (Theorem 2.16) we obtain a system of m
differential equations for functions u;(x), j =0,1,...,m — 1, harmonic in S with an
upper triangular operator matrix

m—1 2 )11 ;
Z (25 1)2 M (A+2j —2i) H(Zj =2k +n+2MN)u;(x) =vi(x), (4.3.8)
k=1

=i

where i = 0, 1: ...m—1,x € E, with a right-hand side that is harmonic in S and
continuous in S. In particular, fori = 0,7 = 1 and i = m — 1 the equations of the
system (4.3.8) have the form

Aug(x) + (A+2)ui(x) + (A+Dur(x) + ...+ (A+2m —2)u,_1(x) = vo(x),
2A(n + 2N )ui(x) +4(A+2)(n+ 2+ 2N)usr(x) + . ..
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+2m —=2)(A+2m —-4)2m —4 + n+ 2N)uy—1(x) = vi(x),

m—1
(2m = 2)!1A ]_[(Zm 2k =241+ 2N)Upy1(X) = Vi (X). (4.3.9)
k=1

The system (4.3.8) can be rewritten in matrix form

AMNU(x) =V(x), x€S, (4.3.10)
where is denoted
A A+2 A+4
A(A) = 0 2A(n+2A) 4(A+2)(n+2+2A)
10 0 BA(m+2A)(n+2+2A) ...
and U = (ug, ug,u2, ..., um-1)",V = (vo,vi, Va2, ...,vm-1)L. The coeflicients of the

matrix operator A(A) = (4;; (A))?fj‘:lo have the form

i

401
(j —)!

A (A) = (A+2j—2i)1_[(A+j—k+n/2), 4.3.11)
k=1

for j > i and A;;(A) = 0 for j < i. So, every solution u(x) = up(x) + Ix|%u; (x) +
.o+ x| 2u,,_1 (x) of the problem (4.3.1)-(4.3.2) for f = 0 generates a solution to
the system of equations (4.3.10). The opposite statement is also true, i.e. if U(x) =
(uo(x), u1(x), ..., um-1(x))7 is a solution to the system of equations (4.3.10), then
the polyharmonic function u(x) = uo(x)+|x|?u1 (x) +. . .+ x| 2u,,_1 (x) satisfy the
conditions (4.3.7), and therefore the conditions (4.3.6) and (4.3.5) and consequently
the boundary conditions (4.3.2) are satisfied.

Let us solve the system of equations (4.3.8). We consider the last equation (4.3.9)
of this system. Let us denote in it

m—1

w(x) = (2m - 2)!! 1_[(2m 2k =241+ 2Ny ().
k=1

Then we have the equation Aw (x) = v,,_(x) in S, in which w(x) and v,,_; (x) are
harmonic functions in S. This equation has a solution if and only if v,,_;(0) = 0 and
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it is unique up to a constant. Indeed, if v,,—1(x) and w(x) are harmonic functions in
S, then in the neighborhood of the origin they have the form

n n
wx) = w(0) + > wixi + O(xP) Vi1 (x) = vio1(0) + Y i+ Ol ).
i=1 i=1
Therefore, in the vicinity of the origin the equality must be satisfied

n n
Z wi - 1-x; +O(x) = vu_1(0) + Z vi x4+ 0(x).
=1 i=1

Assuming x = 0 in it, we obtain v,,_;(0) = 0. A necessary condition for the ex-
istence of a solution to the equation Aw(x) = v,,—1(x) is found. The sufficiency of
the obtained condition for the equation Aw(x) = v,,_;(x) follows from the represen-
tation of the solution to this equation in the form (see the proof of Theorem 3.12 on
page 206 or (3.5.18))

1
dt
w(x) = Myvy,—1(x) + C = / V-1 (1x) ~ +C, (4.3.12)
0

which is true if v,,_1(0) = 0, i.e. if the integral converges. It is easy to verify that
under the condition v,,_1(0) = 0 the equality holds true in §

1 1
Ao () = A [ a0 S = [ o) dr = v o0

Note that Myv,,—1(x)|x=0 = 0 and therefore the operator M, can be applied to the
function v,,_1(x) several times. So, the necessary condition for the existence of a
solution to the system (4.3.8), and therefore to the problem (4.3.1)-(4.3.2) for f =0
has the form v,,_;(0) = 0.

Let us prove the sufficiency of the condition v,,_;(0) = 0. We construct a solution
to the system (4.3.10). Let, first, the right side of the system (4.3.10) be a constant
vector.

Lemma 4.3. A solution to the system (4.3.10) with a constant right-hand side V (x) =
Vo exists if and only if the last component of the vector Vy is equal to zero. This
solution is unique up to the vector (C,0, . ..,0)7.

Proof. Let Vj = (vo,...,vm-1)T. Then, according to what was said before the
lemma, the condition v,,_; = 0 must be satisfied. Suppose that a solution U(x) =
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(uo(x), u1(x), ..., um-1(x))T of the system (4.3.10) exists. According to Theorem
1.8 on page 50 in some neighborhood of the origin this solution can be represented
in the form

Ux) = ) U,Gy(x),

where G,(x) (see Theorem 1.7) is a complete system of homogeneous degree v;
harmonic polynomials orthogonal on 9§, v = (vy,...,v,), vk = Vi1 = 0, and U,, is
a vector of coefficients and the series can be differentiated under the sum sign. Since
the operator A is homogeneous, the equality A(A)U,x® = A(a)Uy,x® holds true.
Therefore, the system (4.3.10) takes the form

Z A(v)U,G,(x) =V

and therefore the coefficients U, of its solution must satisfy the equalities A(v)U, =
0 for all v # 0 and A(0)Up = Vp, where Uy = U(q,...0) = (uo, u1, . . . um—1)!. From
(4.3.11) we find

i
Li(v1) = vidii! 1—[(1' —k+n/2+v))
k=1
and therefore A;;(v1) > O for v{ > 0. It follows that for v{ > 0

m—1
detA(vy) = 1_[/7.,','(1/1) >0
i=0

and therefore, for v; > 0, the system of algebraic equations A(v;)U, = 0 has only the
zero solution U, = 0. Let us study the case v = 0. We have the equation

A(0)Up = Vp. 4.3.13)

The coefficients of the matrix A(0) have the form

0 = @7 =2 [ =k nf2)
T k=1

(J
for j > i and 4;;(0) = O for j < i. It can be seen that all coefficients 4;;(0) lo-
cated above the main diagonal (j > i) are positive, and all other coeflicients are zero.
Therefore, the last equation of the system of algebraic equations (4.3.13) is trivial
0 = 0 and this system is equivalent to the quadratic (m — 1) X (m — 1) system of
equations A*US = Vg with truncated unknowns US = (up,ua, ..., uy—1)! and the
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truncated right-hand side Vj = (vo,v1,. .., vm—2)T . If we find this solution, then
the vector Uy can be obtained from U by adding to it the Ith arbitrary component
ug = C. The coeflicients of the new matrix A* have the form

N (= o
3= 2j -2 ——[ [ —k+n/2).
(.]_l)'kzl
fori =0,...,m—-2,j=i+1,...,m—1, and all other coefficients are zero. It follows

that
m-2 m—2 . [
det A* = ﬂa;‘m = gm-1 ]_[4’(1' +1)! ]_[(i +1-k+n/2)>0.
i:0 l:O k:l

This means U; = (A*)_IV6k and therefore U(x) = Up = (C,Uy) is the desired
solution to the system (4.3.10). The lemma is proved. O

Let us represent the right-hand side of the system (4.3.10) in the form V(x) =
V() + (V(x) —=V(0)) = V(0) + V*(x) and search for its solution in the form U(x) =
Up + U*(x). Then instead of (4.3.10) we get two systems

AMNUy=V(0), AANU*(x)=V*(x), x€S8, (4.3.14)

where the vector V*(x) has the property V*(0) = 0. We determine the solution to
the first system Uy using Lemma 4.3. The condition of this lemma is satisfied, since
Vm—1(0) = 0. Let us solve the second system from (4.3.14).

Lemma 4.4. A solution U*(x) to the second system from (4.3.14) exists for any har-
monic in S and continuous in S function V*(x), having the property V*(0) = O.

Proof. Consider the operator of the form (3.5.18)

1
M/lV:/ v(tx)t' ! dt,
0

which acts on functions v(x) harmonic in S and continuous in S and defined for 1 > 0.
It is obvious that the operators M, and M, commute

1 1 1
MM, v(x) = MA/ v(tx)t* ! dt :/ 71_1/ v(trx)t* dt dr
0 0 0

1 1
= / #1 / v(ttx) Tt dr dt = M,Myv(x). (4.3.15)
0 0
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Note that if v(0) = 0, then M, v(x)|y=0 = 0. For the operator M, for 1 > 0 the
following equalities hold true

1
(A+A)Mpv(x) =(A+ 1) / v(ex)t' ! de
0

1 n 1
= / invxi(tx)t/l dt + AMv(x) = / (v(tx))tt dt + AM, v (x)
0 0

i=1

1
= v(tx)t/l|(l) — /1/ v(ex)t7hde + AMv(x) = v(x). (4.3.16)
0

For A > 0 the inverse equality M (A + A)v(x) = v(x) is also true since

1 1
MiAv(x) = / Z txivy, (tx) 4 dr = / (v(tx))tt dt
0 ‘5 0
= v(tx)tﬂ|(1) —AMv =v — AM)v.
Moreover, the operators M, and A + u also commute for A, u > 0

Ma(A + p)v(x) =v(x) + (= )Mv(x)
=(A+ )My (x)+ (u—AV)Mypv(x) = (A+u)Myv(x). (4.3.17)

For A = 0 or u = 0 these equalities are also satisfied, but only if v(0) = 0.

Let 4 > 0, then det A(u) > 0. We denote by A*(u) a matrix having the property
A(u)A*(u) = det A(u) and consider the matrix

B(u) = ——A%(p).
(1) et A (1)
It obviously has the property
A(p)B(p) = MA(,U)A*(,U) =E. (4.3.18)

From (4.3.11) we find

m—1 m—1 i
det A(u) = [_[ i () = ™ ]_[ 411 ]_](u +i—k+n/2)
i=0 i=0 k=1
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=A™ +n/2)" N p+n/2+ D)™ 2 (u+n/2+m=2),

where a,, = H;-ZBI 4'i!. Let us introduce the scalar operator

1
C(M) _MmM,T/le,Z}Qil Mn/2+m—2a

for which, due to the equalities (4.3.15), (4.3.16) and (4.3.17) with the operators M,
the property holds true

det A(A)C(M)v(x) = amA™ (A +n/2)" " (A+n/2+1)" 2. (A+n/2

1
+m=2)— M’”M;;;;M;;;zil My pem—av(x) = v(x), (4.3.19)

if v(0) = 0. Therefore the matrix operator
D(M) = A"(N)C(M)

specifies the solution of the second system from (4.3.14) in the form

U*(x) = D(M)V*(x) = Z D;(M)v'(x), (4.3.20)
j=0
where D (M) is the jth column of the matrix D(M), and vj. (x) are the elements

of the vector V*(x). Indeed, due to the property (4.3.19) of the operator C(M) the
following equalities hold

A(A)U*(x) = A(A)D(M)V*(x) = A(A)A*(A)C(M)V* (x)
= det A(A)C(M)V*(x) = V*(x).

The operator D(M) is applicable to the function V*(x) since, by construction,
V*(0) = 0. A similar method for representing polynomial solutions to a system of
linear partial differential equations is proposed in [89, Theorem 2.4].

Let us determine what smoothness must be imposed on the function V*(x) to sat-
isfy the boundary conditions (4.3.2). Let al’.‘j(A) denote the elements of the matrix
A*(A). They have the form a;“j (A) = (=1)""7Aj;(A), where A;;(A) is an algebraic
complement of element a;; (A) of matrix A(A). Itis known that A;;(A) = Ofor j <.
Since dega;;(A) =i+ 1@ =0,...,m—1) and degdet A(A) = m(m + 1)/2 = my,
and the minor A;;(A) consists of the sum of products of the elements of the matrix
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A(A), which do not include the elements of the ith row, then deg a;.kj (A) <my—j—1.
Therefore, in the equality (4.3.20) the differential part of the operator

1
D;(M) = A{(RC(M) = = AF N MG M M Majpan—2
has a degree no greater than mo—j—1. Since (A+ )M, = (A+pu)M,+(A-pu)M,, =
1—(A-u)M,, then the operator D ; (M) is essentially an integral operator of order j+1
(it contains at least the product of the (j +1)th operator of the form M, after reduction
of similar terms). This means that if ¢; € C(dS),i = 0,m — 1, then vi(x) e C (S) for
every i = 0,m — 1, i.e. the smoothness required in the theorem is sufﬁc1ent for the
vector U*(x) from (4.3.20) to be a solution to the second system from (4.3.14) in S.
The lemma is proved. O

Continuation of the proof of Theorem 4.9. Thus, the vector U(x) = Uy + U*(x),
found using Lemmas 4.3 and 4.4 is a solution system (4.3.10), which means the poly-
harmonic function of the form u(x) = ug(x) + |x|%u;(x) + ... + [x|*"2u,_;(x) is a
solution to the problem (4.3.1)-(4.3.2) for f = 0. The condition v,,_;(0) = 0 of the
theorem, based on the Poisson formula, can be rewritten as (4.3.3). The sufficiency
of the conditions of the theorem is established and the proof is completed. O

4.3.2 Inhomogeneous equation

Let us now consider the Riquier-Neumann boundary value problem for the inhomo-
geneous polyharmonic equation (4.3.1).

Theorem 4.10. Let f € C'(S) and ¢; € C(8S) fori =0,1,...,m — 1. A solution
to the Riquier-Neumann problem (4.3.1)-(4.3.2) exists if and only if the condition is
satisfied

/ o1 (x) ds; = / F(&) de 43.21)
oS S

and this solution is unique up to an arbitrary constant.

Proof. By the conditions of the theorem, f € C! (S). Consider the volume potential
V[ f](x) with density f(x)

VIS = - [ B de

n
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where E (x,&) = (n—2)71& —x|*>™ (n > 2) is an elementary solution to the Laplace
equation. Let us denote V,,[f] = V[...V[f]]. Itis known that f € C'(S) =

VIf] € C'(S) and AV[f] = f in S [28, p. 58], and therefore Vi[f] € C'(S) and
AV [ f] = Ve[ f] for k = 0,...,m — 1, where Vo[ f] = f. Let us represent the
solution u(x) to the Riquier-Neumann problem (4.3.1)-(4.3.2) as a sum of functions
u(x) = Vyul[f] +w(x). Then

A"u(x) — f = A"V, [f]+A"w(x) — f = A"w(x)
and therefore with respect to w(x) we obtain the following problem

A"w =0, xe€S, (4.3.22)

ow B 0Aw AN Ly

—| =g, =G, .. = @1, (4.3.23)
0v 1as 0 ov 1as ¢l ov 1S $m-1

where is denoted
@i(s) = pi(s) = AVyi[ f].

Since V,,_i[f] € C'(S) and ¢; € C(dS), then ¢; € C(dS) fori =0,...,m — 1.
According to Theorem 4.9, the necessary and sufficient condition for the solvability
of the problem (4.3.22)-(4.3.23) has the form

0= /a et ds, = /8 ne1(2) s - /a AVIf)ds,

/ omr(x) dsy = —— [ s, / ACE(x,€)f(£) dé = / £(€) de.
oS oS S S

Wn
The solution w(x) is unique up to a constant, which means the solution u(x) also
exists and is unique up to a constant. The equality of the integrals in the last formula is
known, but we prove it in a different way. By assumption of the theorem, f € C!(S).
As shown in the proof of Theorem 3.11 on page 202

/ ACE(x,€)f(£) dé = / E(r.&)(A+2)(€) dé - / E(x.€)£(€) dse
S S oS

and therefore, by Fubini’s theorem (functions under integrals have an integrable sin-
gularity)

1 1
= [ as, /S AE(x, &) f(€) dé = - /S (A+2f(&) dé- /a EGng)ds,

Wy,
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o [ r@dses [ Eeods = ([ f@rdse- [ar25@ de).

The equality (3.6.30) states that if H,,(x) is a homogeneous harmonic polynomial,
then

1
a2

L / Ex, &) Hyn(x) ds, =
Wn Jos

and that means wln /a E (x,&) dsy = n%Z Since according to the divergence theorem

—/SAf(g)dgz—/Siﬁ;fifgi%:—/Siﬁ;(fif)gidf+n/sf(f)d§

:_/aSiZn;gizfd§+n/Sf(§)d§=—/asf(f)dSH"/Sf(f)df,

then . .
— [ s [AEGos@de = —S0-2) [ r@de.
n Jos S h S
The theorem is proved. O

4.4 Green’s function of the Navier problem for the polyharmonic
equation

This section considers the Navier boundary value problem for the polyharmonic equa-
tion in the unit ball. Theorem 1.4 from Section 1.2 proved the existence of a solution
to the Navier problem for the polyharmonic equation. Now the question arises of find-
ing this solution. One of the methods for representing solutions to boundary value
problems for elliptic equations is a method based on constructing the Green’s function
of the problem. The presence of the Green’s function of the boundary value problem
allows one to obtain an integral representation of the solution to this problem.

In Section 4.1 the Green’s function G/, (x, &) of the Navier problem for the bihar-
monic equation is already obtained. Based on these results, Definition 4.4 gives the
Green’s function G/ (x,&) for the m-harmonic Navier problem. Then, in Lemma
4.5, the property of the auxiliary function EJ, (x, £) is proved. After this, Theorem
4.11 establishes a recurrent formula for the Green’s function G} _(x, ). Finally, in
Theorem 4.12, using Theorem 4.8, an explicit equality is derived for representing the
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solution to the Navier problem in the unit ball through the boundary data of the prob-
lem and the right-hand side of the equation. In Example 4.2 the value of the integral
with the Green’s function kernel G/ (x, &) of a homogeneous harmonic polynomial
is calculated and, on the basis of this, a simple Navier problem for the 3-harmonic
equation is solved. The main results of Section 4.4 are published in [122].

4.4.1 Green’s function of the Navier boundary value problem

The Navier problem [146, 166] is to find the function u € C>"(S) N C?"~1(S), which
is a solution to the following boundary value problem
A"u(x) = f(x), x €S,

. 44.1)
ulgs = o(€), Aulgs = @1(€), ..., A" ulygs = pu-1(£), € € OS.

In the case m = 1, the Navier problem turns into a Dirichlet problem.

Definition 4.4. Function of the form

G5, (X, &) = Epp(x,€) + g5, (x, ), (4.4.2)

where g5 (x, ) is an m-harmonic function in the variables x,& € § such that for
x € § the equalities hold

G, (%, E)|ecos = DGl (x,E)leeos = ... = AT Gh, (X, 8)|ecas = 0, (44.3)

we call the Green’s function of the Navier problem (4.4.1).

Letn > 3. In the reasoning given below, the following recursively defined function
is required
r 1 r
EZk(xa é‘:) = w_/SEZk_z(-x, y)EZ(yv é‘:) dy’ k > 2’ (444)

n

where E7(x,&) = Ea(x, &) = E(x, ). For example,

1
El(x,&) = — /S Ex(x, y)Ex(3, €) d,

Wy
1

E[(x,£) = —Z/SEz(x,U)/SEz(U,)’)Ez(y,f) dy dn.

n

Lemma 4.5. The function E} _(x,§) is defined for &,x € S, & # x and perhaps has a
singularity for § = x such that that E] (x,&) < Clx—& 1>, where C is some positive
constant. For & # x the equality AES (x,&) = —ES . (x, &) holds.
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Proof. Indeed, as shown in Theorem 4.2 the function E) (x, &) is defined for § # x and
its singularity for & = x is not higher than O(|x — &|>~"). Suppose by induction that
E; _(x,€) is defined for € # x and E; _,(x,&) < Cilx — £]>™". Then for £ # x the
integral from (4.4.4) defining the function E7 (x, &) has two integrable singularities
for y = x and y = & of orders n — 3 and n — 2, respectively. This means E7 (x,£) is
defined and continuous for & # x € S [183]. Besides

EL (5,6) <G /| ey
y<

-G / =& =" nl"2 dn < Cs / 2= P d
|E+n|<1 In|<2

o[ s [ Je-afrmPran=nern
lzl<lnl<2 Jnl<lz|

where z = x — £ is denoted. For the first integral /1, since 3 —n < 0, we have
B GIF [l dn = O,
<2

since, according to [183, p.27], the integral is bounded. Besides
b= ClzP el [ o= olzIFIoP do
|0]zl[<lz]

= Colz|>™" / 12— 6P~"6|*" de,
|0]<1

where Z = z/|z|. Since the integral is continuous for Z € 95 [183], then I, = O(|x —
£PP~™). Thus ES (x,&) = O(|x - £|>~). The induction step is proved.

Suppose ¢ #x € S. Letusdenote Ss =S\ {y e R": |x —y| <6} and take § > 0
so small that £ € Ss,ie. |[x —&|>dand {y e R": [x —y| <6} C S. Then

—x|<6

1 1
B = o [ B B0 dve o [ BB 06) dy
nJdds nJly

Since € € S5 and x € S, then by the property of the volume potential

1

—A¢ / ES . > (x,y)Ex(y, &) dy = —E5, _,(x,£),
Wy Ss

the second integral does not have a singularity under the integral over ¢ and therefore
is a harmonic function in £. Therefore, for £ # x we obtain the equality A¢ET (x, &) =
—El  ,(x,&). The lemma is proved. O
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Theorem 4.11. Function G, (x,&) for &,x € S, defined recursively by the equality

1
G (x,6) = — [ G5, 5 (x,y)Ga(y, &) dy, m=>2, (4.4.5)
Wy Js

where GJ(x,y) = Ga(x,y) is the Green’s function of the Dirichlet problem from
(4.1.1), is the Green’s function of the Navier problem (4.4.1). The Green’s function
G’ (x,€) has continuous derivatives with respect to £ in Sforx €8, x # &andis
symmetric.

Proof. Let us prove the theorem using the method of mathematical induction on m.
For m = 2 the statement of the theorem is proved in Theorem 4.2 and in this case

1
Gy, 8) = — /S Ga(x, )G (v, &) d.

n

and
r 1 r
84(x. &) = — SEz(x, ¥)85(y, &) dy
1 r 1 r r
+— /gZ(x, )’)Ez()’, é‘:) dy +— /gz(x’ y)gZ(y, é:) dy,
Wn Js Wn Js
where g5 (x,£) = —Ez(ﬁ, Ix|€). The singularities in the written integrals are such

that, according to [183], the function g/ (x, &), and therefore G, _(x, £), has continu-
ous derivatives with respectto & in S forx € S, x # &.

