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Abstract 
In this study, we examine the distortions that occur in plates when they are joined by butt welding. We employ a Finite Element simulation of 

the welding process, which incorporates a model representing a moving heat source. This model is based on Goldak’s double-ellipsoid heat flux 
distribution. In our simulation, we use thermo-elastic-plastic Finite Element techniques to depict how the welded plate behaves both thermally 
and mechanically during welding. Our analysis focuses on how temperature changes in the fusion zone and nearby areas influence the resulting 
deformations caused by welding. The results obtained from our Finite Element analysis are compared to empirical and laboratory experiments 
and show a satisfactory agreement. It is important to note that welding speed and plate thickness have a significant impact on the distortions and 
residual stresses induced by welding.
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Introduction

Welding is widely used in various industries, but it unavoidably 
leads to the creation of residual stress and distortion. This occurs 
primarily because the metal goes through non-uniform expansion 
and contraction as it repeatedly heats up and cools down during the 
welding process. These consequences can have substantial impacts 
on factors such as structural strength, fatigue life, localized strain 
patterns, and the integrity of the welded surface [1-3]. It’s essential 
to grasp the extent of these residual effects when designing steel 
structures. In the pursuit of this understanding, Hibbitt and Mar-
cal [4] took an initial step by using the finite element method to 
forecast the residual stresses induced by welding. Their study in-
volved modeling a circular weld on a symmetrical disc. The results  

 
obtained from their thermal model demonstrated a strong align-
ment with experimental data, although it’s worth noting that only 
the maximum stress value matched the measurements conducted 
in the laboratory. Ma et al. [5] investigated the impact of plate thick-
ness, intermittent support conditions, inlet temperature, and the 
number of welding passes on the residual stresses and distortion 
generated during welding. They utilized 3D finite element model-
ing as their approach to delve into these aspects. Tsui et al. [6] as 
well as Bolshakov et al. [7] researched to investigate how residual 
stress affects hardness and elastic modulus. They accomplished this 
by conducting conical indentation experiments and utilizing finite 
element analysis (FEA). Their results pointed to a correlation be-
tween hardness and elastic modulus with residual stress when con-
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sidering the theoretical contact area based on indentation displace-
ment. However, this relationship vanished when accounting for the 
actual contact area. In a different study, Michaleris and DeBiccari 
[8] investigated the influence of the modeling approach on predict-
ing welding-induced distortion. They also explored the impacts of 
factors such as sheet thickness, the presence of hardeners, and the 
spacing between hardeners using finite element analysis. 

Andersen et al. [9,10] developed a finite element model spe-
cifically for welding steel sheets. Their model accounts for import-
ant variables such as welding speed and input heat as significant 
factors in the simulation. Their research findings indicated that 
welding speed, input energy, and heat source distribution have a 
significant influence on the results and outcomes of the welding 
process [11-20]. The speed of welding affects the deformation or 
shape change of the material, while the input energy has an impact 
on the boundaries of the fusion zone and the distribution of heat. 
Precisely controlling these factors is essential for achieving the de-
sired weld quality and effectively managing the heat-affected zone. 
In a study by Long et al. [21], they examined the residual stress and 
distortion that occur during butt welding. Their research concluded 
that both the thickness of the sample and the welding speed sig-
nificantly impact the magnitude of residual stress and distortion 
generated by the welding process. Tekgoz et al. [22,23] investigated 
the impact of different welds on the ultimate strength of welded 
plates. They introduced an innovative approach aimed at reducing 
the time required for thermal and mechanical analysis by incorpo-
rating a modified stress-strain curve. Researchers have proposed 
several experimental correlations to assess distortion distribution 
and ascertain residual stress levels [24-27]. 

Chen et al. [28] conducted a comprehensive investigation into a 
range of distortion detection techniques and the influence of weld-

ing on connections made with butt-welded sheets. They introduced 
innovative equations to quantify residual stress in thick sheets, and 
these equations showed a robust agreement with experimental re-
sults [29,30]. In a study by Hensel et al. [31], they delved into the 
impact of residual and compressive stresses on the fatigue strength 
of longitudinal fillet-welded gussets. Their research focused on 
welding distortion and revealed that the fatigue strength was sig-
nificantly affected by stabilized residual stresses. These residual 
stresses, whether they remained below the yield strength or pri-
marily degraded during the initial load cycle, continued to exert 
a significant influence on fatigue performance. In this study, the 
longitudinal distortion resulting from welding in steel plates was 
investigated. Initially, a numerical model was validated against ex-
perimental results. A total of 960 numerical models were examined 
by considering two variables: welding speed and steel plate thick-
ness. As both factors increase, longitudinal distortion decreases. By 
analyzing the results of the finite element models, a relationship 
for longitudinal distortions in steel plates was proposed. This re-
lationship exhibits better accuracy compared to those provided by 
previous researchers and shows better alignment with experimen-
tal results. It is worth noting that for precise prediction, all types of 
distortions should be taken into account.

