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Abstract

This paper reports a study on the practicality of the Southwell, Massey, and Modified extrapolation techniques for experimental determination
of the critical buckling loads of plates. Application of the extrapolation techniques indeed relieves the need for loading the structure in the
neighborhood of the critical, smoothens the experimental data by removing most of the geometrical, material, and loading imperfection effects, and
provides an accurate measure of the critical buckling load of real imperfect structures. Prior reported studies have shown the applications of such
plotting methods in predicting the buckling loads of a variety of thin-walled structures such as beams, columns, and conical shells. In order to achieve
the objectives of this study, a series of low yield point steel plates with various aspect ratios as well as loading and support conditions, undergoing
simultaneous buckling and yielding were considered and nonlinear buckling analyses were performed to determine the load-displacementresponses.
The applicability and high performance of the three plotting methods in determining the critical buckling loads of such plates are demonstrated and

the Modified Plot is found to provide the most accurate predictions.
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Introduction

Extrapolation techniques are some plotting methods developed
for experimental determination of buckling loads of structures,
without the need for loading the structure in the vicinity of the
critical. In addition to their simplicity, the extrapolation techniques
have been considered useful in ‘smoothing’ the experimental
data by removing most of the geometrical, material, and loading
imperfection effects Singer [1], and hence are believed to provide
an accurate measure of critical buckling load of real imperfect
structures. Southwell [2], first, proposed a method for predicting
the elastic buckling load of initially imperfect, concentrically loaded
and pin-ended columns, which is known as the Southwell Plot.
Then, Massey [3] developed the so-called Massey Plot method as
a modified version of the Southwell’s method. Later on, another
modified plottingtechnique, knownasthe Modified Plotmethod, was

@ @ This work is licensed under Creative Commons Attribution 4.0 LicenselCTCSE.MS.ID.000748.

proposed by Trahair [4] as an alternative to the Massey Plot method.
These methods are applied on load-displacement relationships
obtained from the testing of the structures undergoing buckling.
Southwell Plot graphs displacement/load against displacement and
the slope of the obtained linear relationship between these equals
the reciprocal of the critical load. Massey Plot, on the other hand,
graphs displacement/load2 against displacement and the slope of
the obtained straight line equals the square of the reciprocal of the
critical load. Moreover, Modified Plot graphs displacementxload
against displacement and the slope of the obtained straight line
quals the critical load.

Extrapolation techniques have been used for predicting the
buckling loads of a variety of thin-walled structures, e.g. beams,
columns, frames, and conical shells. They have also been successfully
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applied on various deformation characteristics, e.g. displacements,
rotations, and strains, for predicting the critical buckling loads of
structural members. Attard [5], Attard and Bradford [6], Bradford
and Wee [7], Mandal and Calladine [8], Zirakian [9,10], Zirakian
and Nojoumi [11], Ghanbari Ghazijahani and Zirakian [12], dos
Santos et al. [13], Slein et al. [14], Marcinowski et al. [15], and Virgin
and Harvey Jr. [16,17] are among the numerous researchers who
reported studies on the application of the extrapolation techniques.

This paper intends to demonstrate the applicability and
investigate the performance of the Southwell, Massey, and Modified
plotting methods in predicting the critical buckling loads of low
yield point steel plates undergoing simultaneous geometrical
buckling and material yielding with seismic applications such as in
steel plate shear wall systems. To this end, a series of linear and
nonlinear buckling analyses have been performed on plates with
various aspect ratios as well as loading and support conditions, and
the extrapolated and theoretical critical buckling loads have been
compared and evaluated.

Table 1: Properties of the considered plate models.

Design and Characteristics of Considered Plates

Twelve steel plates with different aspect ratios as well as
simple and clamped support conditions subjected to pure shear
and combined shear and (uniaxial) compressive loadings were
considered in this study. The compressive load was considered
to be proportional and literally 50% of the shear load. The plate
thicknesses were determined by imposing concurrent geometrical-
material bifurcation. Simultaneous geometrical buckling and
material yielding occurs when the plate critical shear stress is
equal to its shear yield stress. The plate shear yield stress was
determined by considering the von Mises yield criterion. It is
noted that the concurrent geometrical-material bifurcation may
occur in thin-walled and plated structures/structural systems,
e.g. steel plate shear walls as lateral force-resisting systems. In
the theoretical calculations as well as finite element simulations,
the elastic modulus Poisson’s ratio (v), and yield stress of the low
yield point steel material were taken as 200 GPa, 0.3, and 100 MPa,
respectively. The characteristics of the considered plate models are
summarized in (Table 1).