Let the theorem be true for some m > 2 and let also the function g, ,(x,¢)

have continuous derivatives with respect to & in S for x € S. Then, according to
Definition 4.4, the Green’s function G, (x, &), found by the equality (4.4.5), has
the representation

Ggm—Z(x’ é:) = EZm—Z(-x’ ‘f) + ggm_z(x’ g)a

where g7, (x, &) is some (m — 1)-harmonic function in § in the variable £ for any
x € S.

Let us rewrite this equality in the form

Ghpn(X,€) = Ej, (%, &) + (ham-2(x, €) + g5, (x,€)), (4.4.6)

where is denoted ho (x, &) = Exx(x,&) — EJ, (x,8).
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Let us prove that the function Ay (x, &) is k-harmonic in S with respect to &. For
k =1, by definition E7(x, &) = E2(x, £), and therefore h3(x, &) = 0. Let the function
hor—2(x, &) be (k—1)-harmonic in S with respect to £. By the property of the function
E>(x, &) from Lemma 4.2 and by virtue of Lemma 4.5 for & # x we write

Achor(x,&) = Ae(Eox(x, &) — EJ(x,€))
= —Exa(x, ) + Ey_5(x,€) = —hy2(x, )

and therefore the function h;; (x, &) for & # x, as a solution to the Poisson equation,
can be written in the form

1
th(X, f) = _a)_ /E2(§’ y)th—Z(x7 y) dy + H(x’ f)s

nJS

where H(x, £) is some function harmonicin & # x € S. Since the function /5> (x, &)
is (k — 1)-harmonic for all £ € S, then in this case, according to the property of the
volume potential, it should be k-harmonic function for all ¢ € S. Consequently, the
harmonic function H (x, £) has the same singularity at & = x as the function &y (x, &).
Since the function Ey; (x, &), for k > 2 has the singularity at & = x of order no more
than |x — &), and due to Lemma 4.5 it is the same as the function E7, (x,£), then
H(x, £) has a singularity at & = x of order no more than |x — &£|°~". By the singularity
erasure theorem [183], the function H(x, &) is harmonic in § for all ¢ € S. The
induction step on k is proved.

So the function

g2m_2(xa é:) = h2m—2(x, 6) + 8£m_2(xv é‘:)

is (m — 1)-harmonic in S with respect to £. Using the equality (4.4.6), taking into
account this notation, according to the equality (4.4.5), we can write

1 1
Ggm(x,f) = Egm_z(x,)’)Gﬂy,f) dy + gzm_z(x,y)G2(y,§) dya
Wy Js Wn Js

from where, taking into account (4.1.1) and (4.4.4) we find

1
G (5:8) = B (1) + /S Ep e ) Ea 2. ) dy

1
+ — / 850 (X, ¥)G2(y,€) dy. (4.4.7)
Wn Js

n

The second term in the resulting equality is a harmonic function in ¢ € S, since
such is the function E, (ﬁ, ly|€ ) The third term of this equality, by the properties of
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the Green’s function G (y, £) and since g5, (x, &) and hyy,-2(x, €) have continuous
derivatives with respect to £ in S for x € S, satisfies the equality

1 A A
w_Af /S 8o (X, ¥)G2(y,6)dy = =85, »,(x,&), E€S.

Since the function &} =, (x, &) is (m — 1)-harmonic in S, then the function on the
left is m-harmonic in S and from (4.4.7) the equality (4.4.2) follows if we denote

1
0. = o= [ B a0 Ea 2 1vle) dy

1
+ —/ggm_z(x, y)GZ(yaf) dy - hzm(x’f)’
w S

n

besides by virtue of Lemmas 4.2 and 4.5
Aggh, (X, E) = —hom—2(x, &) — 85,2 (%, &) + hom-2(x, &) = =85, »(x,€).

It is easy to see that, due to the singularity of the kernels under the integrals, the
functior_l g5, (x, &), and therefore G/, (x, &), has continuous derivatives with respect
to&in S forx € §,x # & [183]. So, the function G, (x, &) satisfies the first condition
from Definition 4.4. The induction step on m is proved.

Symmetry. Since the function G/ (x,§) = Ga(x, &) is symmetric, then from the
equality (4.4.5) it is immediately clear that if the function G/, (x, £) is symmetric,
then the function G/, _(x, ) is also symmetric. In addition, the function G/ (x, ) is
symmetric. Therefore, from the representation (4.4.2) it follows that the m-harmonic
function g5 _(x, &) is also symmetric.

Let us check the boundary conditions for the function G, (x, &) from Definition
4.4. Similar to Lemma 4.5 suppose x # & € S. Letus denote S5 = S\ {y €
R" : |x — y| < 6} and take 6 > 0 so small that £ € Sg, ie. |x — & > 6 and
{yeR":|x—-y| <6} cCS. Then

1
Gl (0.8) = — /S Go (6 ¥)Ga(y, £) dy
1
+— G5, > (x,¥)Ga2(y, &) dy. (4.4.8)

Wn J|y-x|<6

Since & € S5 and x ¢ S, then in the first integral G, _,(x,y) does not have a
singularity and its derivatives with respect to y are bounded in Ss, and therefore by
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the property of the volume potential

1
_A§L Ggm—Z(x’ y)Gz(y9 é‘:) dy = _Ggm—Z(’x’ f)

Wp

The second integral does not have a singularity under the integral over & and the
singularity at x = y is integrable, which means it is a harmonic function in & (differ-
entiation with respect to & does not increase the singularity). Therefore, for & # x we
obtain the equality A:G’ (x,&) = -G _,(x,&). We can similarly find

ALGh, (x,€) = (=1)*GY, 5 (x.6), & #x. (4.4.9)

Let us return to (4.4.8) and let & — 0SS for fixed x € S. The first volume poten-
tial has a continuous kernel G, (x,y) on S5 and therefore, by the property of the
Green’s function G,(y, ¢) of the Dirichlet problem, tends to 0. The second volume
potential has a singularity at x = y no more than |x — y|>~", and therefore, due to
the continuity of G;(y, £) on the integration domain, it is a continuous function over
& [183]. Since Go(y, &) — 0 for & — S, the second integral also tends to 0. Thus
G, (x,&)|ecas = 0. Using the equality (4.4.9) we get

AéGgm(Xafﬂgeas = (=1)*G%,, 5 (x,&)|zeas = 0.

Thus, the function G, (x, &) also satisfies the second condition (4.4.3) from Def-
inition 4.4. The theorem is proved. O

4.4.2 Solution of the Navier problem

Theorem 4.12. The function u € C*"(S) N C*"1(S), which is a solution to the
Navier problem (4.4.1), for x € S can be represented in the form

um;—/2<w “fhﬂww
L "

n

LG%maﬂa%,@mm

where G, (x,&) is the Green’s function of the Navier problem.

If o9 € C(DS), pr € C*¢(0S) fork = 1,...,m — 1 and f inC'(S), then the
function u(x) found from (4.4.10) is a solution to the Navier problem (4.4.1).
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Proof. Let u € C?™(S) N C¥"~1(8) be the solution to the Navier problem (4.4.1).
Let us use the equality (4.2.5) from Theorem 4.8 with D = {¢ : |£] < 1 — &},
e € (0,1) and Eyy,(x,&) = G, (x,&). Due to the equality (4.4.2), the singularities
of the functions E»,, (x, £) and G}, (x, &) have the same character, and therefore, using
reasoning similar to those made in Theorem 4.1, we get

r (9A l/l aGl’ + (x’ é':)
) = — L N 8%( D (G0 0)% 2208 pby) g,
LD / G5 (x,&)A"™u(&) dé. (4.4.11)
|€]<1-¢

Wn

In this case, the equalities (4.4.9) are taken into account, and the fact that the func-
tions g5, (x, &) from (4.4.2) are k-harmonic in S, and therefore sufficiently smooth in
{€ :|€] < 1—=¢}. Letus put A"u(¢) = f(&) in the resulting equality and go to the
limit at & — +0. At the same time, we take into account that the functions g7, (x, &)
(therefore the functions G, (x, £)) and their derivatives with respect to & are contin-
uous with respectto £ in {¢ : 1 — e < |&]| < 1} for fixed x € S, and therefore surface
integrals over {£ : |{| = 1} containing terms G, ., (x, &) turn to 0, and due to the
boundary conditions of the Navier problem we have A*u (&) — ¢ (£). Thus, from

(4.4.11) in the limit at ¢ — +0 and after replacing the summation index k — k — 1
we obtain (4.4.10).

Let us check that the function u(x) determined from (4.4.10) is a solution to the
Navier problem (4.4.1) for ¢; € C'*9(9S), k =0,...,m —1and f € C'(S). We
transform the equality (4.4.10). Consider two operators

Ll =-o- | GRGoe@ dse. PLAI=-o

n

fS Ga(x. &) f(£) dE.
4.4.12)

Then, by virtue of (4.4.5), using Fubini’s theorem, we write
(=)™ ,
s G, (x, &) f(§) d¢

_ (‘B;"_l /S Gl - /S Gay. &)1 (€) d&) dy
(=

W

/ Ghua (. V)PLf1(y) dy

S
1

= [ G oP 1) de = P,
nJs
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Let f € C(S), then P[f] € C?(S) and AP[f] = f in S [28]. Since also P[f] €
C'(S5) [183], we obtain P>[f] € C?(S), AP?[f] = P[f] or A’P*[f] = f in S.
Continuing these arguments we have: if f € C!(S), then A"P"[f] = fin S. In
addition, by the property of the function G, (x, £), we have P*[f]|ss = O for k =
0,....m-1.

Let us transform the surface integrals into (4.4.10) for k£ > 1. By virtue of (4.4.5)
and using Fubini’s theorem, we write

(-D* [ G, (x,&)
o /as T‘Pk—l(f) dsg¢
el I [ 8G5(3,€)
= ( a))n ‘/S‘GZk_Z(x, y)( - w_n ,/35 28—V¢k_l(é‘:) dsf) dy

_(=D*!

Wy

Lcaﬂnwum4mmw=ﬂ*umbmu»

It is known that if ;1 € C(9S), then AL[pr—1] =0in S and L[¢r_1]las = ¢k-1-
Therefore it is sufficient that ¢y € C(0S). However, to be able to apply the A operator
to the function P[L[¢px_1]] it is necessary that L{¢;_1] € C'(S). This condition is
satisfied, for example, if ¢;_; € C'*¢(0S) [4, Lemma 2.7]. Thus, similar to the
volume potential, we obtain: if ¢;_; € C +2(98) for k > 1, thenforx € S

AP L gro11]as = Llgi-1]los = ¢x-1, A*P* [ L[gr-1]1(x) = 0.

So, the smoothness of the functions ¢; for k =0,...,m —1 and f, required in the
theorem, is sufficient for the function u(x) from (4.4.10) be the solution to the Navier
problem. The theorem proved. O

Corollary 4.1. Let the functions u, (x) and w ¢ (x) be found from the equalities

up(x) = P[L{gi]1(x),  wr(x) = P"[f](x),

where the operators L[-] and P[] are defined in (4.4.12). Then the solution to the
Navier problem (4.4.10) can be written in the form

m—1

u(x) = Z ur(x) +wpr(x).

k=0

Proof. Indeed, with the notation made, the function u(x) from (4.4.10) is written in
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the indicated form. The function u (x) is k-harmonic in S and

Dk, q:k
Ay (x = ,
k(x)]as {0’ ok

and the function w ¢(x) satisfies the equality A"w (x) = f(x) in S and, in addition,
A*w (x)]gs = 0 for k = 0,...,m — 1. The corollary is proved. O

Example 4.2. Let us give examples of calculating the simplest integrals with the
kernel of the Green’s function G/, (x,&) for m = 2 and m = 3. Let us choose as the
function f(x) a homogeneous harmonic polynomial Hy (x) of degree k € Ny. From
theorem 2.10 on page 127 for m = 1 it follows that

R e 2H, (£) de = k-1
— [ o WP H© de = S s Hi o).
Since G (x,£) = Ga(x, £), then from here, for [ = 0, we get
1 r _ 2 Hy (x)
it =~ [ GhwOHE) df = (- )3T
Again using Theorem 2.10 for m = 1 we find
_ 1 , o kxt-1 x> =1\ Hi(x)
ur| Hl = 7= /aS Galx ) Hi () di = (4(2k +2+n) 202k + n))2(2k +n)
B ( |x|* B |x|? N 2k+4+n ) Hi(x)
42k +2+n) 2Qk+n) 4QRk+n)2k +2+n)) 22k +n)
and similarly we get
1 . ~ Ix|® -1
uslHil = W, _/S Go(x §)Hi (&) di = (24(2k +2+n)(2k +4 +n)
~ x|* -1 s (2k+4+n)(|x|2—1)) H(x)
82k +n)(2k +2+n) 82k +n)2k+2+n)/22k +n)’

It is easy to check that the equalities hold true
Aur[Hi](x) = Hi(x), Auz[Hi](x) = ur[Hi](x), Ausz[Hi] (x) = ua[Hy](x),

and also uj[Hy]|gs = ua[Hi]los = us[Hi]lgs = 0. Therefore, by Corollary 4.1, the
following Navier problem for the 3-harmonic equation

Au(x) = Hi,(x), x€S,
ulps = Hiy(€), Aulas = Hy, (€), Aulys = Hi, (), & € 0S,
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where Hy, (x) are homogeneous harmonic polynomials, has the form

u(x) = Hyy(x) + u1[Hi, ] (x) + ua[Hi,] (x) + u3[Hg,] (x).

4.5 Green’s function of the Riquier-Neumann problem for the
polyharmonic equation

This section considers the construction of a solution to the Riquier-Neumann bound-
ary value problem for the polyharmonic equation in the unit ball. Theorems 4.9 and
4.10 from Section 4.3 proved the existence of a solution to the Riquier-Neumann
problem for the polyharmonic equation. Now the question arises of finding this solu-
tion. As a solution method, a method based on constructing the Green’s function of
the problem is chosen. In Section 4.1 the Green’s function G,"(x, £) of the Riquier-
Neumann problem for the biharmonic equation is already obtained. Based on these
results, the Green’s function of the Riquier-Neumann problem for the polyharmonic
equation is constructed. The results of Section 4.5 are published in [124, 126].

For ease of reading, first, in Section 4.5.1, for studying the Riquier-Neumann prob-
lem, the necessary formulas obtained earlier in other sections are given. Section 4.5.2
gives Definition 4.5 of the Green’s function Ny, (x, &) of the Riquier-Neumann prob-
lem. Theorem 4.13 proves a recurrent equality for the defined Green’s function. Ex-
ample 4.3 is given, supplementing the equality from Theorem 3.29. Theorem 4.14
from Section 4.5.3 contains an integral representation of the solution to the Riquier-
Neumann problem. Theorem 4.15 proves that the function found in Theorem 4.14 is
indeed a solution to the Riquier-Neumann problem in the unit ball. Finally, Theorem
4.16 from Section 4.5.4 considers a special case of the Riquier-Neumann problem for
a homogeneous polyharmonic equation and gives Example 4.4 of solving the Riquier-
Neumann problem with simple boundary data.

The Riquier-Neumann problem [101] for the polyharmonic equation in § is to find
the function u € C?"(S) N C?"~1(§), which is a solution the following boundary
value problem for an inhomogeneous polyharmonic equation

A"u(x) = f(x), x€8,
vlas ~ #0(&), Ay las P1E, - v las em-1(8),

where € € 9S. For m = 1, the Riquier-Neumann problem turns into the Neumann
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problem for the Poisson equation. The main results of Section 4.5 are published
in [124].

4.5.1 Supporting information

In Theorem 3.30 from Section 3.7 the Green’s function of the Neumann problem for
the Poisson equation in S is defined in the form

NZ(x’ ‘f) = EZ(X9 f) - EO(-X’ ‘f)’ (452)

where the function Ey(x, ¢), harmonic in x, & € §, is written in the form

Eo(x,€) = / | (Ez(ﬁ tlxlg) + 1)d

and Eo(x,&) = AcEx(x,&), where the subscript x indicates that the operator A is
applied to the variables x. As noted above, on dS the equality Au = % holds true.
Since E»(x, &) = —(|x|> —x - &)/|x — &]", then the function

1—(x-&)t
B 1) = o T LR

is symmetric and therefore the function Ey(x, £), and therefore the function N> (x, &)
are also symmetric. The function N;(x, &) has the properties (see Theorems 3.30 and
4.4)

AM:(x,€) = ME2(x, ) = (MED) (o i) L 6 € Sox 26, (453)

0GH(x,
AxNz(x,§)|§eaS = —% -1, xe€S8,

and therefore the equalities hold true

/0N2(x &)

S

&) de| = / £(€) de.

L F N E) (4.5.4)

O v, —, v(@ds §|xeas (x)|as @, /asw(f) dsg.

Wn Jos

Theorem 4.4 shows that the solution to the Neumann problem for the Poisson equa-
tion in §

ou(x) i
aS

Au(x) = f(x), x € S; =y(x),x €S
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when the known condition is met, /a W (&) dsg = fS f(&) dé€ is written in the form
1 1
) = = [ Mo ow@dse-—- [ Mo de+c.
n Jos W Js

In the arguments below, we also need the function ES X (x, &), defined in the equality
(4.4.4) from the previous section

1
ES (x,&) = w—/SEEk_z(x, VE2y, &) dy, k=2, (4.5.5)

where E(x, &) = Ex(x,&). One of its properties is described in Lemma 4.5, and in
the proof of Theorem 4.11 it is established that, by the singularity erasure theorem
[183], the function hoi (x, &) = Exi(x,&) — EF, (x,&) is k-harmonic in & € S.

4.5.2 Green’s function of the Riquier-Neumann boundary value problem

Now we define the Green’s function of the Riquier-Neumann problem.

Definition 4.5. Function of the form

Nom(x, &) = Eom(x, &) + 8, (x, &), m =1, (4.5.6)

where g5 (x,£) is an m-harmonic function in the variables x,& € § such that the
equalities hold true for x € §

asz(x,f)i _ 0N _Zsz(x’§)| -0
o T S (4.5.7)
aAg”"lsz(x,f) .
|§eaS = (_1) ’

0 Ve
we call the Green’s function of the Riquier-Neumann problem (4.5.1).

Remark 4.5. It should be noted that in the biharmonic case, in Definition 4.2, the

Green’s function of the Riquier-Neumann problem is defined differently. It should be
kept in mind that G}"(x, §) = Ny(x, £).

Theorem 4.13. Function N>, (x,&) for &, x € S and m > 1, defined recursively by
the equality
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1
Non(3,) = ([ Nan-alx.)Na(,) dy

1
——/sz_z(X,y) dy-/Nz(y,f) dy), (4.5.8)
Tn JS S

where 1, = |S|, and N>(x,y) is the Green’s function of the Neumann problem from
(4.5.2), is the Green'’s function of the Riquier-Neumann problem (4.5.1). The function
Nom (x, &) has the property

AN (3, 8)| g =0, k> 1, ANo(x,8))| -1, £e€Ss, (4.5.9)

x€0S =

where g5 (x,&) from the representation (4.5.6) has continuous derivatives with re-
spectto & in S for x € §S.

Proof. Let us prove the theorem using the method of mathematical induction on m.
For m = 2 the statement of the theorem is proved in Theorem 4.6 (see Remark 4.5).
In this case, from the representation

1 1
Na(x, &) = —(/Nz(x,y)Nz(y,f)d ——/Nz(x,y) dy-/Nz(y,é) dy),
Wn\Js Tn Js N
using (4.5.2) it is easy to obtain the equality
Na(x, &) = Ej(x,§) + 84 (x, ),

where the biharmonic function g7 (x, ) is defined as

/Ez(x, VEo(y, &) dy+/Eo(x,y)Ez(y,§) dy

S S

&8 =

n

1
_/SEO(x,y)Eo(y,f) dy+T—n/SNz(x,y) dy-/SNz(y,f) dy)-

Indeed, the first and third integrals in the resulting equality are harmonic func-
tions in &, since the singularity in the first integral is integrable, and differentiation
does not increase this singularity. The second and fourth integrals, by the property of
the volume potential, are biharmonic functions with respect to &, since the harmonic
function Eq(x, &) has bounded derivatives with respect to & in S for x inS. In addi-
tion, &} (x, &), due to the singularity of the order |€ — y|>~" under the integrals, has
continuous derivatives with respect to € in S at x € § [183]. If we remember that
E4(x,€) = E}(x,&) + ha(x, £), then we have

N4(X, é:) = E4(.X, ‘f) + §Z(X, ‘f) - h4(x’ f) = E4(xa ‘f) + gZ(X, f)?
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where g} (x, &), due to the properties of g} and hy4, has bounded derivatives with
respect to & in S at x € S.

Let the theorem be true for some m > 2. Then, according to Definition 4.5, the
Green’s function Ny,;,—2(x, &) has the representation (4.5.6)

N2m—2(xa 6) = E2m—2(x7 é:) + 8;,"_2(3@ ‘f),

where g7, (x,&) is some (m — 1)-harmonic function in S in & for x € S, which has
bounded derivatives by & in S. If we recall the function ET (x,&) from (4.5.5) and
the k-harmonic function hyy (x, &) = Ex (x, xi) — E7, (x, &), then we can write

N2m—2(xa f) = Egm_z(x’ f)
+ 8_2(X, &) + homa(x,€) = By, 5 (x,8) + 85, ,(x,§). (4.5.10)

Let us show that the function

Nom (x, §)
- wi( /S Noma(xr,y)Na(y, ) d —Tin /S Nom-2(x.y) dy - /S Na(y,€) dy)

for m > 2 can be represented as (4.5.6). Using (4.5.10) and keeping in mind (4.5.2)
it is not difficult to obtain that

1
Nan3,) = B3, (5.8) = == [ By o) Eoty. ) dy
_ / (W) Ea(, &) dy + / & (6 Eo(y.€) dy
S S
1
+ T—n/Ssz_z(x,y) dy - /SNz(y,f) dy),

where the function E7, (x, £) is defined in (4.5.5). Let us evaluate the integral terms
in the resulting equality. The first and third integrals are harmonic functions in & (the
singularity in the first integral is integrable, and differentiation does not increase this
singularity). The second integral, by the property of the volume potential, is an m-
harmonic function in ¢, since the (m —1)-harmonic function g5, (x, &) has bounded
derivatives with respect to £ in S forx € S. The fourth integral, containing the variable
&, is a biharmonic function in S. From (4.1.29) it follows that w, fS No(y,€)dy =
1/(2n — 4) — |€|?/2n. If the sum of all integral terms in this equality is denoted by
85 (x, &), then due to the fact that the singularities under the integrals have an order
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no higher than |& — y|>™" (see Lemma 4.5), the function g5, (x, &) has continuous
derivatives with respect to £ in S for x € S. Finally, if we remember that hy,,(x, &) =
Eom(x, &) — E7, (x,&), then we have (4.5.6) with g7 (x,&) = &5 (x, &) — ha(x,&).
The equality (4.5.6) is proved.