Theoretical Considerations

The assessment of welding residual stress patterns is carried 
out using ANSYS finite element methods. Theoretical aspects can 
be investigated using either a heat-based or a mechanical model.

Thermal model analysis 
When a region is enclosed by a random surface S, the equilibrium 
equation for heat transfer is represented as follows:

( , , , )( ) ( , , , )      (1)yx z
RR R T x y z tQ x y z t C

x y Z t
r
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- + + + =
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Here, Rx, Ry, and Rz denote the heat flow rates per unit area in the 
x, y, and z directions respectively. T (x, y, z, t) represents the pres-
ent temperature, Q (x, y, z, t) is the internal heat generation rate, r 

stands for density, C represents specific heat, and t signifies time. 
This model can be further enhanced by incorporating Fourier’s law 
of heat conduction, which is given by:

     (2a)

     (2b)

     (2c)

x x

y y

z z

TR k
x
TR k
y
TR k
z

¶
=-

¶
¶

=-
¶
¶

=-
¶

Here, kx, ky, and kz represent the thermal conductivities in the 
x, y, and z directions respectively. Taking into account the non-lin-
ear nature of the material, the values of kx, ky, kz, r, and C vary with 

temperature. Plugging equations (2a), (2b), and (2c) into equation 
(1) results in:
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Equation (3) represents the differential equation that governs 
heat conduction within a solid object. The overall solution is deter-
mined by incorporating the initial and boundary conditions.

An example of an initial condition is:

0( , , ,0) ( , , )     (4)T x y z T x y z=

boundary condition

( ) ( ) ( ) ( ) ( ) 0     (5)x x y y z z s c r r
T T Tk N k N k N q h T T h T T
x y z ¥

¶ ¶ ¶
+ + + + - + - =
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Here, Nx, Ny, and Nz correspond to the direction cosines of the 
outward normal drawn to the boundary. The variables hc and hr 
represent the convection and radiation heat transfer coefficients 
respectively. qs signifies the heat flux at the boundary, T1 is the am-
bient temperature, and Tr stands for the temperature of the radia-
tion heat source.

The expression for the radiation heat transfer coefficient (hr) is 
given by: 2 2( )( )     (6)r r rh F T T T Tse= + +

Where “s” denotes the Stefan–Boltzmann constant, “ε” is the 
effective emissivity, and “F” represents a configuration factor.

Mechanical model analysis

Two fundamental sets of equations concerning the mechani-
cal model involve the equilibrium equations and the constitutive 
equations, which are outlined as follows:

(a)	 Equations of equilibrium

, 0     (7)ij j ibσ ρ+ =

And
     (8)ij jiσ σ=

In this context, “σij” represents the stress tensor, and “bi” signi-
fies the body force.

(b)	 Constitutive equations for a thermo-elasto-plastic mate-
rial are expressed as follows:

The thermal elasto-plastic material model is founded on the 
von Mises yield criterion and the isotropic strain hardening princi-
ple. The connections between stress and strain can be formulated 
as follows:

[ ] [ ][ ] -[ ]      (9)ep thd D d C dTσ ε=

And
[ ] [ ] [ ]     (10)ep e pD D D= +

In this context, [ ]eD represents the elastic stiffness matrix, [ ]pD  
is the plastic stiffness matrix, [ ]thC stands for the thermal stiffness 
matrix. [ ]dσ indicates the stress increment, [ ]dε represents the 
strain increment, and “dT” signifies the temperature increment.

Analytical model for longitudinal strain

The temperature-induced deformation, denoted as εα, occur-
ring during the longitudinal contraction, can be scientifically de-
scribed as follows:

     (11)Tαε α=

α represents the material’s coefficient of thermal expansion, 
indicating how much it expands or contracts with changes in tem-
perature. T denotes the temperature measured in degrees Celsius 
(ºC).

The total deformation is computed by adding together the elas-
tic, plastic, and thermal strains:

     (12)t el pl αε ε ε ε= + +

When an initial imperfection is detected prior to applying the 
heating load to the plates, the total deformation is influenced as 
follows:

,      (13)t t pl o plε ε ε ε= + ∆ +

In this context, Δεpl represents the plastic strain that develops 
during the heating and cooling phases of the welding process, while 
εo, pl represents the initial imperfection observed before subjecting 
the plates to the heating load.

When two plates are joined by welding, the resulting distortion 
is primarily due to the contraction along the weld’s axis. Research 
conducted by Okerblom [25] has demonstrated that his method 
provides a highly accurate prediction for the longitudinal shrinkage 
caused by the temperature distribution along the weld. Okerblom’s 
approach is based on analytical heat-transfer theory involving mov-
ing heat sources. In his analysis, he established the distributions 
of thermal strain and stress around the weld. He made certain as-
sumptions, including:

a.	 The coefficient of thermal expansion and the young modulus 
(a measure of material stiffness) are considered independent 
of temperature.

b.	 Displacements remain within the elastic range, meaning the 
material behaves linearly elastically.

c.	 Hooke’s Law, which relates stress and strain, is applicable.

d.	 Cross sections will be planar after deflection, meaning they 
won’t warp.

e.	 The cross-section of the material is uniform.

f.	 The structure is made of a single material grade.

g.	 The temperature distribution along the length of the welded 
plates is uniform and remains in a steady state.