Plate model (l><hxtp,mm) Support conditions Loading conditions
P2000x3000x13.4 Simple Pure Shear
P3000x3000x17.5 Simple Pure Shear
P4500x3000%x20.1 Simple Pure Shear
P2000x3000x10.6 Clamped Pure Shear
P3000x3000x14.0 Clamped Pure Shear
P4500%3000x15.8 Clamped Pure Shear
P2000x3000x15.8 Simple Shear & Compression
P3000x3000x22.7 Simple Shear & Compression
P4500x3000x28.4 Simple Shear & Compression
P2000x3000x12.2 Clamped Shear & Compression
P3000x3000x16.4 Clamped Shear & Compression
P4500x3000x19.5 Clamped Shear & Compression

Finite Element Modeling and Validation

ANSYS (2007) was used for the simulation of the plates. Linear
eigen buckling analyses were performed for determining the elastic
critical loads of the plates modeled using Shell63 elastic element.
Also, nonlinear large deflection static analyses were performed
for nonlinear buckling analysis of the plates simulated using
Shell181 element. Uniformly distributed shear and compressive
loads were applied along the middle plane of the edge nodes, and
the corner nodes were given half the value of the middle ones.
Proper boundary conditions were applied for developing simple
and clamped supports. Low yield point (LYP100) steel material
with a bilinear stress-strain relation was adopted for the nonlinear
buckling analyses. Material properties were consistent with those

applied in theoretical calculations. The tangent modulus was
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taken as 3333.3 MPa. Moreover, the von Mises yield criterion was
used for material yielding, and the isotropic hardening rule was
also incorporated in the nonlinear pushover analyses. In order to
initiate buckling, a very small out-of-plane force of about 0.01%
of plate elastic buckling capacity was applied at the center of the
plate. Both geometrical and material nonlinearities were included
in the analyses. The arc-length method was implemented to achieve
a fast convergence and capture the unloading behavior of the plate.
Convergence and mesh refinement studies were performed to
ensure high accuracy in modeling as a result of which 100x100
mm elements were chosen through comparison of the numerical
and theoretical predictions with discrepancies below 5%. The
typical first buckling mode shapes of two typical plate models with
simple and clamped support conditions subjected to pure shear are
illustrated in Figures 1(a) & 1(b), respectively.
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Figure 1(a): P3000%x3000%17.5 (simple & pure shear).

k J

( M
Figure 1(b): P3000x3000x14.0 (clamped & pure shear).
Figure 1: Typical first buckling mode shapes

k J

The theoretical and numerical predictions of the in-plane
lateral displacement and shear load corresponding to the first yield
point, i.e. and are compared in Table 2. Despite the nonlinearities

Table 2: Comparison of the theoretical and numerical predictions of the first yield point.

in finite element modeling as well as the theoretical considerations,
the agreement between the results is satisfactory. This is indicative
of validity of the numerical simulation (Table 2).

Theoretical Numerical Num. / Theo. ratio
Plate model Displ. (8y) Load (Py) Displ. (Sy) Load (Py) .
Displ. Load
(mm) (kN) (mm) (kN)

P2000x3000x13.4 2.252 1547.3 2.138 1468.68 0.95 0.95
P3000x3000x17.5 2.252 3031.09 2111 2841.32 0.94 0.94
P4500x3000x20.1 2.252 5222.13 2.098 4864.85 0.93 0.93
P2000x3000x10.6 2.252 1223.98 2.197 1193.73 0.98 0.98
P3000x3000x14.0 2.252 2424.87 2.162 2327.41 0.96 0.96
P4500x3000x15.8 2.252 4104.96 2.148 3915.11 0.95 0.95
P2000x3000x15.8 2.163 1752.85 1.998 1586.93 0.92 091
P3000x3000x22.7 2.163 3777.51 1.993 3378.36 0.92 0.89
P4500x3000x28.4 2.163 7089.07 1.96 6133.29 091 0.87
P2000x3000x12.2 2.163 1353.47 2.023 1240.77 0.94 0.92
P3000x3000x16.4 2.163 2729.12 1.987 2433.54 0.92 0.89
P4500x3000x19.5 2.163 4867.49 1.98 4254.03 0.92 0.87