Let us check the boundary conditions for the function N, (x, ¢) from Definition
4.5. Due to the symmetry of the function N> (x, §) we can write AzN>(x, €)|zeps =
—1. That is why

ONo (x, &)
81/5

regs = NelNan(x, Eceos

1 1
= —( — /sz_z(x,y) dy + —/sz_z(x, y)dy - Tn) = 0.
Wy, S Th JS

For x € §, by the property of the volume potential and due to the continuous
differentiability of the function N,_»(x, &) with respect to & € §, but & # x, we
obtain

1
Aé:sz(x, f) = _sz—2(X, é:) + T_ /sz_z(X, y) dy (4511)
nJS
Therefore, by the induction hypothesis, for x € § we have
OAK Ny (x, &) O™ Nam-a(x,€)
3 ___ ¢ | =0 =1 m—2
Ave ¢eds Ove geas T
and
OAI Noyy (x, €) ONL " Noy—2(x, €)
(9V§ £eas (91/§ §eds

which proves the equalities (4.5.7).

Let us prove the equality (4.5.9) for k > 1, since for k = 1 it follows from (4.5.3).
Let k = 2, then, due to the weak singularity of the function N;(x, &), for x € S and
& € § we write

1
AxN4(-x’ é:) = (L)_/SAXNZ(X’ y)NZ(y’ f) dy

n

1 1 1
——/AxNz(x,y) dy - —/Nz(y,f) dy = ——/Nz(y,f) dy
Th JS Wy Js Wp Js

1
+—/Nz(y,§)dy=0.
Wn Js
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Therefore, for k > 2 and x € 955, € € §, using the equality (4.5.8) we have

1
Ao, ) = — /S AcNae2 (6, )N (3, €) dy

n

1 1
——/AxNzk_z(x,y) dy - —/Nz(y,f) dy =0,
Th JS Wy Js

hence follows (4.5.9). The theorem is proved. O

Example 4.3. To find a solution to the Riquier-Neumann problem with polynomials
in the boundary conditions or on the right side of the equation, it may be necessary
to use the following equality

|x|21+2 1

I
w_n/SNZ(x’f)E'zl @ =—riai+n T ATy

where [ € Ny. Let us prove it. In Theorem 3.29 a similar equality is obtained

1 N PP Qr+2+4 k) /k
o [ N o6t e = oL

where H;(x) is a homogeneous harmonic polynomial of degree k, which does not
work in the case under consideration since its right-hand side is not defined for k£ = 0.

(4.5.12)

Hi(x),  (45.13)

Let {H,(f) (x) : i =1,...,h, k € Ny} be a complete system of homogeneous
degree k € Ny harmonic polynomial orthogonal on 9§ from Definition 1.5. In the
equality (3.7.12) from Theorem 3.29 it is established that

1 |22 Hy (x) H (x)
— [ Ex(x, O)|E1P Hi (¢) dé = - + ,
wn/s 2% E)IE1Hi(£) de (20 +2)(21 + 2k +n) (2 +2)(2k +7n - 2)
where k € Ny and [ € Nj. Hence, for k£ = 0 we get

1
L / Ea(x, &)|¢P de = -
Wp Js

|x|21+2 1
QI+ +n)  A+)n-2)

From the equality (3.7.13) of Theorem 3.29 it follows that for x € S and & € S

k+n-

00 ) hy . -
Eo(x,&) = - H () H (¢),
0 ;k(zmn—z); AN

moreover, this series converges uniformly in £. Therefore we have

S k-2 &g i
/SEo(x,§)|§|2’ dE == 77 N HO W) /SH£>(§>|§|” & =0
k=1 i=1

2k +n—2)

and therefore, taking into account (4.5.2), we obtain (4.5.12).
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4.5.3 Solution of the Riquier-Neumann problem
Let us find an integral representation of the solution to the Riquier-Neumann problem.

Theorem 4.14. Let the function u € C*"(S) N C*"~1(S) be a solution to the Riquier-
Neumann problem (4.5.1), then it can be represented as

(x)_ ( l)m 1

/ SZ (A2 Naw (x, ) ou (&) dise

k=0
(— )"

/ Nom(x.) f(€) dé + C. (45.14)

Proof. Letu € C?™(S) N C?"~1(8§) be the solution to the Riquier-Neumann problem
(4.5.1). Let us use the equality

AkvaAm_k‘lu _ ANk

m—k—1
9y A M) ng

/ (vA"u — uA™v) dé =
D

DkO

for D = {¢£ : €] < 1 —¢&}, where x € D, € > 0 is sufficiently small and v(¢) =
E>p(x,£). Similar to the proof of (4.2.12) we obtain

/D E(, ) £(€) dé = (1) wpu(x)

Am k— 1 aAkEZm(X,f)
/ Z A Ezm(x f)a £ Am_k_lu) dsg.
oD ov

k=0

If we now again use the previous equality for the same domain D, but with v(¢) =
85 (x, &) (m-harmonic function in S from (4.5.6)), then we obtain a similar equality
with g5 (x, ) instead of E,(x, &) and without the first term on the right. Adding
these equalities, grouping the integral terms and changing the summation index k£ —
m—k—1we get

m m- Amkle
=S5 [ Z( 00 (e

ov

k (_l)m
N )ds§ + o,

- AP N (.6 L N 0@ e (@515)
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Letus go to the limitat e — +0. In this case, we take into account that the functions
g5, (x, &), and therefore Noy, (x, ) and its derivatives with respect to £, are continuous
inéin{¢:1-¢e < |&] < 1} for fixed x € S. Therefore, due to the properties of
the Green’s function (4.5.7), surface integrals over S = {¢ : |¢] = 1} containing
functions %(Am‘k‘lNZm (x,¢)) for k = 1,...,m — 1 turn to 0, and the function

%(Am_lsz (x,&)) becomes (—1)". In addition, due to the boundary conditions of

the Riquier-Neumann problem, we also have %Aku(f) — (&), e > +0atk =
0,...,m—1. Thus, from (4.5.15) in the limit for ¢ — +0 we obtain the representation
(4.5.14) for C = win fas u(&) dsg. The theorem is proved. O

Lemma 4.6. /. Let f € C 1(5), then the function
_ )m

1y (x) = / Nom (x, ) £ (€) ds; (45.16)

is a solution to the following Riquier-Neumann problem
A"u(x) = f(x), x € S,

AN AN~ 1
- = o [ S e
S  WnJs

=0,k=0,...,m-2,
ov las 7 " ov

2. Let yy € C'*2(9S) (g > 0), then the function
( l)m 1

vy (x) = / Nom (6, E)0/(£) dse 45.17)

is a solution to the following Riquier-Neumann problem

A" (x) =0, x €S,

ANF AA"! 1
4 :o,kzo,...,m—z,—v( :w(x)——/ W (€) dse.
oS Wy Jos

ov las ov

Proof. 1. We study the function u¢(x) without specifying the smoothness of the
function f(x). To do this, we introduce the functions

N 1 ~
Ri(r,) = Na(w.) = — [ Mol . Rea(,6)

1 ~ n
= w—/Nzk—z(x, WNo(y, &) dy, k> 1.
neds
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The function N> (x, &) has the property
~ T
[feerar= [ Mo a-2 [ Mgy =o
S S Tn JS
It is easy to see that the equality holds true

1 1
Nopw(x, &) = w—/Ssz—z(x, y) (Nz(y,f) - /SNz(yl,f) dyl) dy

w

1 N
- L /S Nom2(6,)Rb (3, €) dy. (4.5.18)

Therefore, due to the properties of the volume potential, rearranging the integrals,
we have

1 1
MalMM@ﬂS%=&ELMMM@
1 N 1 n
x—/M@&MW&»—/Mmamwa
Wy Js Wy Js
from which it follows similarly
1 1 1 n
m—/Mﬂﬂﬂ@%=M—/M@ﬂ@—/ﬂﬂ@ﬂ@%
Wy Js Wy JsS Wy Js
1 ~ 1 ~ 1 N
:haﬁmmwwaﬂmmamw¢»EAmmamwa

Using the previous equalities by induction, changing the order of integration, we
obtain

1 1
MJAMWMV@%=MJ£MWMMW
1 ~ 1 " 1 -
x - [Retvor@ds = [Ronatxnar - [ Ratro)f(e)ae
=—L/&md%@ﬂ@%-ﬂiw)
Wy Js

From the last equality, using the property of the volume potential, it is easy to
obtain

1™
A;"uf(x) = Azi( )
Wn

/MM%W@%EﬂML/MWQﬂ@%
S Wyp Js

www.irispublishers.com 385


www.irispublishers.com

Iris Journal of Mathematics Chapter 4, Section 4.5 V.V. Karachik

— -t [ M ©)7(©) d = f). (45.20)
Wy Js

Further, due to the weak singularity of the function Ny, (x, &) (the singularity is the
same as that of the elementary solution Ey,, (x, £) (4.5.6)) it can be differentiated un-
der the integral sign and therefore from (4.5.9) it follows that for m > 1 the equalities
hold true

duy _ =D

= Axuf(x)ias = '/;AxN2m(x’ g)ixean((f) d¢ = 0.

ov las Wy,

In addition, due to (4.5.19) for k =1, ..., m — 2 we obtain

il (1t op
ov f s = AxAI;Mf(x)|ag = w, ‘/S‘Axsz_zk(x’ §)|xeasf(§) d¢
(-1t
- Wy, ‘/SAxsz_zk (x,£) |xeasf(f) dé = 0.

Similar to what is done above, in accordance with (4.5.19) and (4.5.9), we find

5y s = "o J AR O eosf @ de = - | F(&)de.
This means that the function u(x) from (4.5.16) is a solution to the Riquier-
Neumann problem (4.5.1) with ¢, =0,k =0,...,m -2 and ¢,,_; = w%l /S f(&)dé.

Let us determine what smoothness it is enough to require from the function f(x)
so that all arguments made regarding the function u ¢(x) are valid. To satisfy the last
equality from (4.5.20) for the volume potential it is sufficient that f € C'(S) [28].
In this case, the volume potential with density f(x) is also be from C'(S) [183] and
therefore the entire chain of equalities from (4.5.20) is correct.

2. Consider the function vy, (x) from (4.5.17). Substituting the value of the function
Nom (x, &) from (4.5.18) and changing the order of integration we have

(_

1)m-1 1 .
v (x) = )n /S Non-a(x,3) dy = /MNz(y,f)lﬁ(f)ng-

w

Due to the properties of the functions u s (x) and N (x, £) obtained above, the func-
tion v, (x) is a solution to the Riquier-Neumann problem (4.5.1) for m = m — 1,
0r=0,k=0,...,m-3,
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Om-2 = —/ / No(y, €)W (&) dsg dy
1 n
_ w—n/asw(gf) dsgw—n/SNz(y,§) dy = 0

and

£ =870 = [ Rt @ dse.

Therefore, by the property of the potential of a simple layer, we have

m _ m—1 _ L ¢ _
A"vy(x) = AN vy (x) = Awn /aS No(x,E)p (&) dsg = 0

and in addition, by the property (4.5.4) of the Green’s function N;(x, &) we write

ﬁAm_lvl/,

1
] e - /8 () de

Thus, the function vy (x) is a solution to the Riquier-Neumann problem (4.5.1) for
f=0,0k=0,k=0,...,m=2and @,_1(x) = ¢(x) = o [, ¥(£) ds, as stated.

Finally, let us find out what smoothness of the function ¢ (x) is sufficient for the va-
lidity of the above reasoning? Since the function v, (x) is represented in a form similar
to the form of the function u ¢ (x) from (4.5.16) with the density win fs No(y, EN (&) dse,

then, as in the previous case, it is sufficient that this density be from C I (5 ), and this
is true if ¢ € C1*2(9S) [4]. The lemma is proved. O

Remark 4.6. For m = 1, for the function it is sufficient to require that ¢ € C(9S).

Theorem 4.15. Let ¢y € C(3S), ¢r € C'*2(8S) fork =1,...,m—1and f inC'(S).
Then the function

u(x) = Z( 1)* N2k+2(x &) - _/N2k+2(x’ y) dy)‘ﬁk(f) dsg¢

98 %=0
(1)’"

/ Now(x.€) f(€) dé +C (4521)

is a solution to the Riquier-Neumann problem (4.5.1) provided that

/ Pm-1(&) ds¢ =/f(§) dé. (4.5.22)
oS S
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Proof. Let us prove that the function u(x), defined by the equality (4.5.14), is a solu-
tion to the following problem
A"u(x) = f(x), x € S,
OA*u
5y ‘6S—0,k—0,...,m—2, (4.5.23)

6Am—1u 1 |
dv ’as = P () = o /as em-1(§) dse + /S f&)de.

It is easy to see that in this case, if the condition (4.5.22) is satisfied, the statement
of the theorem follows. We prove this statement by induction on m. For m = 2,
Theorem 4.7 on page 337 proves that for a function of the form

) === [ AN 0@ dve = - [ Nalr.£)1(6) dse

1
b [ NG 810 dé + € =11 (@) +v2(2) +va) + €
nJSs
the equalities hold true

A2u(x) =0+ 0+ f(x) = f(x),

ou
aheas = ¢o(x) + 0+ 0 = po(x),

0
s =0+ (0= [ w@de)+ - [ rra

Here, in the equality on the right, the result of applying the corresponding operators
to the functions v (x), vo(x) and v3(x) is indicated. This corresponds to the statement
being proved for m = 2. Let us assume that the statement (4.5.23) holds true for
m =m — 1. Let us represent u(x) from (4.5.14) as

u(x) = up(x) + 1" (x) + C,

where the function u;m)(x) is defined in (4.5.16) (the superscript m is additionally
introduced here to avoid confusion) and

(l)ml

Un (x) =

/ SZ (A2 N () ) 4 (6) dise.

k=0

Note that the function us(x) for f € C 1(S) by Lemma 4.6 is a solution to the
problem (4.5.23) for ¢ = 0, k = 0,...,m — 1. Therefore, it is enough to prove that
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the function u,,(x) = u(x) — u}m) (x) + C is a solution to the problem (4.5.23) for
f = 0. Let us transform the function u,,(x). From the equality (4.5.11) for k > 1 it
is easy to obtain

A Nom (x, €) = =Ag™ Nom-a (x. €),
and therefore

U (X)
m— 1
- / Non(5,€)pm-1(6) dse + [ AeNon(x,€)pn-2(€) dc)
_ )m -2 m=2 .
(/askzz(:) (A§ 2 Nom-a (x, f))sDk(f) dsg¢
~ [ Nawea(x,£)pn-2(6) dse) = ()
+( l)m 1

/ Nom (6, €)@mr (£) disg + / AeNam (5 ) pm-2(£) dise
+ /as Nom—2(x, &) pm—2(€) de)-

Using the equality (4.5.11) and the notations from (4.5.16) and (4.5.17) we can
write

Um (X) = Um-1 (X)

(-t 1
+ Vg, (x) + /sz—z(x,y) dy-—/ om—2(€) dsg¢
Wn S Tn Jos

n

1
— / Om_2(&) dse. (4.5.24)

Tn Jos

= Up—1(X) + vy, (x) + uim_l)(x) :

For the legality of using the function v, ,(x) by Lemma 4.6 it is sufficient to
require g € C(0S), ¢ € C'1*#(0S) for k = 1,...,m — 1. Since, by the induction
hypothesis, the function u,,_1(x) is (m — 1)-harmonic, then according to Lemma 4.6
we can write

1
A"up(x) =0+0+ A—/ Om-2(€) dsg =0
Tn Jos

In addition, from (4.5.24) it also follows that on 4, due to Lemma 4.6 and the
induction hypothesis, the equalities hold true
IN*u,, B AN u,_,
vy v

+0+0=¢r(x), k=0,...,m-23,
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ON" 2y, OA" 2y, 1 1
i _ - 1+0+—/—/ om-2(&) dsg dy
ov ov Wn Js Tn Jos
1 1
= pma(r) - — / om-2(€) dse + — / om-2(€) dse = o ().
Wy Jos Wy Jos
ANy

3 =0+ (som—l(x) - %ﬂ/@s Om-1(&) ds§) +0

1
= Om-1(x) = w_ ‘/85 Om-1(&) dsfa

n

which means the function u,,(x) is a solution to the problem (4.5.23) for f = 0. The
induction step is proved and therefore the function from (4.5.14) is a solution to the
problem (4.5.1).

From the formula (4.5.11) it is easy to obtain the equality

1
Aszm(X, ‘f) = (_1)k(N2m—2k(xa f) - sz_zk(X, y) dy)’
é: Tn S

with the help of which the equality (4.5.14) is converted to the form (4.5.21). The
theorem is proved. O

4.5.4 A special case of the Riquier-Neumann problem

Let us consider one special case of boundary conditions in the Riquier-Neumann
problem.

Theorem 4.16. Let ¢y € C(0S), ¢r € C'*4(0S) and /as ek(£)dsg = 0 for k =
I,....m—1,and f = 0. Then a solution to the Riquier-Neumann problem (4.5.1)
exists and can be written in the form

m—1

u(x) = ) urlee](x) +C, (4.5.25)
k=0

where is denoted

_1\k
uile] (x) = 2 /a N (5, £)p(6) e,

w

1
NSia(8) = o= [ MaGr NG ) dy k> 00 AD(x.8) = NaC. )
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For (k + 1)-harmonic functions uy [ ] (x) the following conditions are satisfied:

Oulell _ g ke

dv )as
(4.5.26)
0
Muglgl) =0, O =g,

Aur[@](x) = ur-1le](x),

Proof. It is easy to see that under the conditions required in the theorem, all the con-
ditions of Theorem 4.15 are also satisfied, which means that a solution to the Riquier-
Neumann problem exists. Let us prove that the formula (4.5.25) defines this solution.
To do this, it is enough to make sure that the equalities (4.5.26) hold true. According
to the definition of the function Nzok (x, ¢) and according to the property of the volume
potential, for £ > 0 we write

(=D*

Wy

Aup @] (x) = Aq

/ NO. (6, ) (€) dse
oS
(_

k-1
1) /aS Nzok(x,é-')(p(f) dsg = ur—1[¢] (x),

w

and also note that Aug[¢](x) = 0. In addition, for k > 0, using (4.5.4), we obtain

duelel| _ (=D* 1
(;v |as= Wn ‘/SAXNz(x’y”xeasw_n/aSNzok(y’f)SD(f)dedy

_ (—1)"‘1/ (/SNZOk(y,f) dy)¢ () dsgf/aSF(f)‘P(f) dse.

Wy, N

Using the equality

1 1 1
—/Nzok(yl,f) dy) = —/Nz(yl,yz) d)’I---_/NZ(yk,f) dyy,
a)n S wn S wl’l S

symmetry of function N;(x, ¢) and the equality (4.5.12) we are convinced that the
function
(_1)k—1

Wy

F(&) = /S N (v, €) dy

is a polynomial of degree k in |£|> which means F(€)|ss = C, and therefore by the
conditions of the theorem

Ouy [ ] |

dv las

- / F(&)ou(€) dse = C / o0 (&) dse = 0.
oS oS
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If k = 0, then according to (4.5.4)

dug[ ol 1L [ 0N (x, )
e |aS: _/as 2200 sp0(€) de

ov Wy, 0vy

1
= s = o [ () dse = ot

The theorem is proved. O

Example 4.4. Let us calculate the functions u,[H;](x) from the equality (4.5.25),
where H(x) is a homogeneous harmonic polynomial of degree k € N for p €
Np. In this case, the conditions of Theorem 4.16 are satisfied since the equality
o Hi(€) dsg = 0 holds true.

From the equality (4.1.28) of ection 4.1 for x € S and ¢ € 9SS the equalities follow

No(x,€) = E(x,8) = Eo(x,§) = ——

S k+n-2 \ & i
3 (2k+n—2 k(zgfn—z))ZHfg)(x)Hfg)(f)

k=1
2] & i i
+ ) 7 2 B WH @),

k=1 i=1

where the harmonic polynomials H,(f) (x) are defined in Example 4.3. Therefore, due

1
\on

gence of the series in & € 9§ forx € §, we have

to the orthonormality of the polynomials -=H ( )(x) on dS and the uniform conver-

uo[Hi](x) = / No(x,€)Hi (€) dsg = —12)a) /as Hy (&) ds
+ Z:: %ZHU)(X) /BS HY (£)Hi(¢) dsg = %Hk(x).

Let us calculate u;[Hy](x). Using (4.5.13) for [ = 0 and the previous calculations
we find

1
nlH0) = =o- | N OHLE dse
1 1
- /S Nt y) - /a Ny, EH(€) dsc dy
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— _a)in /SNz(x,y)uo[Hk](y) dy = _%win /SNZ(X’ yV)Hi(y) dy

L|x|>?=1-2/k

=% 20k em k)

Similarly, in the general case, for u,[Hy](x) with p € N we obtain

) = o [ N HL(O)

- L / N, )ity [HeL () dy. (4.5.27)
Wy Js

Hence, using the function u;[H](x) found above and the equality (4.5.13), we
have

B Ix|* —1-4/k Ix|>—1-2/k
u2[ Hil (x) = (8k(2k PO TG S S TS T Yy )H (x).

It is easy to verify that the 3-harmonic function u, [ Hy ] (x) satisfies the condition

5u2[Hk]‘
ov  1as
(k+4)|x|* -k -4 (k+2)|x|>? -k -2 )
= —(k+2 H
(8k(2k+n)(2k+2+n) (k+2) 4k2(2k + n)? ) k()
and since
Jx|? (k+2)
Aus[Hy] = - Hy (x) = uy [Hyl,
u2[Hi (2k(2k +n)  2K2(2k + n)) k(x) = ui [ Hi]
e (| _ (k+ P
aAquk| k+2)|x|-—k-2 )
oy los (k) )] =0
Moreover, the equalities hold true
1 ONuy[H
Nuy[Hy] = —Hy(x) = uo[Hy], M) = Hy(x).
k ov BN

Using (4.5.27) and (4.5.13) one can sequentially find any function u, [ Hy](x).
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Chapter 5

Nonlocal boundary value problems with invo-
lution

This chapter studies nonlocal boundary value problems with involution. From the
author’s works devoted to nonlocal boundary value problems, this chapter includes
results on four problems for a nonlocal biharmonic equation with involution and on
eigenfunctions for the nonlocal Laplace operator with double involution.