These assumptions provide a solid foundation for Okerblom’s 
method, which accurately predicts the longitudinal shrinkage 
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caused by temperature variations during welding. Additionally, it’s 
assumed that the material exhibits an elasto-fully-plastic stress-
strain behavior without hardening. This behavior is characterized 
by just two material parameters: The yield stress of the material is 
specified as a function of temperature within the range of 500 to 
600 degrees Celsius. Within this interval, the yield stress decreases 
linearly, eventually reaching zero. If the temperature exceeds 600 
degrees Celsius, the material does not experience any measurable 
stress. Several key assumptions are made in the analysis of the de-
velopment of plastic strain in the welded plates during a one-pass 
butt-weld:

a.	 Heat-Induced Load: The plastic strain in the welded plates is 
primarily a consequence of the heat load applied during the 
welding process. This heat leads to thermal expansion and 
contraction, resulting in deformation and stress within the 
plates.

b.	 Uniaxial Stresses: The stresses experienced by the material 
are uniaxial, meaning they act along a single principal axis. 
This simplifies the analysis by assuming that the stress distri-
bution is predominantly in one direction.

c.	 Quasi-Stationary Heat Load: The heat load applied to the 
plates during welding is considered quasi-stationary. This sug-
gests that the thermal conditions remain relatively constant 
during the welding process, allowing for simplified modeling.

d.	 Weld Location: The weld is positioned at the middle of the 
two welded plates in the Z-direction. This placement is a crit-
ical factor in determining the distribution of stress and strain 
within the plates and simplifies the analysis by focusing on a 
specific location.

These assumptions help streamline the analysis of the plastic 
strain development in the welded plates, making it more man-
ageable and tractable for practical applications. The thermal load 
can be approximated using the information provided in Figure 1c. 
To analyze the thermal strain, the distribution of strain in the net 
section l-l is considered. This section is situated in the widest part 
of the area where the temperature reaches 600°C. The analysis of 
thermal strain is conducted using the approach outlined in Okerb-
lom [25] and Nikolaev et al. [32]. This approach likely involves ap-
plying principles and equations from these references to estimate 
how the material undergoes deformation and strain due to the 
specified thermal conditions.

In this analysis, it’s assumed that the initial plastic strain, de-
noted as εo, pl, is equal to 0. The strain induced by the temperature 
change, εα, is given by αT, where α represents the coefficient of ther-
mal expansion, and T represents the temperature change.

The resulting strain, which is located on the straight-line l-l, is 
calculated as follows:

, , , ,      (14)el l pl l t l lαε ε ε ε+ ∆ = +

When a strip of unit width is cut from the welded plates, the 
strain developed by the temperature in the Z-direction is denoted 
as εα, l , and it’s calculated as εα,1 = -αT. This strain is shown as a bold 
curve in Figure 1a with a negative sign to indicate shortening or 
contraction. Since the strip is a part of the welded plate, the strain 
develops consistently and uniformly throughout the entire breadth, 
which is 2b in the welded plates. Figure 1b illustrates the strain de-
velopment, with negative sign indicating shortening and positive 
sign indicating elongation strain as the temperature changes. This 
behavior is consistent along the entire width of the welded plates. 
In this context, the plastic strain is represented by crosshatching, 
while the elastic strain is depicted with line hatching. The position 
of the strain level marked as m-m′ is determined by the balance of 
stresses within the section l-l. It is assumed that residual stresses 
are proportional to the elastic strain, which can be expressed as 
σ=Eεel. Based on this assumption, equilibrium can be established by 
considering the elastic strain resulting from the balance in residual 
stresses. Above the straight-line l-l, the total strain is denoted as εt, 
while below this line, the potential elastic strain is εel=εv= σv/E. The 
magnitude of εel is constrained by the straight-line a-c. It’s import-
ant to note that the yield stress varies linearly with temperature in 
the range of 500 to 600ºC. As a result, the elastic strain decreases 
close to zero and remains at this level at temperatures greater than 
600ºC. If the elastic strain satisfies the condition 0

b

elb
dyε

−
=∫ , then 

equilibrium is confirmed. This condition likely involves ensuring 
that the integral of elastic strain within the specified limits match-
es the negative integral from 0 to some point, confirming the bal-
ance of forces and stresses within the welded structure. The width 
of the region labeled as “b1” exclusively represents elastic strain. 
In contrast, the combined widths of “b2,” “b3,” and “b4” collectively 
cover both elasto-plastic and plastic strain. Within these regions, 
“b2,” “b3,” and “b4,” the total area covered is indicative of the plastic 
strain area, denoted as “2bpl.” This means that the sum of the widths 
of these three sections represents the extent of the plastic strain 
within the material. To determine the residual strain and stresses, 
it is necessary to analyze the strain that occurs during the cooling 
process, taking into account the strain distribution at sections 1-1 
and 2-2 after the cooling process has reduced the temperature to 
0ºC. In this context, the initial plastic strain is the one that was 
generated during the heating process in section 1-1, represented 
as εpl.0.2 = Δεpl,1. Additionally, the thermal strain at this stage, εα.2, is 
equal to 0 due to the temperature being reduced to 0ºC. So, the sit-
uation can be summarized as follows:

,2 ,2 ,2 ,2 ,0,2      (15)el pl t plαε ε ε ε ε+ ∆ = − −
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Figure 1: Thermal elasto-plastic behavior.