Citation: Tadeh Zirakian*. Extrapolation Techniques for Experimental Determination of Plates’ Buckling Loads. Cur Trends Civil &

The typical load versus out-of-plane displacement as well
as the load versus in-plane lateral displacement responses of
the P3000x3000x16.4 model is shown in Figures 2(a) & 2(b),
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respectively. From the figures, it is evident that the plate undergoes
simultaneous buckling and yielding. The plotted responses exhibit
neither post-buckling nor post-yield reserves.
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Figure 2: Load-displacement responses of P3000x3000%16.4 model.
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Application of Extrapolation Techniques and Discussion
of Results

The Southwell, Massey, and Modified plotting methods were
used to predict the critical loads of the plates. As illustrated in

(Figure 3), the initial portions of the load-displacement responses
with a parabolic shape up to the ultimate strength were used and
the unloading portions were ignored.
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Figure 4: Typical Southwell, Massey, and Modified Plots.
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As seen in (Figures 2 & 3), due to concurrent geometrical-
material bifurcation, the plate reaches its ultimate strength
and unloading takes place. The ultimate strength of the plate
is indeed an inaccurate measure of the critical load, and hence
extrapolation techniques can be used to determine the buckling
load corresponding to the theoretical critical load. (Figure 4) shows

typical Southwell, Massey, and Modified plots for P4500x3000x19.5
plate model, where § and P denote the out-of-plane displacement
and shear load, respectively. From the figure it is evident that the
Southwell and Modified Plots are superior to the Massey Plot
because of their relatively extended range of linearity. Nevertheless,
the Modified Plot exhibits the most extended range of linearity.
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Figure 4: Typical Southwell, Massey, and Modified Plots.
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The extrapolated as well as theoretical critical load predictions
of the plate models are presented in (Table 3). From the table, the
high performance of the three plotting methods in successfully
predicting the critical loads of the plates as compared to the
theoretical predictions is quite evident. Quantitatively, the
discrepancies between the extrapolated and theoretical predictions
are found to be 2.0%, 3.5%, and 1.1%, on average, for the
Southwell, Massey, and Modified methods, respectively. The higher

Table 3: Comparison of the theoretical and extrapolated buckling loads.

performance of the Modified Plot in providing the most accurate
predictions is evident. These findings are consistent with the
results reported by Zirakian for the buckling of beams. Overall, the
applicability and high performance of the three Southwell, Massey,
and Modified extrapolation techniques in case of buckling of plates,
especially with simultaneous geometrical-material bifurcation, are
verified in this study. Experimental studies may further substantiate
these findings.

Plate model Pcr-SouthweII Pcr-Mnsszy Pcr-Modiﬁed
cr-theoretical Pcr-theoren‘cal Pcr-thearea‘cal
P2000x3000x13.4 0.98 0.97 1
P3000x3000x17.5 0.97 0.96 0.99
P4500x3000x20.1 0.96 0.95 0.99
P2000x3000x10.6 0.98 0.99 1.02
P3000x3000x14.0 0.99 0.98 1.01
P4500x3000x15.8 0.99 0.97 1
P2000x3000x15.8 1 0.96 0.98
P3000x3000x22.7 0.96 0.95 0.97
P4500x3000x28.4 0.96 0.94 0.95
P2000x3000x12.2 1 1 1.03
P3000x3000x16.4 0.98 0.95 0.97
P4500x3000x19.5 0.98 0.95 0.97
Conclusion critical buckling load of structures, without having to test them

Extrapolation or plotting techniques are experimental methods
which have been developed for determining experimentally the

to failure. This paper reported a study on the application of the
Southwell, Massey, and Modified Plots in case of plates undergoing
buckling and material yielding.

simultaneous geometrical
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Concurrent geometrical-material bifurcation can be a significant
parameter in the design and performance assessment of structural
and seismic systems such as low yield point steel shear walls.
The applicability and high performance of the Southwell, Massey,
and Modified plotting methods in predicting the critical loads of
such plates with respective 2.0%, 3.5%, and 1.1% discrepancies
relative to the theoretical predictions were verified. Modified Plot
was found to be the most efficient in predicting the buckling load.
Experimental investigations are believed to further substantiate
the findings of this research endeavor.
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