In [145] the authors considered equations containing fractional derivatives of the
desired function and equations with deviating arguments, in other words, equations
that include an unknown function and its derivatives, generally speaking, for different
values of arguments. Such equations are called nonlocal differential equations.

Among the nonlocal differential equations a special place is occupied by equations
in which deviation of the arguments has an involutive character. A mapping S is
called an involution, if S?(x) = S(S(x)) = x. It is known that differential equations
containing an involutive deviation of an unknown function or its derivative are some
model equations with an alternating deviation of the argument. In the general case,
such equations can be attributed to the class of functional differential equations.

Researchers have been studying differential equations with involution for a long
time. In 1816 Babbage considered algebraic and differential equations with involu-
tion [14]. Monographs by Przeworska-Rolewicz [152] and Wiener [185] have been
devoted to the solvability’s theory of various differential equations with involution.
In [16,37], spectral problems for a first order differential equation with involution are
studied. In [134,135,137,160,173] spectral problems for differential operators of the
first and second orders with involution are investigated. Some results of studies of
spectral problems with involution are used in [2, 128, 169] to solve inverse problems.

The series of papers by Cabada and Tojo (see [40, 168] and a list of citations) are
devoted to creation of the theory of Green’s function of one-dimensional differential
equations with involution. The method of representing solutions to boundary value
problems based on the construction of the Green’s function of the problem is one
of the efficient methods for investigation of solutions to boundary value problems
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for elliptic equations. This method is also used in the present chapter. The Green’s
functions of the Dirichlet, Neumann, Robin, and others biharmonic problems in a
two-dimensional disc are constructed by means of the Green’s harmonic functions of
the Dirichlet problem in [20].

Some aspects of the solvability theory of partial differential equations with invo-
lution are described in [9,12,13]. In [174], boundary value problems with involution
in the boundary conditions for second and fourth order elliptic equations are studied.

Section 5.1 is organized as follows. In Section 5.1.1 we present the statements
of the problems under consideration, and then in Lemmas 5.1-5.2 and Theorem 5.1
some auxiliary statements are given which are necessary in the further presentation.
In Theorem 5.2 of Section 5.1.2 uniqueness of solutions to all considering problems
is proved. In Section 5.1.3, based on Theorem 5.3, which gives a representation of the
solution to the Dirichlet problem for a biharmonic equation in terms of the Green’s
function G4(x, £), the existence Theorem 5.4 for a solution to the Dirichlet boundary
value problem for a nonlocal biharmonic equation is presented. In Section 5.1.4 using
Lemma 5.7, the necessary and sufficient conditions for the solvability of the Neumann
boundary value problem are obtained. In Theorem 5.5 an integral representation
of the problem’s solution is presented. In Section 5.1.5 the Navier boundary value
problem is studied. In Theorem 5.6 using the Green’s function of the corresponding
Navier boundary value problem for biharmonic equation, an integral representation of
a solution to the considered problem is obtained. Finally, in Theorem 5.7 of Section
5.1.6, conditions for the existence of a solution to the Riquier-Neumann boundary
value problem are found, and an integral representation of the problem’s solution is
obtained.

In Section 5.2 we study the eigenfunctions of the nonlocal Laplace operator with
double involution of arbitrary orders. First, matrices of a special form arising in this
problem are studied. In Theorems 5.8-5.9 the block structure of these matrices is
clarified, in Theorem 5.10 the multiplication of matrices is studied, and in theorem
5.11 their eigenvalues and eigenvectors are found. Then, in Theorems 5.12-5.13,
using Lemma 5.3 the structure of eigenfunctions and eigenvalues of the Dirichlet
problem is studied.

In Theorems 5.14-5.15, using Lemma 5.9, the eigenfunctions and eigenvalues of
the Dirichlet problem for the considered nonlocal Laplace equation in the unit ball
are determined. These eigenfunctions are presented explicitly. The completeness of
the found system of eigenfunctions in L;(S) is proved. The introduced concepts and

www.irispublishers.com 395


www.irispublishers.com

Iris Journal of Mathematics Chapter 5, Section 5.1 V.V. Karachik

the results obtained are illustrated in seven examples.

More detailed information about the author’s results on non-local problems can be
found in the articles [100, 103,108,109, 115,121, 176, 180].

5.1 Boundary value problems for nonlocal biharmonic equation

The purpose of this section is to apply the results obtained in Chapter 4 on the con-
struction of Green’s functions to the study of boundary value problems for nonlocal
equations. Here we consider four boundary value problems for the nonlocal bihar-
monic equation.

5.1.1 Main problems and supporting statements

Let S = {x € R" : x| < 1} be the unit ball, n > 2, dS be the unit sphere, and S be a
real orthogonal matrix S - ST = I. Suppose also that there exists a natural number
| € N such that S’ = I. Let us call / the order of S.

Note that if x € §, or x € 95, then for any & the inclusions Skx e S, or Skx € 48
hold true. This is so because the transformation of the space R” with the matrix S
saves the norm |x|?> = (x,x) = (STSx,x) = (Sx,Sx) = |Sx|?. Let us give one
simple example of such a matrix S.

Example 5.1. It is obvious that the transformation carried out by the matrix S can

L e Q_ 1 2 -2
also be a rotation in the space R", for example, if S = C, C, --- Cy <, where

I, O 0 0
Ci = 0 cosp —sing O
# |0 sing cosep 0 |
0 O 0 Li—in

I;is the identity ixi matrix andi = 1, ..., n—2. Thisis so because ST = Cf;g_z e C%SDZCEQDI
icio_ (i T _l 2 . n=2 . m2 . .2 o _
and C,C), = C, . and therefore S§'=C,C,,---Cy =, -Ch - C2, Cly, =1

In addition, it is necessary to take ¢; = l,-zT”, where [;,] € N.

Let ay, ay, . ..,a; be some real numbers, f(x) and g(s) be functions, given on S
and 0S5, respectively. Introduce the nonlocal operator
!

Lu(x) = Z arAu (Sk_lx) . (5.1.1)

k=1
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For example, if the matrix § is taken in the form § = (0 ‘01 ), then the operator L
from (5.1.1) looks like

Lu(x)

= alAzu(xl,xz) + agAzu(—xz,xl) + a4A2u(—x1, —Xx7) + a4A2u(x2, —X1).

Consider the following boundary value problems in the unit ball S.

Dirichlet problem (see Section 2.2.1). Find a function u(x) € C*(S) n C'(S),
satisfying the conditions

Lu(x) = f(x), x €S, (5.1.2)
0
ulas = go). 5| = g1(x), x €3S, (5.1.3)

where v is the unit outer normal to sphere 95S.

Neumann problem (see Section 3.3). Find a function u(x) € C*(S) n C(S),
satisfying the equation (5.1.2) and the boundary conditions
d%u

s = 1 (x), mbg = hy(x), x € 4S. (5.1.4)

6_u
ov

Navier problem (see Section 4.1.2). Find a function u(x) € C*(S) N C?(S),
satisfying the equation (5.1.2) and the boundary conditions

ulgs = ro(x), Aulgs =ri(x), x € 0S. (5.1.5)

Riquier-Neumann problem (see Section 4.1.3). Find a function u(x) € C*(S) N
C3(S), satisfying the equation (5.1.2) and the boundary conditions

ou 0Au
+las = P00, ——|55=p1(x), x €8S, (5.1.6)
In the case whena; #0, a; =0, kK =2,3,...,[ we obtain the classical Dirichlet,

Neumann, Navier and Riquier-Neumann boundary value problems for the biharmonic
equation. It should be noted that in the case n = 2 in [153] for the classical Laplace
equation nonlocal boundary value problems with some matrix S are studied.

Now, we present some auxiliary statements regarding a special form of matrices.
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Consider the matrix A, consisting of the coefficients a1, ay, . . ., a; of the operator L
ay a ... aj
A= a:l a:1 al:_l = (aj-i+1)i,j=1,...0>
a az --- aj

where the indices of the coeflicients a;_;; are taken modulo /.

Lemma 5.1. Let 1 = e’ be the primitive lth root of unity. Then

[
detA = l_[ (CZ]/llf +...+ al/lf‘),
k=1

where/lkze"@z/lll‘,k= 1,...,L

Proof. 1t is not hard to see that A, = e(izTn)k = /111‘ and A; = Ap = 1. Let us make sure

that the number
i

_ k ko _ k
M =a1dg+ ... +aqd;_| = Z aq/lq_1
q=1

fork = 1,...,lisaneigenvalue of the matrix A, and the vector By = (1, /lll‘, e A;‘_l)T
is an eigenvector corresponding to the eigenvalue u. Since the indices of the num-
bers A; can be calculated modulo /, then in the calculations below we consider the
indices of the numbers aj; also modulo /. Then, for example, ag = a;, a-; = a;-; and
ar+1 = aj. Find the element of the mth row of the vector

ay a» ... aq 1
k
a ay ... aj—1 A
Ck=ABr=| . . . : P
a dz --- ai ﬂk

where m = 1, ..., 1. Since the mth row of the matrix A has the form (a,_,,,
A3-m, - - > Al-m+1), then

/

l
(ABW)y = ) ajomn Xy = A8 Y aj maidl, = uedl,
j=1 j=1
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where the equality 21X, = XA _is used. Therefore AB; = Cy = u;By. Now, using

the equality
!

l
detA = l_[/,tk = l_l (al/lg + ...+ al/lf_l)
k=1

k=1
we obtain the statement of the lemma. The lemma is proved. O

Clearly, 4} = (/l’l‘)” = (/l’f)k = A%, Denote

! !
-1
Ui = al/lg +...+ al/lf_l = Z aq/l];_l = Z aq/lz . (5.1.7)
g=1 g=1

Example 5.2. Let [ = 3. Then A, = eizTn, and hence A, = ei#. In this case we have

ap dz asj
detA =det| a3 a; a»
ay dsz aj

i3z 4% 22 i24%
=la; +are's +aze'3 | (a1 +are’3 +aze’3 | (a) +ay + az)

j2x jax PR j2E
=la; +axe'3 +aze'3 | a; +are'3 +aze'’3 ) (a; +ar+ as)
= (ay +ap + az) (a% + a% + a% —apasz —ajax —ajasz) = a? + ag + ag —3ajasras3.
Lemma 5.2. Let the numbers uy in (5.1.7) be nonzero uy # 0, k = 1,...,1. Then

there exists an inverse to the matrix A, which is given by the formula

_ 1 .
A7l = 7M+d1ag 1(,ul, cees M) M_T,

where . .
M :(/1! ) , M_:(/l._J) .
" i=1); =11 =) i=1.1
T

Proof. Itis not hard to see that M, = (By, ..., B;), where B; = (1,/111‘, . ,/lé‘_l) is
the eigenvector of the matrix A corresponding to the eigenvalue yj (see Lemma 5.1).
Then AM, = (uBjy, ..., u;B;) and that means

AM.diag™ (u1, ..., ) = (1 By, ..., uBy) diag (ufl, . ,ul‘l)
= (Bl$"'7Bl) = M+,
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where
AM.diag™! (u1, ..., )M T =M, M_T,

Let us calculate the product of the resulting matrices

M+M_T = (ml,_])l,]zl,,l.

It is not hard to see that
I i k I
Ai_
_ k -k _ -1 _ k
k=1 k=1 \"J-1 k=1
270

where it is taken into account that Ay /4; = 44— and Ao = e T =0 =1. Obviously,
Ai—j = A is Ith root of unity for any i and j.

Let us make sure that if A is some /th root of unity, then

)
S fl At
0, 4#1

k=1

Indeed, for A = 1 the equality is obvious, and for 4 # 1 we have

1
/l+/12+...+/ll‘1+/ll——(/l+/12+...+/11‘1+/ll)(1—/1)

S 1-2
1
= ﬁ(/l+/12+...+/ll‘l L N
1
=——(1-12)=0.
-4
Therefore
{l, i=j
mi,j = . .
0, i#J
and consequently
AM, diag (g7, .7 ) MT = 1.
This implies the statement of the lemma. O

Based on these two lemmas it is not hard to prove the statement.
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Theorem 5.1. Let u; = al/lg +...+ al/li_l #0, k=1,...,1, where {Ay} are the lth
roots of unity. Then the solution to the system of algebraic equations Ab = g can be
written in the form

1 1 .
b= iz, =7 D, DA 8 - (5.1.8)

The theorem is proved. O

Corollary S.1. If yy # O for k = 1,...,[, then the matrix A~! exists and has a
structure similar to the matrix A

Moreover, for k = 1,2,...,1, the equality uz(C) = 1/ux(A) holds true, where
ur(A) = al/lg + ...+ al/li_l and u; (C) = 61/12 + ...+ cl/li_l.

Proof. The equality for A~! follows immediately from (5.1.8). Further, the equalities
are true

/

I I
e (C) = ZCj/l?q = %Z/lf'—l Z /11—1;

J=1 J=1 p=1
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l ) l )
:Z,u Z‘ Zu Zl mA)

p=1 p=1
The corollary is proved. O

Nlﬁd
Nl)—k

AJ‘
—~ N~

5.1.2 Uniqueness of solutions

In order to study the uniqueness of the solution to the problem (5.1.2), (5.1.3), we
start with the statement.

Lemma 5.3. The operator Isu(x) = u(Sx) and the Laplace operator A commute:
Alsu(x) = IsAu(x). Operators Au = 37| xjuy,(x) and Is also commute: Alsu(x) =
IsAu(x) and the equality V1s = I1sSTV holds true.

Proof. Let us write the matrix S in the form S = (s;;) ij=1,.- Since
D Jsu(x) = 2u(S5) = (Sl ). (S )
axi sulx) = 8xiu X a row? ’ row?
= Z sjilsite, (x) = (S, IsVu(x)) = Is(SL, ), Vu(x),
then
0? d 2
2315100 = Gl (SLyn D) = 15(SLyn V()
That is why

2
Alsu(x) = Z@(Swl,w (@) = Is|((Sh V), (82, W) ()
- 13|STV| u(x) = Is(STV, STV)u(x) = Is(SSTV, VYu(x) = IsAu(x).

The lemma is proved. O

Corollary 5.2. If a function u(x) is biharmonic in §, then the function u(Sx) =
Isu(x) is also biharmonic in S.

Corollary 5.3. If a function u(x) is biharmonic in S, then it satisfies the homogeneous
equation (5.1.2) in S.
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Indeed, according to Lemma 5.3, for any x € S, we have
! !

Lu(x) = Z arAu (Sk_lx) = Z ClkAzlsk—ll/l (x)
k=1 k=1
/
= Z aplsi-1A%u (x) = 0.
k=1

The converse statement is also true. Let

1 1
cj:YZ — (5.1.9)
k=1 /lk Mk
where j = 1,2, ..., 1. Introduce the operators

! !
Irv(x) = Z aglgi-1v(x) = Z av (S 1x),

k=1 l k=1 (5.1.10)

Jiv(x) = Z cv(S* ).

k=1

Then the operator L of the equation (5.1.2) can be written as Lu = 1 1 A%u.

Lemma 5.4. Let the function u € C*(S) satisfy the homogeneous equation (5.1.2)
and uy; # 0, k = 1,...,1. Then the function u(x) is biharmonic in S.

Proof. Let the function u € C*(S) satisfy the homogeneous equation (5.1.2). Denote

au(S¥1x) = ILu(x). (5.1.11)

MN

v(x) =
k=1
It is obvious that v(x) € C*(S) and
A v(x) = AN lu=1 1 Au=Lu=0, xEe€S§,
i.e. the function v(x) is biharmonic in S. Due to Corollary 5.2, functions v(S¥*x) are

also biharmonic in the domain S. On the other hand, based on (5.1.11) we can get
the equalities
v(Sx) = auu(x) + a1u(Sx) + ...+ aj_ju(S"x)
v(8%x) = aj_u(x) + au(Sx) + ... + a;_u(S'x) (5.1.12)

.........

v(S71x) = aou(x) + azu(Sx) + ... + au(S™'x),
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where the condition S’ = I is used. Hence, the system of algebraic equations (5.1.11),
(5.1.12) for the functions u(x), u(Sx), . .., u(S'"'x) can be rewritten in matrix form
using the matrix A

v(x) ay a ... aq u(x)

v(Sx) e oar oo aim u(Sx)

v(S1x) ar az ... ap J\u(S"x)

By virtue of the lemma’s conditions, the determinant of this system is nonzero
det A # 0. If we use Theorem 5.1 for

b = (u(x),u(Sx), e u(Sl_lx))T, g = (v(x),v(Sx), . .,v(Sl_lx))T,

then we obtain

1 1
u(x):blzfzu_k

! ! !
-, 1y 1 =) il _
. A, gj_?ZEZ/lk V(87 x) =
k=1 j=1 k=1 j=1

l [ )
1 1 .
_ -1 5 . -1
— g v(S/ x)l E E civ(S8/ x).

._1 =
A7k

Consequently, remembering the definition of the operator J;, from (5.1.10), we get

u(x) = cv(x) + cov(Sx) + ...+ cpv(STx) = Jpv(x). (5.1.13)

As noted above, the functions v(S¥x) are biharmonicin S for k =0,1,...,1 -1,
and therefore the function u(x) from (5.1.13) is also biharmonic in S. The lemma is
proved. O

By virtue of Lemma 5.4, we are able to prove the statement.

Theorem 5.2. Suppose that for all k = 1,...,1 the equalities u; = al/lg + ...+
al/l;‘_l # 0 hold true and solutions to the Dirichlet, Neumann, Navier and Riquier-
Neumann boundary value problems exist. Then

1) the solution to the Dirichlet problem (5.1.2), (5.1.3) is unique;

2) the solution to the Neumann problem (5.1.2), (5.1.4) is unique up to a constant
term;
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3) the solution to the Navier problem (5.1.2), (5.1.5) is unique;

4) the solution to the Riquier-Neumann problem (5.1.2), (5.1.6) is unique up to a
constant term.

Proof. 1) Let us prove that the homogenous problem (5.1.2), (5.1.3) has only zero
solution, and then solution of the non-homogenous problem (5.1.2), (5.1.3) is unique.
Let u(x) be a solution of the homogenous problem (5.1.2), (5.1.3). If y; = al/lg +
...+aqdf_ #0fork=1,...,1, then by Lemma 5.1 det A # 0. By Lemma 5.4 the
function u(x) is biharmonic in S and satisfies the homogeneous conditions (5.1.3).
Hence the function u(x) is a solution to the Dirichlet problem

ou(x)
A’u(x) =0, x € S; ”(x)|as = WL?S =0.

By virtue of the uniqueness of the solution to the Dirichlet problem (Theorem
2.16), we have u(x) = 0.

2) Let u(x) be a solution to the homogenous problem (5.1.2), (5.1.4), then by Lem-
mas 5.4 function u(x) is biharmonic in S and therefore satisfies the boundary condi-
tions of the Neumann problem

ou(x)| A%u(x) B
v las — 9v2 las

A’u(x) =0, x € S;

By Theorem 3.7 the solution to this problem is only a constant u(x) = C.

3) Let a function u(x) satisfies the homogeneous boundary conditions of the prob-
lem (5.1.2), (5.1.5), then by Lemma 5.4

A*u(x)=0,x€S; ul|gs=Aulgs=0, x €dS.

By Theorem 1.4 the solution to this problem is only the function u(x) = 0.

4) Let the function u(x) satisfy the homogeneous boundary conditions of the prob-
lem (5.1.2), (5.1.6), then by Lemma 5.4

ou(x) 0Au
A*u(x) =0, x € S; =—| =0,x€dS.
u(x) * ov las  Odv las *
By Theorem 4.7 the solution to this problem is only a constant. O
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5.1.3 Dirichlet conditions

In Section 2.2.1, an elementary solution to the biharmonic equation is defined

1 4
— —n 4 —
2(111_2)(71_4)|x 7", n>4,n=3
E4(x,€) = —Zln Ix — &, n=4 , (5.1.14)
_#12

and in Theorem 2.4 we can find that for n > 3 the function of the form

2 2
SR
2 2

x |x|§), (5.1.15)

x|

Ga(x.€) = Ea(x. ) = Ea( = Jxl¢)

x|

where E (x, &) = |x — €]/ (n — 2), is the Green’s function of the Dirichlet problem
for the biharmonic equation in the unit ball. From Theorem 4.1, using Remark 4.1
and similar to Theorem 4.3 the following statement follows.

Theorem 5.3. Let ¢y € C>*9(S), ¢1 € C*2(0S) (¢ > 0) and f € C(S), then
the solution to the Dirichlet problem for the biharmonic equation for n > 3 can be
represented as

1 0 1
1) = o [ 20O 5-0cGu( &) dse = o= [ 1€ (x.) dse

Wy

1
L / Ga(x, &) f (&) dé, (5.1.16)
Wn Js

where w,, is the area of the unit sphere in R".

In what follows, we need the statement.

Lemma 5.5. Let the function g(x) be continuous on dS or S. Then for any k € N

/aSg(S"y) dsy = /asg(y) dsy, /Sg(Sky) dy = /Sg(y) dy.

Proof. Let us prove the first equality. Let the function w(x) be a solution to the
Dirichlet problem for the Laplace equation in S with the condition w(x) = g(x) on the
boundary 8S. Then the function w(S*x) will be a solution to the Dirichlet problem
for the Laplace equation in S (Corollary 5.2) with the condition w(S*x) = g(S¥x)
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to dS. It is known that solutions to these problems are represented in the form of
Poisson integrals

w(x) = / Pl y)g(y) dsy,  w(Shx) = / P(x, y)g(Sy) ds,,
oS oS

where P(x,y) = w%ﬁx__';clli is the Poisson kernel. Since P(0,y) = wi”# = win for
y € 05, then

1 1

—/ g(y)dsy = w(0) =—/ g(S*y) ds,.

Wn Jas Wn Jos

This implies the equality to be proved. The second equality follows from the rule
for changing variables in a multiple integral

/S ¢(Sy) dy = /S ¢(2)] det 8| dz = /S ¢(v) dy

since SS = S. The lemma is proved. O

Let us prove the existence theorem for the solution to the problem (5.1.2), (5.1.3).