The curve represented by “kfpf′k′” characterizes the left side of 
Equation (15), which accounts for both elastic and the incremental 
plastic strain developed during the cooling process. To distinguish 
between the elastic and plastic strains, it’s necessary to consider 
the proportional limit at room temperature. This involves identi-
fying the maximum elastic strain, denoted as εel, max = εv = σv/E. The 
crosshatched area, “fpf′,” corresponds to the plastic strain in elonga-
tion, Δεpl,2, resulting from the cooling process, while the line-hatched 
area represents the elastic strain. If the integral of the elastic strain 
within the specified limits, ,2 0

b

elb
dyε

−
=∫  , evaluates to zero, then 

the straight line is correctly positioned, confirming equilibrium. 
The residual plastic strain, Δεpl, is the sum of the plastic strain that 
occurred during heating and the plastic strain induced by the cool-
ing processes:

, ,1 ,2      (16)pl res pl plε ε ε= ∆ + ∆

Residual stresses can be calculated by multiplying the residu-
al strain by the modulus of elasticity (E). The area marked by “a-f-

f′-a′” represents the thermal shrinkage impulse force, denoted as 
AT. This force is responsible for generating the residual stresses and 
the subsequent shrinkage in the welded plates.

2( )
0.3355. .. . ( ).      (17)

.

A y

A y

net
T

QA b T y dy
c t

ε ε

ε ε

αα
γ

+

+

= =∫

0.484      (18)
. .2.

net
e

QT
c t yg

=

     (19)net w
w

UIQ qAh
n

= =

The thermal impulse (AT) is determined by factors such as the 
arc voltage (U), arc current (I), welding speed (vw), specific heat of 
the material (c), material density (γ), plate thickness (t), coefficient 
of efficiency (η), specific heat of the unit welded joint area (q, for a 
1 mm² area), and the size of the welded joint area (Aw). This ther-
mal impulse represents the heat input into the welding process and 
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is calculated based on these parameters, with the specific formula 
varying depending on the welding method, materials, and welding 
conditions being used.

30.844.10      (20)T TA t Q−=

The fundamental formula for longitudinal strain as proposed 
by Okerblom[25] is determined as follows:

. .0.335      (21)
. .

L T
L

w

A t q
L A A c
δ αε

ν γ
= = =

The Okerblom [25] model operates on the assumption that the 
welding material is deposited uniformly over the entire length of the 
weld at the same time. This model is particularly applicable when 
dealing with fast-moving heat sources or relatively short welds. In 
a review of theoretical prediction models for distortion, which was 
compiled from a comprehensive study by Verhaeghe [33], several 
models are discussed. One of these models is attributed to Wells 
[34]. Wells [34] expanded upon the Okerblom [25] model and en-
hanced predictions for longitudinal strain by incorporating the im-
pact of temperature distribution that occurs perpendicular to the 
weld.

. . .0.335 -0.8      (22)
. . .

L T
L y

w w

A t q k t
L A A c A
δ αε ε

ν γ ν
= = =

The Pflug model from 1956 operates on a similar rationale as 
the Okerblom model. However, in the Pflug model [35], the area 
undergoing plastic deformation, as originally defined by Okerblom 
[25], is substituted with a ratio related to the weld area. This model 
shares some of the same limitations as the Okerblom model.

0.42      (23)yL
L

w

A
L E A A

σδε = =
−

White et al. [26] introduced a model for longitudinal shrinkage 
that stands out by considering the effects of process efficiency, a 
factor that had not been taken into account in previous models. This 
addition made their model more comprehensive and improved its 
accuracy in predicting longitudinal shrinkage during welding pro-
cesses.

160.      (24)
. .

L
L

w

q
L E A
δε

ν
= =

Validation of numerical modeling

For validating the results of numerical models, experimental 
test results conducted by Hashemzadeh were utilized. Hashem-
zadeh joined two 4-mm thick plates using a welding process at a 
speed of 6.25 mm/s. Figure 2 displays the geometric specifications 
and boundary conditions of the laboratory sample. The mechani-
cal-thermal properties of ASTM A36 steel are outlined in Table 1. 
To perform numerical simulations, a sequential analysis method 
was employed. Initially, dynamic thermal analysis was conducted, 
followed by transforming the thermal elements into structural el-
ements, with the results of the thermal analysis serving as loads 
for the structural analysis. For the thermal analysis, the 3D Solid70 
element was used, and for the structural analysis, the 3D Solid185 
element was employed. To simulate the nonlinear behavior of steel, 
considering both yield and isotropic hardening, Von Mises yield cri-
teria [36] were taken into account. The convective coefficient, plate 
temperature, and ambient temperature were all assumed to be 25 
°C. To simulate the welding process in the thermal analysis, birth 
and death elements were used. The welding was performed as a 
single-pass weld at a speed of 6.25 mm/s with a temperature of 
1500°C.