Theorem 5.4. Let the coefficients {ay : k = 1,...,1} of the operator L be such that
ur #0fork =1,...,1and go € C**¢(9S), g1 € C'*4(8S) (¢ > 0), and f € C'(S).
Then the solution to the problem (5.1.2), (5.1.3) exists and can be represented as

u(x) = - /6 NG5, 6) d

n

1 1
- — / 81(6)AeGa(x, &) dse + — /G4(x, EVLf(E)dé, (5.1.17)
Wn Jos Wn Js
where the operator J is defined in (5.1.10).

Proof. Let the function u(x) be a solution to the problem (5.1.2), (5.1.3). Denote
v(x) = I u(x), then using (5.1.13) we get u(x) = Jyv(x). Due to Lemma 5.3 on the
commutativity of the operators Is and A, Is and A, taking into account the equalities
%ubg = Au|ys and Lu = A?v, we get the followin problem for the function v(x)

Av(x) = f(x), x € S;

5.1.18
s = 1080(5), Aulyg = 1181(5), s € 35, L1
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It is clear that gg € C?*4(0S) = I.gp € C**4(9S), g1 € C'*4(8S) = I1.g) €
C'*#(9S) and hence the solution to the Dirichlet problem (5.1.18) exists and is unique.

Next, let the function v(x) be a solution to the problem (5.1.18). Then for the func-
tion u(x) = Jrv(x) we obtain the equation (5.1.2) and after applying the operator J,
to the boundary conditions of the problem (5.1.18) we obtain the boundary conditions
(5.1.3).

By virtue of Theorem 5.3 and using (5.1.16), the solution to the problem (5.1.18)
can be represented as

1
b(x) = - /a IL80(E)AAG(5, ) dse

n

1 1
— w—n LS ILgl(f)A§G4(.x, f) dSé-‘ + (,U_n ‘/S:G4(x’ f)f(f) df

Applying the operator J; to both sides of the equality and taking into account
(5.1.13), we obtain

W) = - | L @ABG () dse

Ly /a IL81(€)AcTa(x,8) dg + —, /S Gi(x, &) f(£) dE. (5.1.19)

n

In the resulting expression, we first transform the last integral. It is easy to see
that |S*x — 8¥¢| = |S*(x — €)| = |x — &|, which means that according to (5.1.14)
E4(S*x,Sk¢) = E4(x, &) and hence given (5.1.15) we can find G4(S*x, S¥¢) =
G4(x, ¢). Further, by virtue of Lemma 5.5

Isk /S Ga(x, &) f(£) dé = /S G4(S*x,8%¢) f(S*¢) dé = /S Ga(x, &)Lt f(€) dé.
Therefore, according to (5.1.10), we have

I /S Ga(x, &) f(£) de

/
= ZCklsk—l /G4(x,§)f(§) dé: = /G4(x,§)JLf(§) dé:-
k=1 S S

Similarly, by Lemma 5.5, we get

0 0
[ 80(€)5-0cGs(x ) dve = | T1o(6) e (x.) dse.
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Jr /as 21(E)AsG4(x, &) dsg = -/as J181(€E)AeGa(x, &) dse,

where o = 1720, &1 = I.g1. Thus, the function u(x) from (5.1.19) can be rewritten
as

u(x) = — /a LT (E)NAG (. €) dse

Wy

1 1
——/ JL1181(€)AcGa(x, ) dS§+—/G4(x,f)JLf(§) dé. (5.1.20)
Wy Jas Wn JS§

By virtue of (5.1.11) and (5.1.13), the following equalities are also true

8i(&) =1.gi(&), gi(§)=Jrg:i(§), i=12,

from which it follows that J; I; g;(¢) = g;(£) for an arbitrary function g;(£) on 9S.
So (5.2.14) is converted to (5.1.17). This proves the theorem. O

Corollary 5.4. Let vo(x) and v{(x) be functions harmonic in S such that vo(x)|ss =
go and vi(x)|ss = g1. Then the solution of the Dirichlet problem (5.1.2), (5.1.3) can
be written as

2

1= |x]? x|

2

Avo(x) — vi(x)

L / Ga(x. &)L f(€) dE. (5.1.21)
Wy S

u(x) = vo(x) +

The representation (5.1.21) of the function u(x) follows from Theorem 5.4 and
from the representation of the solution to the Dirichlet problem for the homogeneous
biharmonic equation

A%ug(x) =0, x € S;

Ouyg (5.1.22)
= go(s), 20— g(s), s € aS
uolas = go(s) 3 los g1(s), s €
in the form (2.4.1)
1 — |x|? 1 — |x|?
0(2) = vo() + T2 Avo(x) — -5y ().

By the way, in Theorem 2.13 on page 142 a method for representing the solution
of an inhomogeneous Dirichlet problem without using the Green’s function is given.
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Example 5.3. Let S be a real orthogonal matrix such that S> = I. The problem
(5.1.2), (5.1.3) in this case takes the form

aiA*u(x) + arxA’u(Sx) = f(x), x € S;
(5.1.23)

ou
ulas = go(s), 8_|

s = gi(s), s € a8S.

Then [ = 2, A4 =ei”=—1,/12:ezi”:1,y1 =a)—ap, Ur = ay +ap and

_ a1 a2 e — 22
A_(a2 al), detA = uy - pup = ay — a;.

Let a% - a% # 0 & a; # tap. Then by (5.1.9) we have

2
1 1 1,1 1 1 1 1
SR S NN ¥ O O B P T
2 /lk'uk 2 M1 U2 2\ay—ar ar+a a

2
1 Z 1 1/ 1 1 1 | 1 —ap
‘T2 =2 iy 2(—,U1 p2/ 2\ ar—ay ax+ai)  aj-a;

and that means

aif(x) —arf(Sx)
2_ 2 ’

a

JLf =c1f(x) +caf(Sx) =
)

In accordance with Corollary 5.4, the solution to the problem (5.2.15) can be writ-
ten as

1= |x? 1= |x?

u(x) =vo(x) + >

AVQ (x) -

vi(x)

1 a1 f(€) - arf(SE)
e [ Gutr oy RO g,

ay—a,

where vo(x) and v{(x) are harmonic functions in S such that vo|gs = go, vilgs = €1.

5.1.4 Neumann conditions

Let us investigate the necessary and sufficient conditions for solvability of the Neu-
mann boundary value problem (5.1.2), (5.1.4). Let G4(x, &) be the Green’s function
(5.1.15) of the classical Dirichlet problem for biharmonic equation in the unit ball.
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Theorem 5.5. Let the coefficients {ay : k = 1,...,1} of the operator L be such that
Ui = al/lg + ...+ alxlf_l 0, fork =1,...,land f € C*(S), go(x) € C3*(99),
g1(x) € C?*¢(0S), &€ > 0. For solvability of the problem (5.1.2), (5.1.4) the following
condition is necessary and sufficient

[ (oo - sands, s 5 [ Pp v =o (5.1.24)
oS Hi Js

If solution of the problem exists, then it is unique up to constant term and it can be
represented in the form

1
u(x):/ w(tx)%, (5.1.25)
0

where

n

1
W) = o [ s0(O(A = DAGH(x. ) d
1 1
- [ @@AG e dse+ - [ Galr A+ 456 de
Wn Jos Wn Js
the operator J is defined in (5.1.10), and the function G4(x, &) is given in (5.1.15).

Proof. Suppose that a solution u(x) to the problem (5.1.2), (5.1.4) exists, and the
operator A is defined in Lemma 5.3. For convenience, assume that the function u(x)
belongs to the class C*(S) N C?(S). For this it is enough to require f(x) € C?(S),
go(x) € C3*2(8S), gi1(x) € C?*¢(0S), € > 0. Apply the operator A to the function
u(x) and denote w(x) = Au(x). Then, taking into account the equalities AZAu(x) =
A(A+2)Au(x) = (A+4)A%u(x), where x € S, and the commutability of the operators
A and Ig (see Lemma 5.3) we have

Lw(x) = I1AAu(x) = (A+4)[[Au(x) = (A+4)Lu(x) = (A+4)f(x).

From the boundary conditions (5.1.4), by using the property of the operator A, it
follows that

u\x

W)l = Ay = 2 = o),

Aw ()56 = w(x)| 5 = (A= Dw(x)| 55 = AN = Du(x)| 5
B A%u(x)
—9v2 las

= g1(x).
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Thus, if u(x) is a solution to the problem (5.1.2), (5.1.4), then for the function
w(x) = Au(x) we obtain the Dirichlet type boundary value problem (5.1.2), (5.1.3)

Lw(x)=(A+4)f(x), x €S,

5 (5.1.26)
MO < o) + o)

w(x)|55 = £0(x),

Moreover, the equality w(x) = Au(x) implies necessity of the condition w(0) = 0
because (Au)(0) = 0. Further, the functions F(x) = (A + 4)f(x) € C'(S) and
go(x) € C3*4(0S), g1(x) € C?** satisfy the conditions of Theorem 5.4, which means

that the solution to the problem (5.1.26) exists and is unique and can be represented
in the form (5.1.21)

w(x) = wolx) + — / Gar. &) (Mg + DILf(@E) dé,  (5.127)
Wn Js

n

where the function wq(x) is a solution to the Dirichlet problem (5.1.22) with boundary
functions go(x) and go(x) + g1(x), as in problem (5.1.26), and the operator Jy, is
defined in (5.1.10). Here, under the integral, the commutativity of the operators A,
and J; is used.

Now let w(x) be a solution to the problem (5.1.26) and w(0) = 0. Then the func-

tion from (5.1.25)
! dt
u(x) = w(tx)—,
0 t

satisfies the equality Au(x) = w(x) since

1 n 1
Au(x) = /0 inwxi(tx) dt = /0 dw;Zx) dt = w(x) —w(0) = w(x).
i=1

As noted above, Lw(x) = (A + 4)Lu(x), which means that the equation from
(5.1.26) implies

O=A+dLux)—(A+4)f(x) = (A+4)(Lu(x) — f(x)). (5.1.28)
Lemma 5.6. The general solution to the equation (A + 4)v(x) = 0 has the form
v(x) = C(In(xz/x1), ..., In(x,/x1))x7?,

where C (1, ..., T,) is an arbitrary differentiable function.
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Proof. Making the change of variables #; = Inx;, i = 1,...,n in the equation under
consideration, we obtain the equation of the form (v;, .. ., vtn)T «(1,..., )T +4y =0,
and then again after the replacement t = Bt, where

(1 0 0 ... 0)

1 -1 0 ... 0
B=|1 0 -1 0 |,
1 0 0 -1

the differential part of the equation takes the form

(B"(veps oo sve)) - (Lo, D) =B, o, D (veyyevg)) = v,

Therefore, the original equation is reduced to the form v, + 4v = 0. The general
solution to this equation have the formv = C(1, ..., 7,)e %", where C(1, . .., T,) is
some differentiable function. Returning to the old variables and taking into account
that B~! = B, we find

v(x) = C(ta—t1,...,th—t1)e " = C(In(x2/x1), ... ,ln(xn/xl))xl_4.
The lemma is proved. O

According to Lemma 5.6, the equality (5.1.28) implies the equality Lu(x)— f(x) =
v(x). Since the left-hand side of this equality is a function differentiable at the origin,
and the function v(x) has no limit at the point x = 0 if C # const and has an infinite
limit if C = const # 0, then this equality is possible only if v(x) = 0.

Therefore, the function u(x) satisfies the equation (5.1.2). Substituting w(x) =
Au(x) into the boundary conditions (5.1.26) we obtain the boundary conditions (5.1.4)
and hence the function u(x) is a solution to the problem (5.1.2), (5.1.4).

Thus, the equality w(0) = 0 is the necessary and sufficient condition for the solv-
ability of the problem (5.1.2), (5.1.4).

Let us find the conditions under which the equality w(0) = 0 is satisfied. From the
representation (5.1.27) we find

w(0) = wo(0) + — / Ga(0.6) (A + 4)JLf (&) dE. (5.129)
Wn Js

n
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In the obtained equality, the index & of the operator A¢ is omitted, since all func-
tions in it depend only on &. Let us calculate the value of wg(0). If we use (2.4.1),
we can get
1= |xf? =[x

2 2
where vo(x) and v (x) are harmonic functions in S such that vo(x)|ss = go and
vi(x)|lgs = go + g1. Using the mean value property for harmonic functions we can
write

Avo(x) —

wo(x) = vo(x) + vi(x),

vo(0) = /a @) dse. wi(0) = L /6 (60() +51(6) e,

n n
and therefore, since Avg(x)|.=o = 0, we obtain

1
2wy,

w0 =100 =310 = 3= [ (@@ -@u(@) dse. .13

Let us move on to the second term in (5.1.29). Denote f = J; f.

Lemma 5.7. For n > 3 the equality
L= € »

/ Ga(0.8)(A +4) (&) dé = / (&) de (5.1.31)

holds true, where G4(x, &) is the Green’s function of the Dirichlet problem for the
biharmonic equation in the unit ball (5.1.15).

Proof. Let us start with n > 4 or n = 3. From (5.1.15), using the symmetry of the
functions E4(x, &) and E (x, &), we get

2
Go(0.€) = E4(£.0) ~ Ey(¢/1¢l.0) + £~

E(f/lfl 0)

o err-1 +|§|2—1
2n-2)(n—-4) 4(n-2)

To prove (5.1.31), based on the obtained equality, we calculate successively two
integrals

_ 1 4-n _ r
T e =+ i de.
/ (1P — 1)(A + 4) /(&) de.

b= 4(n 2)
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Let us find the auxiliary integral
5= [ (gl =)afe ae
S al. R
= “-1 i d =/ —(&(1€1F -1 d
/S(|§| ) 2, érgg, /) 4 S;a&(ma )f(©)) dé
n A . n 9
- -1 d —/ i—(1€]* = 1) aé.
/S;(m ) /(&) de Sf(f);fa&(lfl ) dé
Applying the divergence theorem to the first integral above, we get
Sl A A
[3 (et - @) ae = [ 1er(er - 1)@ de =o.
s < 0&; as
Therefore

k A A )

Hence using the value of J4_, we have

_ 1 4-n _ 4 _ 4-n ;
L= 5oy . e = 4= el ) ) de

1 A
s | F e

Let us find ;. Using the value of J, we get

_ 1 2 4 2 a
12—4(n_2)/s(4|§| 4—(n+2)|&]" +n)f(&)dé
_ 1 _ 2_ 1y _ ") F
_4(11—2)/5((2 n)(|€]° = 1) = 2) f (&) dé
= 4/5(1 |€17) f(&) dé z(n_z)/sf(f)df-
Thus
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A 1 A
Jos0.00 a7 de =+ 1) = 5 [ e de

Ll e 7 1 A L [1-leP,
v [P @ de - s [ feode = [F=Efeae

Let n = 4, then we have

1 21
G2(0.6) = gl + -1

As in the previous case, we write
/ In|£[AF(£) dé = 4 / In [¢1f(&) de - / f(&) de.
S S S
and hence
1 .
-3 /S In |£](A + 4) (&) dé
n 1 ~ ~ 1 ~
- [mief@as+g [F@de- [najeae - [ feode.

Using the value of I, for n = 4 we get

A 1 A 1 A
dé = dé+— [ (1-1&) d
[osoonrnieas =g [feracg [a-iepiea
1 A 1 A
-3 [F@de =5 [a-1fe de
which is the same as (5.1.31). This proves the lemma. O

Using (5.1.30) and (5.1.31) obtained above and remembering the notation f =Jrf
from (5.1.29) we find

1
4w,

w0) = 5= [ (s0€) = 51(©) doe + 7= (1= 16L& e

n

This implies that the condition w(0) = 0 is equivalent to the condition

g2
[ (e - 1@ ase+ [~ a0 de =0, (5.1.32)
oS

S

www.irispublishers.com 416


www.irispublishers.com

Iris Journal of Mathematics Chapter 5, Section 5.1 V.V. Karachik

Let us transform the obtained condition a little more. First, note that, according to
the properties of the matrix S and by virtue of Lemma 5.5

2 2 2
/ KT p(se) ag = / 1136 s ae = / — KT re) de.
S

According to the definition of the operator J; (5.1.13), we get

1 — |2 1-[€17 . i
/S JLf(€)dE = ¢ /S—2 f(81¢) de

k=1
= /S - 'f'zf@) deck

~

From Corollary 5.1 for k = [ it follows that

n n

u(Ap(C) = ) ax p ek =1

k=1 k=l
and hence };_, cx = 1/u;. Therefore, the condition (5.1.32) is reduced to the form
(5.1.24). The theorem is proved. O

Example 54. Let S = —/. Consider the homogeneous problem (5.1.2), (5.1.4) of

the form
Lu(x) = a1 A%u(x) + axA*u(=x) = x;, x € S;

Gu‘ B 0%u o (5.1.33)
dvles — ov2las
where 1 <i < n. Similar to Example 5.3 wehavel =2, 11 = -1, = 1, u; = a;—ao,
M2 =a1 +ap and
ai —aj
c1 = , Cy= ,
Ta-2 T a-a
if a% - a% # 0. Therefore
aj an
JLf = 1 f(X) + e2f(=x) = = f(x) = 52— f(=x).
ay—d; ay— 4,

The solvability condition (5.1.24) is satisfied because go = g; = 0 and fS(l —
|x|?)x; dx = 0. We compute the function

W) = — / Galr, )L (A + )¢ de.

nJds
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It is easy to see that

JLA+4)&§ =5]18i = =&+ 5——=¢&i = &i.
In Theorem 2.6 we can find that

1
1 / Ga(x, )€1 Ho (&) de
Wy Js

_ e[ =1 = (k +2)(Ix|* = 1)
2k +2)2k +4) 2k +2m +n) 2k +2m + n + 2)

Hy (x),

where H,,(x) is homogeneous harmonic polynomial of degree m. Hence it follows
that
el =1 =2(x[> = 1)
Xi,
2-4(n+2)(n+4)

1
— /S Ga(x, )& dé =

which means
5 Wt —1-2(xP-1)

ai—a, 8n+2)(n+4) A

w(x) =

So, according to (5.1.25), the solution to the problem (5.1.33) has the form

! dt 5x;
u(x) = /0 W(tx)T - 8(a; —ax))(n+2)(n+4)

Sxi(Rlx[* =1 -2 x> - 1)
8(a; —ax)(n+2)(n+4)
x|t = 2Ix|? +5
T 8(a—a)(n+2)(n+ 4"

1
4 1 _ 2 —
x/o (ex]* = 1 = 2(jex|? = 1)) dt

Let us check the found solution. It is not hard to check that
A?|x|*x; X

8(aj —ax)(n+2)(n+4) - ap —ar

Xi

Au(x) = o A2u(=x) = —

ay—a;

that is why the equation from (5.1.33) is satisfied Lu(x) = x;. Boundary conditions
are also satisfied

ou
dv
0u
2

B x:(5)x|* = 10|x|> + 5) _
os  8(ai—ar)(n+2)(n+4)las
_ xi(25)x|* = 30[x [ + 5) ~
as  8(a; —ar)(n+2)(n+4)las
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5.1.5 Navier conditions

Let G, (x, &) be the Green’s function (2.2.1) to the Dirichlet problem for the Pois-
son equation in the unit ball S. Using the function G,(x, ¢), in Theorem 4.2 it is
shown that the Green’s function G/ (x, £) of the Navier boundary value problem for
the biharmonic equation

Au(x) = f(x),

(5.1.34)
ulps = ro(x), Aulgs =ri(x), x €4S
satisfies the equality
1
Gy(&) = o [ G2l Galy. ) . (5139
n

Then Theorem 4.3 on page 332 shows that if the function u € C*(S) N C3(S) is a
solution to the Navier problem (5.1.2), (5.1.5) then it can be represented in the form

1
u(x) = ug(x) + — /SGZ(x,gf)f(f) dé, (5.1.36)

where uj(x) is a solution to the problem (5.1.34) when f = 0 and

1 1
Uug(x) = —/ AA:G(x,E)ro(€) dsg + —/ AGy(x,E)r1(€) dsg.  (5.1.37)
Wn Jos Wn Jos

n

Ifrg € C(8S),r; € C*2(4S) and f € C'(§), then u(x) from (5.1.36) is a solution
to the Navier boundary value problem (5.1.34).

Theorem 5.6. Let the coefficients {ay : k = 1,...,1} of the operator L be such that
e #O0fork =1,...,1and ro € C(9S), ri € C'*4(8S), and f € C'(S). Then the
solution to the problem (5.1.2), (5.1.5) exists and can be represented as

1
) = i) + - [ Gl €L (6 e (5.1.38)

n

where the operator Ji is defined in (5.1.10) and ug(x) is taken from (5.1.37).

Proof. Similar to the proof of Theorem 5.4, using Lemma 5.3 on the commutativity of
the operators /s and A, it is easy to show that the problem (5.1.2), (5.1.5) is equivalent
to the Navier problem of type (5.1.34)

A2v(x) = f(x), x € S;

(5.1.39)
vlgs = Ipro(x), Av|ps = Irri(x), x € S.
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Moreover, if the function v(x) is a solution to this problem, then the function
u(x) = Jrv(x) is a solution to the problem (5.1.2), (5.1.5). The converse is also
true. If the function u(x) is a solution to the problem (5.1.2), (5.1.5), then the func-
tion v(x) = I u(x) is a solution to the problem (5.1.39).

It is clear that ro € C(9S) = Irrg € C(dS), r1 € C'*(dS) = Irr; € C'*¢(9S)
and, therefore, according to Theorem 4.3, the solution to the Navier problem (5.1.39)
exists, is unique, and can be written as

1
v(x) = ™ /BS I1r0(6)AA:G(x, &) dsg

n

1 1
+o- /a ) Ir1(6)AG(x, &) dsg + o /S Gy (x, &) f(§) de,

where the equality %Vlag = Av|ss is used. Applying the operator Jy, to both parts of
the resulting equality and taking into account that u(x) = Jyv(x), we obtain

u(x) = a)LJL AS ILI’()(f)AAgGZ(x,f) ng

1 1
e =i | Lr(ONGyx&) dse+ o1 [ GixOf(€) de. (5.140)

n

In the obtained expression, we transform the last integral. It is easy to see that
|S*x —S*é| = |S¥(x = €)| = |x—¢£], and hence, according to (2.2.1) G»(S¥x, S*¢) =
G, (x, &) and, therefore, taking into account (5.1.35) and Lemma 5.5, we find

1
G, (S*x,S*¢) = w—/Gz(Skx, M)Ga(y, S &) dy
neJds
1
2w G2(S*x, 8)Go(S*y, S*¢) dy = Gj(x, ¢).
nJSs

Further, again by virtue of Lemma 5.5

Isx / G (x, &) f(£) d¢ = / G (S x, 8% ¢) f(S*¢) de = / Gy (x, &) s f(€) dE,
S S S

whence by (5.1.10) we find

M~

I /S G0 &) (&) de = Y cilgy /S G (6, )1 (£) dé

k=1
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- [Ginomnseae
Similarly, by Lemma 5.5, using the commutativity Lemma 5.3, we obtain
[ FonAG 8 dse = [ JLin(©AAG(x,8) e
S S

I / P1(E)AG] (x,€) dsg = / JLA1(E)AG (x. €) dse.
oS oS

where 7y = I rg, 71 = I r; are denoted. Thus, the solution u(x) from (5.1.40) can be
rewritten as

() = - /a JLILO(€)AAEG (5, 6) dse

1 1
+—/ JLI i (E)AG(x, &) dS§+—/GZ(x,§)JLf(§) dé. (5.1.41)
Wn Jos Wn Js

By virtue of (5.1.11) and (5.1.13), we have the equalities 7; (&) = I r;(£), ri(¢) =
Ji7i(€),i = 1,2 from which it follows that J; I r; (&) = r;(¢) for an arbitrary function
ri(&¢) on 0S. Therefore (5.1.41) implies (5.1.38). The theorem is proved. O

Example 5.5. Let us find the solution to the homogeneous problem (5.1.2), (5.1.5) if
S = —I'and f(x) = x;|x|?, 1 <i < n. In this case we have

a1 A’u(x) + axA’u(-x) = x;|x|?, x € S;

(5.1.42)
u|35 = Au|35 =0, s € 0S.

Similar to example 5.4 for a% - a% # 0 we obtain

xi|x|?

Jof =cif(x) +caf(=x) =

a) —ap '
In accordance with (5.1.37), the solution to the problem (5.1.42) has the form
1
) = - [ Gite o1 () de.
Wn Js

where by (5.1.35)

G 6) = - / Ga(x, V)G (3, &) dy.

Wn Js
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Similar to Example 5.4

(|x|*** — 1) H (x)
2k +2)(2k +2m +n)’

1
— [ GatxleP (6 de -
neJS

whence it follows

4
win fS Ga(y, )|61°¢: d = %y,.,
L/Gz(x, y) |y|4 -1 y; dy _ (|x|6 — l)xi _ (|X|2 _ l)xi |
Wn Js 4(n+4) 4-6(n+4)(n+6) 4-2(n+4)(n+2)
So we have
X x|6 =1 2= 1
1) = ap —ap (24(n +4)(n+6) 8n+dH(n+2))

Using the equality A(|x|**H,,(x)) = 2k(2k + 2m + n — 2)|x|**2H,,(x), it is not
hard to check that the resulting function is the solution to (5.1.42).

5.1.6 Riquier-Neumann conditions

Consider the Riquier-Neumann boundary value problem for the biharmonic equation
in S corresponding to the problem (5.1.2), (5.1.6)

Au(x) = f(x),
du dAu (5.1.43)

v las = po(x), By los =pi(x), x € 0S.

Explicit form of the Green’s function to the Neumann problem for the Poisson
equation in the unit ball N (x, &) is given in (3.7.7)

N(.X, ‘f) = E()C, ‘f) - EO(-X’ ‘f)a

where the harmonic function Ey(x, &) is written in the form

rotee = [ (B vie) +1)

and E (x, &) = AcE(x,&). For the cases n = 2 and n = 3 see [133]. Using the Green’s
function N (x, ¢), in Theorem 4.6, the Green’s function of the Riquier-Neumann prob-
lem for the biharmonic equation (5.1.43) is constructed
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G, (x,&) = %(/SN(x,y)N(y,f) dy
1

—E/SN(x,y) dy-/SN(y,.f) dy), (5.1.44)

In Theorem 4.7 it is it is established that if pg € C(3S), p1 € C'*¥(dS) and
f € CY(S), then the solution to the Riquier-Neumann problem (5.1.43) exists and is
unique up to a constant term under the condition

/ p1(é) ng=/f(§) dé. (5.1.45)
oS S

This solution can be written as
1
o) = o)+ - [ G0 f () de. (5.1.46
n

where the function u((x) denotes the solution to the Riquier-Neumann problem for
the homogeneous biharmonic equation

1 1
() === [ AT opo@ dse = o [ G op@ dse. 5.147)

n

Theorem 5.7. Let the coefficients {ay : k = 1,...,1} of the operator L be such that
ur #0fork =1,...,1 and py € C(0S), p1 € C1*9(8S) (¢ > 0) and f € C'(S).
Then under the condition

1
/a pi(@dse = - /S £(&) dé. (5.1.48)

the solution of the Riquier-Neumann problem (5.1.2), (5.1.6) exists up to a constant
term and can be represented as

1
u(x) = up(x) + — /SGZ"(x, EVLf (&) dé, (5.1.49)
where the function uy(x) is defined in (5.1.47).

Proof. Similar to the proof of Theorems 5.4 and 5.6, using Lemma 5.3 on the com-
mutativity of the operators /s and A, Is and A and the equality %vla s = Avl|gs it is
not hard to see that the problem (5.1.2), (5.1.6) is equivalent to the Riquier-Neumann
problem of type (5.1.43)

Av(x) = f(x), x € S;

(5.1.50)
Av'as = I po(x), AAV|6S =I;p1(x), x € 0S.
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If the function v(x) is a solution to this problem, then the function u(x) = Jyv(x)
is a solution to the problem (5.1.2), (5.1.6) and vice versa, if the function u(x) is a
solution to the problem (5.1.2), (5.1.6), then the function v(x) = I u(x) is a solution
to the problem (5.1.50).

It is clear that pg € C(9S) = I po € C(8S), p1 € C'*4(0S) = I.p; € C'*4(9S)
and hence, according to Theorem 4.7, the solution of the Riquier-Neumann problem
(5.1.50) exists under the condition (5.1.45)

[ @ adse = [ s de. (5.151)
EN S
This solution can be written as (5.1.46)

b(x) = vo(x) + — / G (x,€) £ (£) de.

where according to (5.1.47)

1 1
vo(x) = —— | A:GY (x,E)po(€) dsg — — [ G, (x,E)Lp1(€) dse.
Wn Jos Wn Jos

n

Applying the operator J, to the function v(x) and taking into account that u(x) =
Jrv(x) we get

1
() = Jvo() + /S G (v, ) f (€) dé. (5.152)

n

We transform the integral in the resulting expression. Itis easy to see that, similarly
to the equalities obtained in the proof of Theorems 5.4 and 5.6 with respect to the
function G;(x, &), we get

N (S*x,S*¢) = E(S*x, S*¢) — Eo(S*x, 8¥¢) = E(x, &)

- 1 (ME(S* 5 IS e) 4 1) = E(.8) = o) = N(x. ),

where A is operator A on first argument. Hence, by virtue of Lemma 5.5, taking into
account (5.1.44), we find

Gy (S5, 84) = — / N(S 53N 8) dy = / N(Sx,y) dy

/ N(y,skgf) dy) = / N (Shx, NSy, 85¢) dy
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1

1 / N(S*x, S5y) dy - / NSty 8%) dy) = GF'(x.).
S| Js S

Further, again by virtue of Lemma 5.5
Ise [ G o) f ) de
- /S G (8'x, 8"¢) f(S"¢) dé = /S Gy (x. )Isf(£) dé.

whence, using (5.1.10), we get

I /S G (x, £)f (£) de
l
= Yals [P o= [ 6P an©de
k=1 S 5

Now let us transform Jzvo(x) from (5.1.52). By Lemma 5.5, using the commuta-
tivity Lemma 5.3 and the equalities J; I p;(£) = pi(£),i = 1,2, we get

1
Jrvo(x) = —w—JL‘/(9 A:GY (x,E)ILpo(€) dsg
n S
1 1
——JL/ G, (x, &) p1(€) dsg = ——/ A:G (x,E)J 1L po(€) dsg
Wy as Wn Jas
1
—— | GJ'(x,E)JLILpi(€) dsg = up(x),
Wy Jos

where the function uo(x) is defined in (5.1.46). Thus, the solution u(x) from (5.1.52)
becomes

1
) = o) + - [ G 0ILF (@) de
matching (5.1.49).

Finally, transform the condition (5.1.51) for the existence of the function v(x). It
is not hard to see that

[
/ I1.p1(€) dsé‘ = Zak/ pl(Sk_lf) dSé: 2/11/ p1(é) ng,
9s " Jos as

where the value of uy is defined in (5.1.7). Since y; # 0, then (5.1.51) implies the
condition (5.1.48). The theorem is proved. O

www.irispublishers.com 425


www.irispublishers.com

Iris Journal of Mathematics Chapter 5, Section 5.2 V.V. Karachik

5.2 Eigenfunctions of a nonlocal Laplace operator with double
involution

5.2.1 Introduction and problem statement

Among the nonlocal differential equations, which are the subject of many works, a
special place is occupied by equations with involutive deviations of the argument.
An involution is a mapping S : R” — R” such that S?x = x. It should be noted
monographs [39, 152, 185] from a variety of research papers in this direction. Pa-
pers [1,2,6,10,11,38,108,129,155,159,186] are devoted to the questions of solvabil-
ity of boundary and initial-boundary value problems for differential equations with
involution. Spectral questions of differential equations with involution are studied
in [16-18,46,50, 136, 140, 161,175,177, 181]. For example, in [140], the following
boundary value problem for ODE is studied

y'(t) +ay’(-t) = Ay(t), -m<t<mnm, y(-m)=y(n)=0.

The eigenfunctions and eigenvalues of this problem are constructed in an explicit
form. The system of eigenfunctions is complete in Ly [—n, 7].

In [108] the following nonlocal analog of the Laplace operator is considered
Li[u](x) = apAu(x) + a1 Au(Sx) + ... + ai-1Au(Sx),

where A is the Laplace operator, a; fori = 0,1,...,/ — 1 are real numbers, S is an
nx n orthogonal matrix for which there exists a number / € N such that S’ = I, where
[ is the identity matrix. In the paper [108] cited above for the corresponding nonlocal
Poisson equation L;[u] = f(x) in the unit ball S, the solvability questions for the
main boundary value problems with the Dirichlet, Neumann, and Robin boundary
conditions are studied. The corresponding spectral problem for the Dirichlet bound-
ary value problem is considered in [181].

In [175] boundary value problems of Dirichlet and Neumann type for the bihar-
monic equation with involution are studied. The existence and uniqueness solvability
conditions are obtained, and an explicit representation of solutions to the problems
under consideration is given. Next, in [177], a nonlocal Laplace operator with a mul-
tiple involution of the following form is introduced

2m—1

Lyplul(x) = Z a(im...il)zA”(SZ”---S?X)’
(im-.i1)2=0
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where ag;,, . i), are real numbers, (i), ...i1)> is a representation of the index i in the
binary number system, S; are orthogonal n X n matrices satisfying the condition Sl.2 =
I,i=1,...,m. Inthearticle [177] an explicit form of eigenfunctions and eigenvalues
of the corresponding Dirichlet problem is found

Ly[ul(x) +Au(x) =0,x€S; u(lx)=0,x€dsS

and the completeness of the system of eigenfunctions in the space L,(S) is proved.
Finally, in [174] boundary value problems for the biharmonic equation with multiple
involution are studied and a boundary value problem containing modified integro-
differential Hadamard operators in the boundary conditions is considered.

In this section, continuing the research begun above on the solvability of boundary
value problems for harmonic and biharmonic equations with both one-dimensional
involution and multiple involution, we are going to study similar questions for the
Laplace operator with double involution of arbitrary orders.

Section 5.2.2 examines matrices of a special form that arise in this problem. The
block structure of these matrices is determined (Theorems 5.8-5.9), their multiplica-
tion is clarified (Theorem 5.10) and eigenvalues and eigenvectors are found (Theorem
5.11). Then in Section 5.2.3 (see Theorems 5.12-5.13), using Lemma 5.3 the struc-
ture of eigenfunctions and eigenvalues of the Dirichlet problem is studied. In Section
5.2.4 (see Theorems 5.14-5.15), using Lemma 5.9, the eigenfunctions and eigenval-
ues of the Dirichlet problem for the considered nonlocal Laplace equation in the unit
ball are determined. These eigenfunctions are presented explicitly. The completeness
of the found system of eigenfunctions in L, (S) is proved. All concepts and results ob-
tained are illustrated with 7 examples. The main results of Section 5.2 are published
in papers [179, 181].

LetS = {x e R": |x| < 1} betheunitballinR",n >2anddS = {x e R" : x| = 1}
be the unit sphere. Let also S, S, be two real commutative orthogonal n X n matrices
such that Sl.l" =1,1; e N,i =1,2. Recall that since |x|> = (Sl.TS,-x,x) = (Six,Six) =
|Six|?, thenx € S = Six € Sand y € S = S;y € 0S. An example of the matrix S;
can be found in Example 5.1.

Letly,lp e Noand ao, ..., a;-1, a1, .. .,020,-15 - -« s A(ly=1)l;=15 - - - » Ay/;~1 IS @ S€-
quence of real numbers, which we denote by a. If the summation index i is written in
the formi = (ip,i1) = i>-l1+i;, whereiy =0,1,...[;—1fork = 1,2, then elements a
can be written as a0y, - - - » A(0,1,=1)s A(1,0)s + - - s A(1,l=1)> - - = » A(Iy=2,11=1)» + - - » A(la—1,1;~1)
. Itis clear thatif O <i < [1lp, theni; = {i/l,}11, i, = [i/l1], where [a] is the integer
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part of the number a and {a} = a — [a]. In what follows, we consider the sequence
a also as a vector.

Let us introduce the following nonlocal differential operator formed by the se-
quence a and the Laplace operator A
(-1LL-1)
Lat= ) apidu(SES)x)
(i2,01)=0
and consider the following boundary value problem.

Problem S,. Find a function u(x) # 0 from the class u € C*(S) N C(S) satisfying
the conditions

Lau(x) + Au(x) =0, x € S, (5.2.1)
u(x) =0, x € 08 (5.2.2)

for A € R.

In the special case when [{ = [, = 2, this problem coincides with the spectral
Dirichlet problem studied in [177].

5.2.2 Properties of matrices A ;)

To study the above problem (5.2.1)-(5.2.2) we need some auxiliary statements. Let
us introduce the function
(b-1,;-1)
v(x) = Z A (i, (ST S| x), (5.2.3)
(i2,i1)=0

where the summation is carried out in ascending order by index i = (ip,i1) = ir-11+1i;
in the form (0,0),...,(0,11—1),(1,0),...,(l,ll—1),...,(12—2,11—1),...,(12—
1,1; — 1). From the equality (5.2.3), taking into account that Séz = Sil = 1, it is
easy to conclude that functions of the form v(SgZS{ 'x),where j =0,...,1[;—1can
be linearly expressed through the functions u(SézSilx). If we consider the following
vectors
T

. . T . .
U = (wSpSio) L V@ = (vsisin)
1=0,..., 201— 1=U,..,0201—

of order /5[, then this dependence can be represented in matrix form

V(x) = Ap)U(x), (5.2.4)
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where Ay = (a;) 1,1 18 the corresponding l/; X I/} matrix.

i,j=0,...,

Let us study the structure of matrices of the form A ). To do this, we introduce an
operation in the index of the matrix coefficients in the following sense i®j = (iz,i1)®
(j2,J1) = ((i2 + jo mod 1), (i} + j; mod [;)), where (i», i) is the representation of
the index i, as stated above. It is clear that the operation @ is a commutative and
associative operation on the numbers i € {0,...,[»/; — 1} and (iz, i) ® (0,0) =
(ig,il). Since (iz,il) @ (j2,j1) = (0, O) =37 +j2 = 0 mod [y, +j1 =0mod [} &
Jj2 = Iy — i, j1 = [1 — i1, then we can determine the index i = (I, — ip,1; —i;) for
which i & (ei) = 0. For example, if [ = 2, [, = 3,theno(2,1) = (1,1) or 5 = 3.
If we further determine that (—iy, —i1) = 6i = (I, — ip,1; — i1), then we have

(=iz, —11) ® (j2. J1) = (L2 =i, 1 = i1) ® (j2, J1)
= (12 — i2 + j2 mod lz,ll — il +j1 mod ll) = (—i2 +j2 mod 12, —i1 + j1 mod ll),

that is, the operation @ is formally applicable to indices of the form (—i;, —i;) defined
above. Let us define the operation © by the equality

19] Ei@(@j) = (iz—jz mod [p,i; — j; mod ll).

Let us extend the operations @ and © to all numbers of the form (i3, ), assuming
that (i, i1) = (i mod [l5,i; mod /). For example, if [y = 2, [, = 3, then (1,-1) =
(1,1) and (5,-3) = (2, 1).

Theorem 5.8. The matrix Ay from the equality (5.2.4) can be represented as
A(z) = (ai’j)i,j=0,...,lgll—l = (ajei)i,j=0 ..... Lli—-1~ (525)

The linear combination of matrices of the form (5.2.5) is a matrix of the form
(5.2.5).

Proof. Consider the function v (S?S ilx) from (5.2.3), whose coefficients at u (8528{ D)
constitute the i = (i, 71)th row of the matrix A from (5.2.4)

(L-1,1;-1)
V(SQZSEIX) = Z a(ijl)u(SézS{lS;zsilx)
(Jj2,j1)=0
(Ir—-1,51-1) o o
— Z a(jz,h)”(Séz-Hz mod ZQS{1+11 mod llx). (5.2.6)
(j29j1)20
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Here the following properties Sézx =X, Silx = x and 81 S>x = $»>S1x of matrices
S and S, are taken into account. Let us replace the index j by k = i @ j. Then
koi=i® joei = jand the correspondence j <> k is one-to-one. Replacement
J — k of the index change only the order of summation in the sum (5.2.6). For
example, if [; = 2,[; =3 andi = (0, 1), then the sequence j : 0,1,2,3,4,5 goes to
k=1&j:1,0,3,2,5,4. After replacing the index, we get

o (b=1,11-1)
v(S7S'x) = akeiu(ngSflx).
(k29k1):O

Comparing the resulting equality with (5.2.4) we are convinced that a; y = ae;.
It means the equality (5.2.5) is correct. It is clear that if @, 8 € R are constants, then

..........

which completes the proof of the theorem. O

Example 5.6. Consider the matrix A with /, =3 and [} = 2

(“(0,0)6(0,0)
a(0,0)e(0,1)
a(0,0)e(1,0)
a0,0)e(1,1)
a(0,0)e(2,0)

a,0ye(2,1)

ao,1)e(0,0)
a,1)e(0,1)
ao,1e(1,0)
ao,ne(l,1)
a,1e(2,0)
ao,1e(2,1)

a(1,0)e(0,0)
a(1,0)e(0,1)
a(1,00e(1,0)
a,0ye(1,1)
a(1,0)e(2,0)
a,0ye(2,1)

a(1,1)e(0,0)
a1,1e(0,1)
a,1e(1,0)
a,ne(l,1)
a,1e(2,0)
ad,ne(2,1)

a(2,0)0(0,0)
a2,0)e(0,1)
a(2,00e(1,0)
a,0ye(l1,1)
a(2,006(2,0)
a,0e(2,1)

a(2,1)6(0,0)\
a2,1)e(0,1)
a2,1)e(1,0)
a,ne(1,1)
a2,1e(2,0)
a,1e(2,1)

ay 05\
as dy4

ao
ai

ai
ao

az dsz
as az

aqs ds do a4dp dz asjs

as d4 dip ap asz ap '

ar
p

as
az

aq
as

as
as

ao
ai

ai
a())

Let us present a corollary from Theorem 5.8 that is important for further analysis.

Corollary 5.5. The matrix A ;) is uniquely determined by its firstrow a = (ag, a1, . . ., dp,-1).

Proof. Indeed, by Theorem 5.8, the i-th row of the matrix A ;) can be written through
its Ist row in the form (age;, d1eis - - - » A(1,1,-1)ei), i.€. the ith row of the matrix A )
is a permutation of its 1st row. O

430
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We denote this property of the matrix A(,) by the equality Ay = A(z)(a). For
example, the matrix A(;) from Example 5.6 can be written as A(»)(a), where a =
(ao, ai,az,as, as, as).

In Section 5.1.1 matrices of a simpler form are studied

ap a; ... 4dj
a1 ap ... aj-—»

Am(ao, ... ai-1) = (aj—imod 1)i,j=0,-1 = : (5.2.7)
aq ay ... ao

which coincide with the matrix A ;) in the case of I, = 1, [y = [, since in this case
(iz,il) = (O,il) = i1 and il = 0,...,[— 1.

Theorem 5.9. The matrix A ) has a structure of a matrix consisting of I, X [ square
blocks, each of which is a Iy X Iy matrix of type A(1). If we represent the sequence a
in the form a = (ao, ...,a;,-1), where ay = (ax;,,...,ax+1),-1), k=0,...,1b =1
and denote AX) = A(1)(ag), then the equality is true

(1
© 4 (1h-1)
(LA (1
0 I—1 A A .. AV

Ap(@) = Aq(AD), ..., AR =T T M |, (528)
1) 4@ ©
An An - A

Proof. Obviously, the block matrix on the right side of (5.2.8) has size Il X [5l;.
We denote an arbitrary element of it as a; ;, where i,j = 0,...,L[; — 1. If we
write i = (i2,i1), j = (j2,J1), then we get a; ; = ai,i,),(j».j;)- This means that the
element a; ; is in the j,th block column and in the i>th block row of this block matrix.
Therefore, in accordance with the structure of the matrix Ay from (5.2.7) we have

aj € Agi_iz mod 22) " 1f \we now take into account the values of the indices J1 and iy,

which mean that the element a; ; is in the jjth column and in the iy th row of the matrix
A(jz—iz mod /)

(1) o
matrix AEﬁ_ZZ mod 2) *§ince from the definition of A" it follows that b k= Amiy+ko

(1)
where kK =0, ...,l; — 1, then we have

,then a; ; = bj,_i, mod 1,, Where by is the element of the 1st row of the

ai,j = Dji—iy mod Iy = A(jy-iy mod Lp)l1+(j1~iy mod Iy)

= A((jp—i» mod l),(j1—i; mod [1)) = Qjei-
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Taking into account the equality (5.2.5) from Theorem 5.8, this implies the equality
of matrices (5.2.8). The theorem is proved. O

Example 5.7. The property (5.2.8) of matrices of the form A ) is visible in the matrix
A(2)(a) from Example 5.6, where [» = 3, [ = 2 and a = (ao, a1, a2, a3, a4, as). If
we denote ag = (ao,a1), a1 = (az, as), ay = (as,as) and

_ (40 ar} _ ,(0) _ (42 asz) _ (1)
Ao = (81 = a0 A = (2 9 = al),

_[94 4as5) _ 4 (2

then a = (ag, a1, ay) and the matrix Ay)(a) is written as

(a() ay dz az a4 das

ay ap az a; as dag A0 A 4 ()

_|as as ao ar ax az| _ 8% (0} ER
PO as s a0 as ol T\ )
ay ay as as ag ar| \Aw A0 Ay

as ax as a4 ai a())

_ © 41 4@
= A (Aq) Agy-A)-

Corollary 5.6. The transposed matrix A(Tz)

and, in addition, A(TZ)(a) = A)(b), where

(a) has the structure of the matrix A(y)

b = (a(_j29_jl))(j2’jl):0>~--’(12_1’11_1)’
and both index components —j, and —j; are taken over mod/, and mod/;, respec-
tively, i.e. a(-j,.—j1) = At-jo.hi-j1)-
Proof. By Theorem 5.8 we write

T _ T _
A(z)(a) = (afei)i,j:O ..... (l-1,,=1) — (ai@j)i,j:O ..... (l—1,1;-1)

........