Figure 2: The geometric specifications of the experimental model and the boundary conditions.
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Table 1: Temperature-dependent material properties, ASTM A36.

T (°C) C(J/kg°C) K(W/m°C) a(μm/m°C) σy (MPa) E(GPa) υ

20 450 51 11.2 380 210 0.3001

100 475 50 11.8 340 195 0.3095

210 530 49 12.4 320 195 0.3115

330 560 46 13.1 262 185 0.331

420 630 41 13.6 190 168 0.338

540 720 38 14.1 145 118 0.3575

660 830 34 14.6 75 52 0.3738

780 910 28 14.6 40 12 0.3738

985 1055 25 14.6 38 11.8 0.4015

1320 2000 32 14.6 28 10.4 0.4738

1420 2100 42 14.6 25 10.2 0.4999

15000 2150 42 14.6 20 10 0.4999

In Figure 3a & 3b, a representation of thermal analysis and lon-
gitudinal distortion in the numerical model is depicted. Figure 3c 
shows a temperature chart at a distance of 10 mm from the weld 
line in both the numerical and laboratory models, demonstrating 
that the thermal simulation results exhibit a good match with ex-
perimental results. In Figure 3d, the deformation values at the end 

of the welding process are illustrated for the numerical and labora-
tory models, indicating that the numerical results have an accept-
able level of accuracy. Figure 3d displays the distribution of residual 
stresses across the width of the plate. Neglecting residual stresses 
in calculations can lead to premature component failures.

 Figure 3(a): Applying thermal loads at various stages.

Figure 3(b): Measuring plate curvature at the end of the analysis.
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Figure 3(c): Comparing numerical and experimental results of heat distribution.

Figure 3(d): Comparing experimental and numerical results of plate deformation.

Figure 3(e): Distribution of residual stresses in the cross-section of the plate.

Results

In this section, an examination was conducted on the longitudi-
nal distortion resulting from welding in steel plates. A plate with di-

mensions of 500 x 300 millimeters and mechanical-thermal prop-
erties as specified in Table 1 was considered. To account for the 
effect of thickness and welding speed, plate thickness ranged from 
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1mm to 7mm with a 1mm increment, welding speeds varied from 
1mm/s to 3 mm/s with a 0.25 mm/s increment, and from 3 mm/s 
to 10 mm/s with a 0.50 mm/s increment. In Figure 4, the impact of 
welding speed on the heat distribution at a distance of 10 mm from 
the weld line is illustrated. As welding speed increases, the maxi-
mum temperature decreases because less heat flux is introduced 
to each part, resulting in a reduction in the maximum temperature. 
Considering that the heat distribution in welding on plates depends 

on thickness and welding speed, Figure 5 illustrates the maximum 
temperature at a distance of 10 mm from the weld line based on 
thickness and welding speed. As evident from the graph, reducing 
the plate thickness leads to a decrease in the maximum tempera-
ture, although this reduction is not significantly pronounced. Ad-
ditionally, as welding speed increases, the maximum temperature 
decreases. In contrast to the effect of thickness, the welding speed 
parameter has a substantial impact on the maximum temperature.
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Figure 4: The temperature distribution chart at various speeds with constant thicknesses (a)1mm (b)2mm (c)3mm (d)4mm (e)5mm (f)6mm 
(g)7mm.

Figure 5: The influence of thickness and welding speed on the temperature distribution at a distance of 10 millimeters from the weld line.

Increasing welding speed can reduce changes in the volume of 
metal, thereby affecting the resulting strains. It’s important to note 
that in reality, extremely low or extremely high welding speeds are 
not feasible. Very low speeds can result in inadequate fusion of the 
welding filler material, while very high speeds can prevent the fill-
er material from fully filling the weld seam. In the next section, we 
will examine the impact of welding speed on longitudinal distortion 

resulting from welding. Imagine a welded joint, specifically the part 
where the weld was made and the area just behind it. This region 
gets squeezed because it’s surrounded by the stiff, cold material 
of the base metal. This squeezing is balanced by pulling forces on 
both sides of the squeezed area along the rest of the metal. As the 
welding torch moves away and this squeezed region cools down, 
the stress situation changes. Now, instead of being squeezed, the 
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region experiences pulling forces, while the rest of the metal is un-
der compression. If the metal in the plate can’t effectively withstand 
these pulling forces, it will shrink lengthwise. In practical terms, we 
usually estimate that for every 3 meters of weld, fillet welds typi-
cally shrink by about 0.8mm, and butt welds shrink by about 3mm. 
Over time, scientists and experts have tried to create equations to 

predict this type of distortion more accurately, but these equations 
haven’t proven to be very precise. In the Figure 6, the results of fi-
nite element analysis of numerical models with varying thickness 
and welding speed are presented. It is evident that an increase in 
welding speed leads to a reduction in longitudinal distortions.