Therefore b = (ag;)j=o0,....Lt,-1 = (A(=js,—j1)) (j2,j1)=0.....(1l.-1,;~1)- The corollary is
proved. O
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Example 5.8. For the matrix A(Tz) (a) from Example 5.7 we have
b = (asj)j=0..5 = (ap,a-1,a-2,a_3,a_4,a_s)
= (a0, a(0,-1)» A(-1,0» A(=1,-1)> A(-2,0)» A(-2,-1))
= (a0, a(0,1), a(2,0)» A(2,1), 4(1,0)> a(1,1)) = (ao, a1, as, as,az, as).

Let us study the product of matrices of the form (5.2.5).

Theorem 5.10. The product of matrices of the form (5.2.5) is again a matrix of the
form (5.2.5). Multiplication of matrices of the form (5.2.5) is commutative.

Proof. Let A(y)(a) and B(y)(b) be matrices of the form (5.2.5), then

A)(a)B(2)(b)
bli—1

= (ajei)i,j=0,...51-1(bjsi)i j=0,.. o1, -1 = Z akeibjek)_ _ -
= i,j=0,...0l;—1

In the sum from the above equality, we replace the index k — s, as in the proof
of Theorem 5.8, according to the equality k ©i = s. Thenk = k©i®i =s®i
and this means that the correspondence k <> s is one-to-one. Replacing the index
k — s only changes the order of summation in the sum. Due to the commutativity
and associativity of the operation @, we have

A2)(a)B(2)(b)
Il -1 -1

- ash; ) =( ash(ioi ) . (5.2.9)
( SZ:(; sO jo(soi) =0, Dol -1 SZ:(:) sO(jeies =0, Dol -1

The elements of the first row of the matrix obtained on the right have the form

lhl1-1

s=0

and therefore A(y)(a)B(2)(b) = (cjei)ij=0...1-1- Thus, the matrix A()(a)B2)(b)
has the form (5.2.5).

The commutativity of the product A()B() (we omit the arguments a and b for
brevity) is obtained from the equality (5.2.9). Let us replace (j ©i) © s — k in the
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last sum from (5.2.9). Then s = (j ©1i) © k and we get
L1 Ll-1 ll—1

Z asb(jei)es = Z a(jei)ekbk = Z bka(jei)ek-

The last sum in this equality is the common element of the matrix (B(2)A(2));,;-
Therefore, the equality (5.2.9) means that Ao B2y = B(2A(2). The theorem is
proved. O

Let Ay = exp(i2nk/l), k =0,...,l—1 be the [th roots of unity. Lemma 5.1 shows
that for a matrix of the form

ao ay ... d4dj—
A(l)(a) _ a1 4ado ... adj-n
ai a ... ao
where a = (ay,...,a;_1), its eigenvectors by and eigenvalues u; for k = 1,...,1
have the form
I-1
b= (L Ak, A5, =) ady=a-by. (5.2.10)
s=0

Note that the eigenvectors of the matrices A(j)(a) do not depend on the vector a.
Is this property true for matrices of type Az)(a)?

The following theorem gives an idea about the eigenvectors and eigenvalues of the
matrices Ay)(a) from (5.2.5).

Theorem 5.11. The eigenvectors of the matrix A2y (a) can be chosen in the form
T
Ay = (1,1, Al ... ,Afj‘llll) b, (52.11)

where I}, is the unit [ X |1 matrix, the vector by, is taken from (5.2.10) with [ = | and
Ai, 18 Irth root of unity, i1 =0,...,11 =1, =0,...,lp — 1. The eigenvectors of the
matrix Az)(a) do not depend on the vector a.

Proof. In accordance with Theorem 5.9, we represent the matrix A()(a) in the form

(0) (1) (l-1)
A AL A
A(lz—l) A 0 A 12—2)
Apy(ao, ..., ap,-1) = D O M,
ALY A LAY

(1 (1) (1)
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where Ag;) =A@y, -5 agy+n-1)s j2 = 0,...,1p — 1. Consider the block
multiplication of [/ X []1 matrix by 5/ X [; matrix of the form

Alg(l’gl Agii Agf)_;) I By
A A AR Al || By
l—l

where the square blocks on the right B,, have size [1 X [; a}nd need to be found. Let
us extend the values of the upper indices of the matrices A(lf) to Z and calculate them

by mod/,. Then similarly to (5.2.7) the m-th row block of the matrix A can be

A(—m mod /) A(l—m mod /) A(lz—m mod /)
1 ’ 1 9t

written as B

can be calculated by mod/;, we write

). Since the exponent of A}

lh—1 -1 -1

_ (k—m mod [,) k _ k 4 (k—m mod ) + (s) _
Bu= ) A" AL = ) AT = ) A A = A7Bo.
k=0 k=0 s=0

Here the index replacement s = k — m mod [, is made. Thus we have

Ill Il]
A1 Ai 1
Apy(ao, ... ap;-1) - ,lz, S = 12 - |Be
/llz—lll /112_111

[5) 1 in 1
It is easy to see that in the resulting equality the matrix

-1
By = Bo(di) = D ALAL)
s=0

has type A1) and, therefore, the vectors b;, for iy = 0,...,[; — 1 are eigenvectors of
the matrix By. Let us multiply the above matrix equality on the right by the vector
b;,. Then we get

Ill Ill Il]
Ao T bu=| T [ Bobi = A | b
A2, a2, A2,
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where A(;, ;) is the eigenvalue of the matrix By(4;,), corresponding to the eigenvector
b;,. If we now recall the notation (5.2.11), we get

Ay (@ag,.i) = i) A(inir)»

i.e., the vector a;, ;) of dimension /»/; is an eigenvector of the matrix A(;)(a). The
theorem is proved. O

Let us present important corollaries from Theorem 5.11 that allow us to construct
eigenvectors and eigenvalues of the matrix Ay (a).

Corollary 5.7. 1°. The eigenvector of the matrix A(2)(a) with number (i2,1) can be
written as .
_ (37201
a(iZsil) - (/112 /ll'l
where A3 is [th root of unity, and A is /;th root of unity. The eigenvalue correspond-
ing to this eigenvector can be written in a similar form

(5.2.12)

(b=-1,;-1)
. r
Airiy) = Z a(jz,jl)/l{;/l{::a'a(iz,il)' (5.2.13)
(j29j1):0

(Tz) (a) coincide with the eigenvectors a;, ;,) of
t

the matrix Ay)(a), and the corresponding eigenvalues are A (iniy) = Ainir) = Aminiiy)-

20, The eigenvectors of the matrix A

Proof. It is easy to see that the equality (5.2.11) can be written in the form

T
T T lh—14.T
A®ip,iy) = (bi1’/ll'2b' T ’/liz bil)

11°

4, > Yy RIS

T . AT
A?‘lﬂf.l‘l) _ (/I{Z/l{‘) ,
2 ! 2 ! (j2$j1):() (12—1,11—1)

.....

_ (1,/1,-1, UV L T B IR 19 LSOOI Lt L

where the order of the vector elements corresponds to the order established for the
numbers (j2, j1). This proves the equality (5.2.12).

Further, from Theorem 5.11 it follows that the eigenvalue A, ;) of the matrix
A(z)(a) corresponding to the eigenvector a(;, ;) matches the eigenvalue of the ma-
trix

-1
Bo(di) = ) AZAL,
J2=0
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corresponding to the eigenvector b;,. Here

Ag;) = A (@jpiys - -5 A(pr1)1-1)-

Since the matrix By(4;,) is of type Ay, then in accordance with (5.2.10) we find
the first row of the matrix Bo(4;,). Let us denote it as by(4;,)

-1 -1

_ J2 J2
bO(/llz) - ( Z /liz ajzlla L) Z /11'2 aj211+ll—l)°

J2=0 J2=0

Using the equality (5.2.10) we find

=1 L-1 (l-1,1;-1)
= Ji 0 = 20
i) = Z 4, Z ajl+jidi, = Z a(jo,indi, Ay »
J1=0 j>=0 (Jj2,j1)=0

which is the same as (5.2.13). Statement 19 is proved.

By Corollary 5.6 and Theorem 5.11 the eigenvectors of the matrix A(Tz) (a) coin-
cide with the eigenvectors of the matrix A;)(a). Let’s find the eigenvalue corre-
sponding to the vector a(;, ;). According to Corollary 5.6 A” (a) = A2)(b), where

> (2)
b = (a(—jz,—jl))(jz,j1)=0 ----- (b-1,1-1)- That is why
(I-1,11-1) (l-1,11-1)
_ J2qJ1 _ —ky y—k
/lt(iz,il) - Z a(_jZ’—jl)/ligz/lill = Z a(kz,kl)/iiz 2/11'1 1
(j2,71)=0 (ka,k1)=0
(b=1,I;-1)
ko ~k _
= Z a(kz,kl)/lizz/lill = Ain,iy)-
(k2,k1)=0

From the last equality it is clear that Z(iz,il) = A(<iy—iy)- Statement 20 is proved,
and therefore the corollary is also proved. O

Another property of the eigenvectors of the matrix A ,)(a) is given below in Corol-
lary 5.9.

Remark 5.1. The expression A4;,4;, is an ordered pair and the first place in it is 4;,,
which is />th root of unity, and the second place in it is A;, — /i th root of unity. There-
fore, in the general case 11| # /l%.
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Remark 5.2. In [177, Corollary 3] we obtain eigenvectors and eigenvectors of matri-
ces, which for n = 2 are a special case of matrices A ;). The eigenvectors are written

as
(2:01) _ ((_1\j2i2+j1i
a" = ((=1)722 11)(j2,j1):0 ..... 3>

which is the same as (5.2.12) for [y = [, = 2. Indeed, in this case 4;, = (=1),
A, = (=), (I - 1,11 =1) = (1, 1) = 3 and therefore the common eigenvector term
from (5.2.12) is /llj.;/llj.l1 = (=1)2/2*1J1 which coincides with the general term of the

vector aéiz’il). The eigenvalues obtained in (5.2.13) also coincide with those found

in [177] for n = 2.

Example 5.9. For the matrix A()(a) from example 5.7 we have 4;, = A2, Ai, =
(=1)"t, where 1 = exp (i%”). Therefore, according to equality (5.2.12) a(;, ;) =

J2 9JINT
(A4 iy =0.....(2,1) WE et

3(0,0) = (1’ 17 15 17 17 1)’ a(0,0) = (1’ _19 1> _17 15 _1)7 a(l,()) = (17 17/17 ﬂa /ia /T-)’
a(l,l) = (1’_17/1’ _ﬂ',/i’ _/i)9 a(2,0) = (1’ 1,2,27/1,/1)7
3(2,1) = (1, —1,/7., —/i, /1, —/1)

and using (5.2.13) A(;,;,) = a - a(,,;,) we calculate

A00) =ao+ay+ax+az+as+as, A1) =ao—a +ax —az +as — as,
/1(1,0) =dapg+a+ /l(az + a3) + /l(a4 + a5),
A1) = ao — ay + A(az — az) + A(as — as),
/1(2,0) =ap+a;+ /i(az + a3) + /l(a4 + a5),
A1) = ao— a1 + A(az — a3) + A(as — as).

5.2.3 Main problem S,

To study the problem S, we also need Lemma 5.3 from the previous section and the
following statement.

Lemma 5.8. The equation (5.2.1) generates an equivalent matrix equation

A (@)AU(x) + AU (x) =0, (5.2.14)

T

where U(x) = (”(S?Silx))(iz,i]):o ..... (l—1,1;-1

)and/leR.
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Proof. Let the function u(x) satisfy the equation (5.2.1). Let us denote

(h-1,51-1) o
v(x) = Z A (iU (S7S|'x)
(iz’il)zo

.....

ity (5.2.4). Let’s apply the Laplace operator A to (5.2.4). Since matrices of the form
S} S| are orthogonal, by virtue of Lemma 5.3 we can write

AV (x)
A ' M),
= I"vx) :(1'~vx)
( S &) (j2,71)=0,...,(Ia=1,1; 1) 52! ) (72:71)=0,....(L= L1 =1)
(l-1,0;-1) T
(7. Cl"[iiAl/lX)
(3523{1 Z (i2,01) 828! (x) (j2,j1)=0,....(1=1,1;-1)
(i2,i1)=0
(LL-1,1;—1) T
= A, i I jr+iy MO j1+i] mo A )
Z (i2,i1) ! g2z mod by g+ mod u(x) (j2:/1)=0,rs(l=1,11—1)
(i2,i1)=0
(lz—i—l) T
- Clk@jlskzsk] Au(x)) B
WLl 7S, (k2,k1)=0,...,(I—1,1;=1)
(b=-1,1;-1) oo AT
— akejAu(Szzsll'x)) _
W (k2,k1)=0,....(I—1,1;-1)

= A(z) (a)AU(x).
In the transformations performed, the replacement of the summation index j&®i = k
is used. Using equality
AV(SPSFx) + (S5 S)'x) =0

(see (5.2.1)), from which it follows that AV (x) + AU (x) = 0, we easily obtain (5.2.14).
It should be noted that the first equation in (5.2.14) is the same as (5.2.1). The lemma
is proven. O

Basing on Lemmas 5.3 and 5.8, we prove the following statement about necessary
conditions for the existence of eigenvalues of Problem S,.
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Theorem 5.12. Let the function u(x) # 0 be an eigenfunction of problem S,, and A
be its eigenvalue corresponding to u(x). Then the function

w(x) = U(X) - (i),
i oit T . .
where U(x) = (u(SfS{‘x))(jz’jl):O ’’’’’ (- 1.0,-1) @nd A(ir i) is the eigenvector of the
matrix A(p)(@) such that A(;, ;) # 0, is a solution to the boundary value problem

Aw(x) + uw(x) =0, x € S, (5.2.15)
w(x)=0,x€d8s, (5.2.16)

where @ = A/ (i,.1,)-

Proof. Let A be the eigenvalue of problem S;, and u(x) # 0 be the corresponding
eigenfunction. By Lemma 5.8 the equality (5.2.14) holds true. Multiply it scalarly
by the vector a;, ;)

A)(@)AU(x) - agyip) + AU(X) -2, = 0,
from here we get
A(U(x) ) A(TZ)(a)a(izyil)) +AU(x) - A®in,iy) = 0.

T
_ (2)°
and A(;, ;) is its eigenvalue, then, taking into account the definition of w(x), we find

Since by Corollary 5.7 the vector a(;, ;) is also an eigenvector of the matrix A

/i(iz,il)Aw(x) + Aw(x) = 0.

According to the conditions of the lemma A = A;, ;)¢ and A(;,;,) # 0. Therefore
we get
0= /i(im) (Aw(x) + pw(x)) = Aw(x) + uw(x) =0, x € S.

The equality (5.2.15) is proved. Finally, since u(x) = 0 forx € dS andx € 4§ =
SézS{‘x € 05, then U(x) = 0 for x € S and, therefore, w(x) = U(x) - a(,,i,) = 0,
x € 0S. The theorem is proved. O

The converse of Theorem 5.12 is important and allows us to construct solutions to
the problem S;.
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Theorem 5.13. Let the function w(x) # 0 be a solution to the problem (5.2.15)-
(5.2.16)
Aw(x) + uw(x) =0, x € S,
w(x) =0,x€dS

for some u > 0. Then the function
U(ipiy) (X) = W(X) -G, 1), (5.2.17)

where
T

W(x) = (W(Sézsflx))(jz,jl)zo ..... (l-1.1,-1)
and a(;, ;) is the eigenvector of the matrix A)(a) from (5.2.12) with eigenvalue
A(in,iy) # 0 from (5.2.13), is a solution to the problem (5.2.1)-(5.2.2) for A = ,u/i(iz,,-l).

Proof. Let w(x) # 0 be a solution to problem (5.2.15)-(5.2.16). Consider the vector
W(x) = (W(Sészlx))(sz j1)=0.....(1,1.1,_1) &nd compose the function
u(iz,il)(x) = W('x) ) a(iZ»il)’

where x € §. Itis easy to see that according to Corollary 5.7, the following equalities
hold true in §

(i) (SIS]1) = W(SES]') - aiiy
T

_ Ja+ko oj1+k T ko~ k
- (W(SZZ 281] ]x))(kz,k1)=0,...,(12—1,11—1) ) (ﬂizz/lill)(kz,kl)=0 ..... (lL-1,1;-1)
(I-1,11-1) . . (L—1,11-1) . .
_ Z W(Séz+k281]1+k1x)/ll/§22/lllfl1 _ Z W(S?ZSTIX)JZZ_]QA?TI_]I
(k2,k1)=0 (mp,m1)=0
(lz_l,ll_l) . . . .
= wEES A )P = AW ) 8.

(mo,m;)=0

Therefore, again by Corollary 5.7, we find

o
Ulip,in) (x) = (u(iz,il)(sézsflx))(jz,j1)=0 ..... (l—-1,1;-1)

o )
=W(x) - a(l'z,il)(/l{;/lfll)(jz,jl):o (L-1,1,-1) — U(iniy) (X)A(ii1) -

.....

Here we used the substitution of indices j®k = m <& k = m©j. Thus the equality

AU iy.i1)(X) = A1) (X) A5y -
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is true. Hence, since by Lemma 5.3 we have

T
(j27j1)=0 """ (12_1,11_1)

— 2QJ —
= (- ﬂw(822811x))(jz,jl):o,...,(zz—l,zl—1) = —pWx),

AW (x) = (Aw(SFS]'x))

then we can write

A2) (@) AU i) (x) = Au(ip i) (X) A2) (B)A(ir,010) = At (i,i) (X) A2y (A)a,, ;
= (AW (x) - a(iz,m)iaz,n)ﬁ(iz,z‘_l) = —u(W(x) - a(iz,il))/i(iz,il)ﬁ(iz,il)
= —HA (i1 U(in,ir) (D) A(ii) = —HA(i0,11) Uiy (%)

Extracting the first components of this vector equality, we find

(Lb=-1,;-1)
a(jz,jl)Au(iz,il)(Sézsflx) - _/“‘/l(iz,il)”(iz,il)(x)’ x €8,
(J2,j1)=0

which means that the function u;, ;,)(x) is a solution to the equation (5.2.1).

Let us check the boundary conditions (5.2.2). Since x € 4§ = 8528{ 'x € 08,
then for x € 0§ we have

U(iy,iy) (X)
. \T
= W(x) - ag,; =( S7*S) ) ag,) =0-ag,;) =0.
() iy = (WSYSTR) iy A (i21)
Therefore, the function u;, ;) (x) is a solution to the problem S,. The theorem is
proved. O

Example 5.10. Consider the problem (5.2.1)-(5.2.2) with [, = 3,/ = 2 and a =
(ag,ay,ar,as,aq,as). Let us use Theorem 5.13. To do this, take the eigenvectors of
the matrix A(,)(a) from Example 5.9 in the form (5.2.12). Let u be the eigenvalue
of the boundary value problem (5.2.15)-(5.2.16), and w,(x) is the corresponding
eigenfunction. Then the eigenfunctions of the problem (5.2.1)-(5.2.2) corresponding
to u can be taken in the form u;, ;) (x) = W(x) - a¢,,,) (5.2.17):

u0,0)(x) = wy(x)
+w i (S1) + W, (Sox) + W, (SaS1x) + w,(S3x) + w,(S3S81x),

U, (x) =wy(x)
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W, (S1x) + W, (Sox) — wu(S2S1x) + w,(S3x) — w,(S2S1x),
u1,0)(x) = wy(x)

+w, (S1) + AW, (Sox) + Aw, (S2S1x) + Aw,(Sax) + Aw,(S381x),
ui,n(x) =wy(x)

W, (S1X) + AW, (Sox) — AW, (SaS1x) + Aw,(S3x) — Aw, (S3S1x),
u2,0)(x) = wy(x)

+w, (S1%) + AW, (Sax) + A, (S2S1x) + Aw, (Syx) + Aw,(S781x),
U, (x) =wy(x)

-w,(Six) + /iwﬂ (Sox) — /iw# (S:81x) + Awy, (Szzx) - Awy, (SZZSlx).

If we use the eigenvalues of the matrix A ;) (a) from (5.2.12), then the eigenvalues
of the problem (5.2.1)-(5.2.2), corresponding to the eigenfunctions written above,

look like H(iriy) = lu/i(iz,il) = ﬂ/l(—iz,—il):
H0,0) = MA©0,00,  H©O,1) = HA©0,1),  H(1,0) = HA(2,0),
H(1,1) = MA@ M0 = HA1,0),  H2,1) = HA1)-

In further research it is necessary to expand the polynomials into a sum of polyno-
mials of generalized parity.
Definition 5.1. Let H(x) be some function defined on S. Let us call the function

(l=-1,0,-1)
1 o .
Flanan [H) (x) = 1= >0 ARAH(SPES]x), xes (5.2.18)
(J2,71)=0
a component of the function H(x) of generalized parity (i, ).

Lemma 5.9. The function F;, ;) [H](x) has the “generalized parity” property
i [H(SY2S}'x) = X228 Fiy ) [H] () (5.2.19)

and the following equality is true

Fuip[H](x)  (iz,i1) = (ka, k1),

(5.2.20)
0 (in,11) # (ko, ky).