Figure 6: The results of finite element for longitudinal distortion while considering welding speed and thickness.

Based on numerical simulations and prior studies, it is clear 
that as welding speed goes up, the longitudinal distortion tends to 
decrease. This happens because when the welding speed is higher, 
the input energy required for welding decreases. This net

w

UIQ η
ν=

input energy is determined by factors like arc voltage (U), arc 

current (I), welding speed (vw), and the efficiency coefficient (η). 
Through sensitivity analysis, it was determined that the tendon 
force parameter is inversely related to the welding speed following 
an exponential distribution. Therefore, the longitudinal distortion 
is calculated according to the equation (27).
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The coefficient of determination (R2) value of 0.989 indicates a 
strong correlation between the finite element models and the equa-
tion (27). As observed in Figure 7, the equation (27) exhibits a good 
fit with the reference experimental results [37]. The comparison in 
Table 2 between the results of the equation (27) and the results of 
past equations and experimental [37] data shows that the provided 

equation aligns well with the experimental results. Based on Table 
2, the equations proposed by researchers in the past significantly 
differ from the experimental results and underestimate the longi-
tudinal distortions. However, the equation (27), derived from finite 
element analysis results, exhibits an acceptable level of accuracy 
with a 10% error compared to the experimental data.
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Table 2: Comparison of Longitudinal Distortion Prediction to Experimental Data and Previously Calculated Longitudinal Distortions.

Thickness 2mm 2.5mm 3mm Average

Welding Speed (mm / s) 11.67 16.67 21.67 11.67 16.67 21.67 11.67 16.67 21.67 Error %

Rule of Thumb 0.35 0.35 0.35 0.35 0.35 0.35 0.35 0.35 0.35 -23.59

Okerblom [25] 0.225 0.158 0.121 0.18 0.126 0.097 0.15 0.105 0.081 -73.46

Okerblom Wells [34] 0.122 0.065 0.035 0.084 0.039 0.015 0.059 0.021 0.001 -92.33

Horst Pflug [35] 0.331 0.319 0.306 0.289 0.277 0.264 0.268 0.26 0.252 -39.45

White et al. [26] 0.153 0.107 0.083 0.123 0.086 0.068 0.102 0.072 0.055 -81.84

Experimental [37] 0.97 0.66 0.39 0.82 0.53 0.32 0.61 0.4 0.24 -

Current study 1.03 0.69 0.46 0.82 0.55 0.37 0.68 0.46 0.31 11.52

Figure 7: Comparison between experimental [37] and numerical results.

Conclusions

In this study, longitudinal distortion was investigated 
considering the variables of welding speed and steel plate 
thickness. In general, as each of these two variables increases, the 
magnitude of longitudinal distortion decreases. The maximum 
longitudinal distortion occurs at the weld line and decreases 
as you move away from the weld line. To examine longitudinal 
distortion, first, the numerical model results were validated 
against experimental results. Then, plate thickness ranging from 1 
millimeter to 7 millimeters and welding speeds from 1 millimeter 
to 10 millimeters per second were considered as variables. 
According to the finite element analysis results, a relationship with 
an R2=0.989 was proposed. This provided equation demonstrated 
a good match with the experimental results. The average error of 
the proposed equation with respect to the experimental results 
was 11.5%, while previous equations had errors as high as 92%. 
It appears that considering all types of distortions would lead to 

better predictions.

References
1.	 Sedighi M, M Honarpisheh (2012) Experimental study of through-depth 

residual stress in explosive welded Al–Cu–Al multilayer. Materials & 
Design 37: 577-581. 

2.	 Fronczek D (2018) Residual stresses distribution, correlated with 
bending tests, within explosively welded Ti gr. 2/A1050 bimetals. 
Materials Characterization 144: 461-468. 

3.	 Hensel J (2018) Welding residual stresses as needed for the prediction 
of fatigue crack propagation and fatigue strength. Engineering Fracture 
Mechanics 198: 123-141. 

4.	 Hibbitt HD, PV Marcal (1973) A numerical, thermo-mechanical model 
for the welding and subsequent loading of a fabricated structure. 
Computers & Structures 3(5): 1145-1174. 

5.	 Ning Xu M, U Yukio, M Hidekazu, M Hideaki (1995) FEM Analysis of 3-D 
Welding Residual Stresses and Angular Distortion in T-type Fillet Welds 
(Mechanics, Strength & Structural Design). Transactions of JWRI 24(2): 
115-122. 

http://dx.doi.org/10.33552/CTCSE.2024.10.000745
https://www.researchgate.net/publication/241086382_Experimental_study_of_through-depth_residual_stress_in_explosive_welded_Al-Cu-Al_multilayer
https://www.researchgate.net/publication/241086382_Experimental_study_of_through-depth_residual_stress_in_explosive_welded_Al-Cu-Al_multilayer
https://www.researchgate.net/publication/241086382_Experimental_study_of_through-depth_residual_stress_in_explosive_welded_Al-Cu-Al_multilayer
https://www.researchgate.net/publication/326788427_Residual_stresses_distribution_correlated_with_bending_tests_within_explosively_welded_Ti_gr_2A1050_bimetals
https://www.researchgate.net/publication/326788427_Residual_stresses_distribution_correlated_with_bending_tests_within_explosively_welded_Ti_gr_2A1050_bimetals
https://www.researchgate.net/publication/326788427_Residual_stresses_distribution_correlated_with_bending_tests_within_explosively_welded_Ti_gr_2A1050_bimetals
https://www.sciencedirect.com/science/article/abs/pii/S0013794417303326
https://www.sciencedirect.com/science/article/abs/pii/S0013794417303326
https://www.sciencedirect.com/science/article/abs/pii/S0013794417303326
https://www.sciencedirect.com/science/article/abs/pii/0045794973900436
https://www.sciencedirect.com/science/article/abs/pii/0045794973900436
https://www.sciencedirect.com/science/article/abs/pii/0045794973900436
https://cir.nii.ac.jp/crid/1572543027162414976
https://cir.nii.ac.jp/crid/1572543027162414976
https://cir.nii.ac.jp/crid/1572543027162414976
https://cir.nii.ac.jp/crid/1572543027162414976


Citation: Mahsa Mojirleylani, Ali Permanoon*, Nima Khorami and Sina Ganjimorad. Enhancing Predictive Models for Longitudinal 
Welding Distortion in Thin Plates. Cur Trends Civil & Struct Eng. 10(4): 2024. CTCSE.MS.ID.000745. 
DOI: 10.33552/CTCSE.2024.10.000745.

Current Trends in Civil & Structural Engineering                                                                                                              Volume 10-Issue 4

Page 15 of 15

6.	 Tsui T, W Oliver, G Pharr (1996) Influences of stress on the measurement 
of mechanical properties using nanoindentation: Part I. Experimental 
studies in an aluminum alloy. Journal of Materials Research 11(3): 752-
759. 

7.	 Bolshakov A, W Oliver, G Pharr (1996) Influences of stress on the 
measurement of mechanical properties using nanoindentation: Part II. 
Finite element simulations. Journal of Materials Research 11(3): 760-
768. 

8.	 Michaleris P, A DeBiccari (1997) Prediction of welding distortion. 
Welding Journal-Including Welding Research Supplement 76(4): 172. 

9.	 Andersson B, L Karlsson (1981) Thermal stresses in large butt-welded 
plates. Journal of Thermal Stresses 4(3-4): 491-500. 

10.	Andersson B (1978) Thermal stresses in a submerged-arc welded joint 
considering phase transformations. 

11.	Gery DH Long, P Maropoulos (2005) Effects of welding speed, energy 
input and heat source distribution on temperature variations in butt 
joint welding. Journal of materials processing technology 167(2-3): 393-
401. 

12.	Tongne A, M Jahazi, E Feulvarch, C Desrayaud (2015) Banded structures 
in friction stir welded Al alloys. Journal of materials processing 
technology 221: 269-278. 

13.	Kumar R (2023) Experimental and numerical study on the distribution 
of temperature field and residual stress in a multi-pass welded tube joint 
of Inconel 617 alloy. International Journal of Pressure Vessels and Piping 
206: 105034. 

14.	Zhang G (2023) Simulation of temperature field and residual stress in 
high-power laser self-melting welding process of CLF-1 steel medium-
thick plate. Fusion Engineering and Design 195: 113936. 

15.	Yu D (2023) Impact of process parameters on temperature and residual 
stress distribution of X80 pipe girth welds. International Journal of 
Pressure Vessels and Piping 203: 104939. 

16.	Ji W, P Zhang, K Luo (2022) Investigation of welding temperature field 
and residual stresses of corrugated steel web girders. in Structures. 
Elsevier. 

17.	Peel M, A Steuwer, M Preuss, P Withers (2003) Microstructure, 
mechanical properties and residual stresses as a function of welding 
speed in aluminium AA5083 friction stir welds. Acta materialia 51(16): 
4791-4801. 

18.	Zhang X (2019) Effects of welding speed on the multiscale residual 
stresses in friction stir welded metal matrix composites. Journal of 
Materials Science & Technology 35(5): 824-832. 

19.	Ravisankar A, SK Velaga, G Rajput, S Venugopal (2014) Influence of 
welding speed and power on residual stress during gas tungsten arc 
welding (GTAW) of thin sections with constant heat input: A study 
using numerical simulation and experimental validation. Journal of 
Manufacturing Processes 16(2): 200-211. 

20.	Liang R, Y Luo, Z Li (2018) The effect of humping on residual stress and 
distortion in high-speed laser welding using coupled CFD-FEM model. 
Optics & Laser Technology 104: 201-205. 