Fky k1) [F(izil) [H]] (x) = {
In addition, the function H(x) can be represented as the sum of all its components
(l=1,0,-1)

H(x) = Z Fiin[H](x), xE€S. (5.2.21)
(i2,i1)=0
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Proof. Tt is not hard to see that

(Ir-1,11-1)
1 . .
ky Qk ko+jr oki+
F(iz,i1)[H] (82231 lx) = E ﬂ{;/llJlH(Szz stll Jlx)
(J2,j1)=0
1 (lb-1,11-1)
~ka ymi—k —ka y—k
— E( Z) /1;7212 z/l?ln IH(ngzSimx) — /11_2 2/11'1 'Fliyin [H1(x)
myp,mp)=0
3ko 3k
= ﬂizz/lill F(iZ,il) [H] (X),

where under the sum sign the index k @ j = m is replaced as in Theorem 5.10. The
equality (5.2.19) is proved.

Now consider the equality (5.2.21). It is easy to see that

(L=1,1,-1) (l=1,11=1) (la=1.1;~1)
D, FeanlHI(0) = l— 2. 2, ALAH(SIS!Y)
(i2,i1)=0 (i2,i1)=0  (j2,/1)=0
(b=1,01-1) 1 (b—1,1;-1)
= > H(SSS[W) R >ooakal (5222
(j2,71)=0 271 (i2,i1)=0

Let us calculate the internal sum from the right side of the equality (5.2.22). Let
(j2,j1) # O, then, in particular, j, # 0 is possible (the case j; # 0 is considered
similarly), which means 4;, # 1. Taking into account that /1?2 = 1, and using a
simple combinatorial identity we can find

(12 1[1 1) 12 1 l] 1 1[1 1
>kl = a Z A = 12_1211 = 0. (5.2.23)
(i2,i1)=0 ir=0 i1= i1=0

If (j2,j1) =0, thend;, =1, 4; = 1 and, therefore,

(lh—1,1;-1)

> AR =10

(i2,i1)=0
Thus, the expression on the right side of (5.2.22) is equal to H (SSS?x) = H(x).
This proves the equality (5.2.21).

Now let us prove (5.2.20). Itis easy to see that with the help of (5.2.19) and (5.2.21)
we can write

www.irispublishers.com 444


www.irispublishers.com

Iris Journal of Mathematics Chapter 5, Section 5.2 V.V. Karachik

CRTEIN o
Do ARAL Fiyay [H](S92S]'x)
(J2,71)=0
(b—1,11-1)
12 ; D ARAR AL Fyay [H] ()
(j2,j1)=0
(lb=1,l1-1)
= F(iz,il) [H] (X)E Z (/lkz/liz)]z(/lkl/lil)h
(j2,71)=0

1

Fi ey | Flinin [H] ] (x) = ol

1 (b=1,0;-1)
_ J J
= Fiipin [H1(0) >oap
(J2,J1)=0

Since due to (5.2.23) the equality
L-1,1-1 o
LS s {1 (ka k1) = (2 i),

ko—in" k1~ PR

bl (fme 2720 00 (kasky) # (i2sd).
holds true, then (5.2.20) follows from it. Here it is taken into account that A, 4;, =
Ay A—iy = Aky—iy- The lemma is proved. -

Example 5.11. Let [, = [} = 2, Six = (—x1,x2), Sox = (x1, —xp). Taking into
account that 1;, = (—1)2, 4;, = (=1)"t we get from (5.2.18) that

Fo,0)[H](x) = Z(H(xl,m) + H(—x1,x2) + H(x1, —x2) + H(=x1, —x2)),

Fony[H](x) = %(H(xl,xz) — H(—x1,x2) + H(x1, —x2) — H(—x1, —x2)),

F0[H](x) = %(H(Xl,xz) + H(—x1,x2) — H(x1, —x2) — H(=x1, —x2)),
1

Fan[H](x) = (H(x17x2) — H(=x1,x2) = H(x1,—x2) + H(=x1, —x2)).

If, for example, the function H(x) is even in x1, then its components F;, ;,)[H] of
generalized parity (0, 1) and (1, 1) are equal to zero.

Now, for clarity, let H,,(x1, x2) be a homogeneous harmonic polynomial of degree
m and (r, ¢) be the polar coordinates of the point x = (x1,x2). Then there exist
a, B € R such that

H,(x) = aRe(x1 +ix2)" + BIm(xy + ix2)" = r'"(a cosmy + Bsinmy),

445
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whence follows

H,(—x1,x3) = aRe(—x1 +ix2)™ + BIm(—x1 + ixp)™"
= (-r)"(acosme — Bsinmey),
H, (x1,—x3) = aRe(x; —ix2)™ + BIm(x; — ixp)"
=r"(acosmy — Bsinmey),
H, (-x1,—x3) = (=r)"(a cosmy + Bsinmy).

From the equalities above it follows that the operator F{;, ;)[-] extracts the follow-
ing components of the harmonic polynomial H,,(x):

w1+ (=17

Fo,0[Hn](x) = ar — cos mey,
Fon[Hp](x) = arm# cos me,
F.0[Hn](x) = ﬁrm# sinme,
Fanl[Hp](x) = ﬁrmﬂ sinme.

Therefore, for m € Ny we find

F0.0)[Ham](x) = ar®™ cos 2me, F1.1)[Han] (x) = Br*" sin2me,
Fo.y[Ham+11(x) = ar®* cos(2m + 1)g, (5.2.24)
Fo1.0)[Hams11(x) = r2™* L sin(2m + 1),

and the remaining components disappear

Fo,1)[Hom](x) = F1,0)[Ham](x) = Fo,0)[H2m+11(x) = F1,1) [H2m+1]1(x) = 0.

5.2.4 Eigenfunctions and eigenvalues of problem S,

Let us transform the result of theorem 5.13 to a simpler form.

Theorem 5.14. The eigenfunctions and eigenvalues of the problem (5.2.1)-(5.2.2)
can be represented as

(=1,0;-1)
(ir,i) (X) = Fin iy Wil (0), Ay (i) = M Z ag i, (5.2.25)
(j29j1)20
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where the operator F, ;) [-] is defined in (5.2.18), the function w,(x) # 0 is the
solution to the problem (5.2.15)-(5.2.16)

Aw(x) +uw(x)=0,x€S; w(x)=0,x€0dS
for some u € Ry. The eigenfunctions 1, ;) (x) for (iz,i1) = 0,...,(lr = 1,l1 = 1)
and fixed u are orthogonal in Ly(S).
The functions 1 ;, ;,)(x) are parts of the eigenfunction w,(x) in the sense that

(la=1,0;-1)

Z iy (X) = wy(x). (5.2.26)

(i2,i1)=0

Proof. Let us denote i, ;) (x) = ﬁu(iz,il)(x). It is clear that #;, ;) (x) is also an
eigenfunction of the problem (5.2.1)-(5.2.2). It is easy to see that from (5.2.17) it
follows

N | 1
i) () = Eu(iz,il)(x) = Ewu(x) " A(iy,ip)
1 . p o
=77 1281 L (721
= Ll (W#(Sz 'S] X))(jz,jl)zo ..... (la—1,0;~1) (/liZ/lil)(jz,jl):O """" (=101 -1)
1 (12_1311—1) ) . . .
- E Z WM(S?S{IX)AIJ;A{: = Flipip) Wyl (x),
(J2,j1)=0

which proves the first equality from (5.2.25).

The eigenvalue of the Dirichlet problem (5.2.1)-(5.2.2) corresponding to the eigen-
function @i;, ;) (x), by Theorem 5.13 and the equality (5.2.13) from Corollary 5.7 can
be represented as

(b-1,1;-1) o
A (inir) = HA(iniy) = H Z ag A A,
(j2,J1)=0

Now we prove that the functions #;, ;)(x) and i1}, j,)(x) for (i2,i1) # (j2, j1) are
orthogonal in L,(S). Indeed, if (i — j2,i; — j1) # O, then either iy — j, # 0 mod [,
ori; — j1 # O mod /. Let, for example, i, — j» # 0 and, therefore, 4;,_;, # 1. Then,
according to Lemma 5.5 for g € C(S) the following equality holds true:

/S ¢(S:6) di = /S <(6) de.
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Therefore, using the equality (5.2.19) from Lemma 5.9, we obtain
J i 8050 = [ Fonan 9,00 P, 3 d
= | Foaan L (S0P L) (S22 e = Ty [ Py w0
X F(jz,jl) [wu](x) dx = /il-z_jz /Sﬁ(iz,il)(x)ﬁ(jz,jl)(x) dx. (5.2.27)
Since A;,—j, # 1, this immediately implies orthogonality
/Sﬁ(iz,il)(x)ﬁ(jz,jl)(x) dx = 0.

Finally, the equality (5.2.26) is a consequence of the equality (5.2.21) from Lemma
5.9 for H(x) = w,(x). The theorem is proved. O

Corollary 5.8. If H(x) is a harmonic polynomial with real coefficients, then the har-
monic polynomials F;, ;) [H](x) for (i,i1) = 0,...,(l2 — 1,11 — 1) are orthogonal
and linearly independent.

Proof. Indeed, let (i2,i1) # (j2,j1), which is possible, for example, for i; # j;
whence A;,_;, # 1. By Lemma 5.5, similarly to (5.2.27), we obtain

/65 Fliy iy [HI(X)F(j, ;) [H](x) ds = /as Fliy iy [HI(S2x) F . j,) [H](S2x) ds
= A, 4}, /65 Flinin [H] (x) F(j,.j1) [H] (x) ds
=T [ Pl (M) P [ H) ) s

Since A;,—;, # 1, it follows that polynomials F(;, ;)[H](x) and F;, ;) [H](x) are
orthogonal on 0§ and therefore they are linearly independent. The case i, # j; is
considered in a similar way. The corollary is proved. O

Corollary 5.9. Matrix E(a) = (a(j,,11)) (j,.j,)=0.....(1,-1.1,_1)> CODsisting of eigenvec-
tors of the matrix A(y)(a), is orthogonal and symmetric.

Proof. Letagj, ;) and a, ;) be two different columns of the matrix £ (a) from (5.2.12).

Then, using the equality 4;,4;, = 4;,_;,, we write

www.irispublishers.com 448


www.irispublishers.com

Iris Journal of Mathematics Chapter 5, Section 5.2 V.V. Karachik

T T
a kZ kl _kz_kl
(J2,71) * A(insi1) J2700 ) (kg k1) =0, (= 1,1, 1) 270 ) (k) =0.....(I=1.11—1)
(l-1,11-1) (l-1,11-1)
ko ki Yka k1 _ R LY LS
Z /112/111/112/11 N Z (/112/112) (/l]l/lll)
(k2,k1)=0 (kp,k1)=0
(Lh-1,l;~1) -1 I-1
— k2 kl Z k1
B Z J2—i2 1111 /lztz ji-it”
(k2,k1)=0 =0

If (j2, j1) # (i2,i1), then (jo—ip, j1—i1) # 0, which means that one of the equalities
J2 —i2 # 0or ji — iy # 0 is satisfied. Therefore, either A;,_;, # 1 or 4;,_;, # 1, and
therefore, similarly to (5.2.23) we get a(;, ) - a(,,i;) = 0.

The symmetry of the matrix E(a) follows from the equalities
T
E’ (a) = (/11]22/111) (i21)=0.....(L=1I =)

= (AZA) (12i1)=0..o (- 111 -1) = (/13-22/13-1])(1'2,1'1)=0 ..... (l-1.1,-1) = E(a).
(J2,71)=0,....,(12=1,1;-1) (J2,71)=0,....,(12=1,11-1)

The corollary is proved. O

Note that the matrices of eigenvectors in the case of multiple involution and for
[y =--- =1, =2 have a similar property [177].

Now we examine the completeness of the eigenfunctions of the problem S,. Let
H,, be the space of homogeneous harmonic polynomials of degree m. By Lemma 5.9
it can be divided into the sum of /5/; orthogonal on 4 subspaces F;, ;,)[ ], where
(i2,11) =0,...,(l—1,11 — 1), consisting of homogeneous harmonic polynomials of
parity (ip,11). Let 7{”(1:'2,:‘1) = {H,Siz’il)’k(x) tk=1,...,m,;)} be acomplete system
in F;, ;) [Hy] of harmonic polynomials orthogonal on 4.

Theorem 5.15. Let all numbers A, ;) defined in (5.2.13) not be equal to zero. Then
the system of eigenfunctions of the Dirichlet problem (5.2.1)-(5.2.2) is complete in
L>(S) and has the form

1 .
Tmnp2-1 (VX)) H ™ (), (5.2.28)

u/‘l9m9(i23il)9k (x) = |x |m+n/2—

where m € Ny, (i2,i1) = 0,...,(L =11 = 1), k = 1,...,m(y), J,(t) is the
Bessel function of the first kind, +[it is the root of the Bessel function J,,4n/2-1(t). The
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eigenvalues of problem S, are the numbers A, ;, ;,), defined in (5.2.25)

(l=L1-1) o
/1/1,(1'2,1'1) =Hu Z a(].Z’].l)/llJ;/llzll :
(jz’jl)zo

Proof. According to Theorem 5.14, to find the eigenfunctions of the problem (5.2.1)-
(5.2.2) it is necessary to find the function w(x), which is the solution to the problem
(5.2.15)-(5.2.16), and then write down the function #;, ;,)(x) = F(;, ;) [w.](x). The
maximum system of eigenfunctions of the problem (5.2.15)-(5.2.16) has the form
(see Remark 1.4 on page 39)

1 .
Wpm,j(X) = g2 (VEIX]) Hip (%), (5.2.29)

|x|m+n/2—

where {H  (x):j=1,..., hm}, hy = %(’";ﬁf} (n > 2) is the maximal system
of linearly independent homogeneous harmonic polynomials of degree m from Def-
inition 1.5, 4/u is the root of the Bessel function J,,4,,/2-1(¢). Then, since [S;S1x| =

|x|, then

(b-1,1-1)

. . - -
U (in,i) (X) = Flinip) [Wum,j1(x) = o Z A2 Wy (SPSIx)
(jZ’jl):O
IR R I -
= — /1]2/1]1 - - Jm+n/2_1 (\//7|S£QS{1X|)
hh (j2%=0 TS S e/
o . |
x H;,(SS]'x) = WJmm/z_l(\/ﬁ|x|)F(,-2,i1)[H,41](x). (5.2.30)

Since F;, ;) [H,’,;] C F(i, i) [Hn], then we choose in the subspace of polynomials
Fi, i, [Hn] acomplete system of polynomials W,fliz’il) = {H,(,fz’il)’k(x) tk=1,...,ma)}
orthogonal on dS. Note that for some values of m it is possible m;, ;) = 0, that
is, for such m the component H,(,fz’il)(x) is absent (see Example 5.11) and there-
fore f1(;, ;) = 0. By choosing in the resulting expression for #;,;,)(x) instead of
Fiiy i) [H’](x) the harmonic polynomials H,(,?’il)’k (x) and adding to #;,,,) indices
indicating the dependence of this function #;, ;,)(x) on k, m and u, we get (5.2.28).

Since in the equality (5.2.28) H,sz’i‘) ’k(x) is a homogeneous harmonic polynomial
of degree m, then the function u,, ,, (;,.i,),x(x) has the form (5.2.29) and, therefore, is
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an eigenfunction of the problem (5.2.15)-(5.2.16). The reverse is also true. Each ho-
mogeneous harmonic polynomial H?, (x) according to the formula (5.2.21) can be rep-
resented as a linear combination of harmonic polynomials of the form H,Siz’il) (x), and
those are linear combinations of polynomials H, ,Siz’il)’k (x) and, therefore, any function
from (5.2.29) is a linear combination of functions of the form (5.2.28). The eigen-
values of the problem (5.2.1)-(5.2.2), in accordance with Theorem (5.14), are found
from the equality (5.2.25).

Let us study the orthogonality of the eigenfunctions u,, , (i,.i,)x (x). It is easy to
see that the equality

!
/Su,ul,ml,(iz,il),kl(x)l/_‘uz,mz,(jz,jl),kz(x) dx:/o P +n/2-1(NH1P)

X Jyen/2-1 (NH2P) dp /6 ) Hy () Hy2 2 () dse = 0

holds true. Let us consider the right side of the resulting equality. For u; # u, and
m1 = my, due to the properties of the Bessel functions (orthogonality in L,((0, 1); 7)),
the first factor is equal to zero. If m| # my, then by the property of harmonic poly-
nomials the second factor on the right is equal to zero. If uy = up, m; = my, then
for (i2,i1) # (j2, j1) the second factor on the right is equal to zero by Corollary 5.8.
Finally, if (i2,i1) = (j2, j1) and k| # k;, then again the second factor is equal to zero
by the construction of the polynomials H,(,fz”") ’k(x).

The constructed system of eigenfunctions (5.2.28) is complete in L, (S) = L, ((0, 1)x
0S) by Lemma 2 from [183, p.33], since the system of functions

{Jm+n/2—1(\//1_kp)’ k Jm+n/2—1(\/,u_k) = O}

is orthogonal and complete in L>((0, 1); ¢) for each m, and the system of polynomials
{H,S?’”)’k)(f)} is orthogonal and complete in L,(dS) for different m, (i, i) and k.
The theorem is proved. O

Example 5.12. 19 Letn = 2,1 =1 =2,S81x = (=x1,x2), Sox = (x1,—x2), then
problem S, has the form

apAu(xy,x2) + ajAu(—x1,x2) + a2Au(xy, —x3)

(5.2.31)
+azAu(—xy1,—x2) + Au(x) =0, x €S; u(x)=0,x€as.

Let us find the eigenfunctions of problem (5.2.31) using the example 5.11. The
eigenfunctions of the problem (5.2.15)-(5.2.16) in the polar coordinate system are
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determined according to the equality (5.2.29) in the form

Wum,0(x) = Jp(\ur)cosme,  wym1(x) = Jn(\ur) sinme, m € N,

where /it is the positive root of the Bessel function J,,,(¢)

~ s (-1)/ t 2j+m
In(t) = ,Z:(:) T(j+m+ DI+ 1)(2) ‘
Using (5.2.30), we find
Uy, (in,in) (X) = T (VLX) Fii) [Hm] (2] |x]).

The written equality does not indicate the dependence of the eigenfunction u,, ,, (i, ;,)(x)
on the index k, since in accordance with Example 5.11 the dimension of the space
F(i,i) [Hn] is equal to 1. According to (5.2.24) and taking into account (5.2.25) we
write

Uy 2m,(0,0)(X) = Jopm (\ur) cos(2mep),
Uy 2m+1,0,1) (X) = Jome1(Wur) cos((2m + 1)),
Uy 2m+1,(1,0)(X) = Joma1 (Aur) sin((2m + 1)¢),
Uy om,(1,1) (X) = Jopm (Wur) sin(2me),

and also 4, (0,0) = u(ao + ay +ax +az), 4,0,1) = ulap —ar +a> —as), ;1,0 =
p(ap +ay —az —az), 4,11 = p(ap — a1 — a + az), where m € Ny, /it is the root
of the Bessel function J,,(¢) and A, (;, ;) # 0. It is clear that the resulting system of
eigenfunctions is complete in L, (S).

20, Letn = 3 and Six = (—x1,x2,%3), Sox = (X1, —x2,Xx3). By Theorem 1.5
on page 44 the maximal system of homogeneous harmomc polynomlals of degree m
from (5.2.29) in 3 variables has the form {H.’(x), H.'(x) : j = .,m}, where

Hy(x1,x2,%3) = G, (x) HY)(x1,%2),

" ’ 1 (5.2.32)
Hy, (x1,x2,x3) = G, (x)H(x1,x2),

and H;)(xl,xz) = Re(x; + ixz)/, HJI. (x1,x2) = Im(x; + ix»)/, and Gf;l(x) is the G-
polynomial from Definition 1.4

[m/2] k m—2k
_ k (xf +x3)"x5
Gn() = Gt 2.33) = Z(_ " NGy T 20 — 20
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The system (5.2.32) has 2m + 1 elements for each m, since Hé’l(x) = 0. In the
spherical coordinate system (r, ¢, 6) these polynomials can be written more com-
pactly

.0 ' .
H"(x1,x2,x3) = rmen_j(r, ¢, 0)cos jo,

Al ' .
H 7 (x1,x2,x3) = rmG}]n_j(r, @, 0)sin jo,

where
Gl (1. 0.6) = [mz/f](_l)k sin?k*/ @ cos™ 2k ¢
mye P (2)1N(2] +2k)! (m = 2k)!’

since cos 6 = x3/|x|, sinf = 1/x% + x§/|x| and cos ¢ = x/ x% + x%. In this case, the
dimension of the space F;, ;,)[H] is greater than 1. It is easy to see that

F(iz,i])[HZ,O(xlax2ax3)] = G;l;_k(x)F(iz,il) [H/(()(thz)],

and the values F(;, ;) [H,?(xl,xz)] and F, i) [H,i (x1,x2)] are already calculated in
(5.2.24) from Example 5.11. Since

F(0,0) [“H(z)k +,8H21k] = “Hgk’ F0,0) [aHng +:8H%k+1] =0,

then in the subspace F(o)[H:n] we can choose the following maximal system of
polynomials {H,%,k’o(r, 0,0) : k=0,...,[m/2]}, which follows

000k (X) = 7V p(NEF) G, (1, ¢, 0) cos(2k ),
fork =0,...,[m/2]. Similarly we find
FoulaHy, +BHy] =0, FonlaHy,,, + BHy ] = aHy,
whence
om0k () = 72T n (WP G (7, 0, 60) cos((2k + 1)¢),

fork =0,...,[(m —1)/2]. The remaining eigenfunctions of problem (5.2.31) for
n = 3 have the form

U, (1.0) &k (X) = 77 V2000 p(Nar)G2RHL (7, ¢, 0) sin((2k + 1)g),
Uy, (1) k() = 7V (NP G2E L (1, 0, 0) sin(2k ).
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5.2.5 Conclusion

The results obtained allow one to find explicitly, using the equality (5.2.28), the eigen-
functions and eigenvalues of the boundary value problem (5.2.1)-(5.2.2) for the non-
local differential equation with double involution. The completeness of the system of
eigenfunctions make it possible to use the Fourier method to construct solutions of
initial-boundary value problems for nonlocal parabolic and hyperbolic equations.

Possible applications of the obtained results can be found in the modeling of opti-
cal systems, since differential equations with involution are an important part of the
general theory of functional differential equations, which has numerous applications
in optics. Applications of equations with involution in modeling optical systems are
given, for example, in [130, 151]. In particular, in [130], mathematical models im-
portant for applications in nonlinear optics are considered in the form of nonlinear
functional-differential equations of a parabolic type with feedback and transforma-
tion of spatial variables, which is specified by the involution operator. The following
parabolic functional differential equation is considered

ou

E+u:,uAu+K(1+ycosQu),r€ [r1,72], t =0, u>0,

which describes the dynamics of phase modulation of a light wave in an optical system
with an involution operator Q such that Q' = 1.
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