21.	Long H, D Gery, A Carlier, P Maropoulos (2009) Prediction of welding 
distortion in butt joint of thin plates. Materials & Design 30(10): 4126-
4135. 

22.	Tekgoz M, Y Garbatov, C Guedes Soares (2013) Ultimate strength 
assessment of a stiffened plate accounting for welding sequences. in 
Proceedings of the 11th International Symposium on Practical Design of 
Ships and other Floating Structures, Changwon City, Korea, CECO.

23.	Tekgoz M, Y Garbatov, CG Soares (2014) Strength assessment of a 
stiffened panel based on the modified stress curve approach, in Maritime 
Technology and Engineering, CRC Press. pp. 521-530.

24.	Connor LP (1987) Heat Flow in Welding, in Welding Handbook, Springer. 
pp. 65-87.

25.	Okerblom N, V Matskevich, N Bazilevskii, L Ronson (1958) The 
calculations of deformations of welded metal structures. 

26.	White J (1980) Weld shrinkage prediction. Welding and Metal 
Fabrication. 1980: 587-596.

27.	Blodgett OW (1966) Design of welded structures, The James F. Lincoln 
Arc Welding Foundation.

28.	Chen BQ, M Hashemzadeh, C Guedes Soares (2014) Numerical analysis 
of the effects of weld parameters on distortions and residual stresses 
in butt welded steel plates. Developments in maritime transportation 
and exploitation of sea resources. C Guedes Soares, F Lopes Peña (Eds.) 
Taylor & Francis Group, UK pp. 309-320. 

29.	Chen BQ, M Hashemzadeh, C Guedes Soares (2014) Numerical and 
experimental studies on temperature and distortion patterns in butt-
welded plates. The International Journal of Advanced Manufacturing 
Technology 72: 1121-1131. 

30.	Chen B, M Hashemzadeh, Y Garbatov, C Guedes Soares (2015) Numerical 
and parametric modeling and analysis of weld-induced residual stresses. 
International Journal of Mechanics and Materials in Design 11: 439-453. 

31.	Hensel J, T Nitschke-Pagel, K Dilger (2016) Effects of residual stresses 
and compressive mean stresses on the fatigue strength of longitudinal 
fillet-welded gussets. Welding in the World 60: 267-281. 

32.	Nikolaev G, S Kurkin, V Vinokurov (1971) Calculation, design and 
fabrication of welded structures. Vysshaya Shkola, Moscow, Russia.

33.	Verhaeghe G (1999) Predictive formulae for weld distortion: a critical 
review.

34.	Wells A (1952) Heat flow in welding. JAWS 31: 263.

35.	Horst P (1956) Welding distortions, especially by deep penetration 
electrodes. Schweisen und Schneiden (4): 15-122.

36.	Mises RV (1913) Mechanics of solid bodies in the plastic-deformable 
state. News from the Society of Sciences in Göttingen, Mathematical-
Physical Class 1913: 582-592. 

37.	O’Brien RW (2007) Predicting weld distortion in the design of 
automotive components. Durham University. 

http://dx.doi.org/10.33552/CTCSE.2024.10.000745
https://link.springer.com/article/10.1557/JMR.1996.0091
https://link.springer.com/article/10.1557/JMR.1996.0091
https://link.springer.com/article/10.1557/JMR.1996.0091
https://link.springer.com/article/10.1557/JMR.1996.0091
https://link.springer.com/article/10.1557/JMR.1996.0092
https://link.springer.com/article/10.1557/JMR.1996.0092
https://link.springer.com/article/10.1557/JMR.1996.0092
https://link.springer.com/article/10.1557/JMR.1996.0092
https://canteach.candu.org/Content%20Library/20053410.pdf
https://canteach.candu.org/Content%20Library/20053410.pdf
https://www.researchgate.net/publication/266591347_Thermal_Stress_Analysis_in_Butt_Welded_Thick_Wall_Cylinder
https://www.researchgate.net/publication/266591347_Thermal_Stress_Analysis_in_Butt_Welded_Thick_Wall_Cylinder
https://asmedigitalcollection.asme.org/materialstechnology/article-abstract/100/4/356/394426/Thermal-Stresses-in-a-Submerged-Arc-Welded-Joint?redirectedFrom=fulltext
https://asmedigitalcollection.asme.org/materialstechnology/article-abstract/100/4/356/394426/Thermal-Stresses-in-a-Submerged-Arc-Welded-Joint?redirectedFrom=fulltext
https://www.researchgate.net/publication/223113472_Effects_of_welding_speed_energy_input_and_heat_source_distribution_on_temperature_variations_in_butt_joint_welding
https://www.researchgate.net/publication/223113472_Effects_of_welding_speed_energy_input_and_heat_source_distribution_on_temperature_variations_in_butt_joint_welding
https://www.researchgate.net/publication/223113472_Effects_of_welding_speed_energy_input_and_heat_source_distribution_on_temperature_variations_in_butt_joint_welding
https://www.researchgate.net/publication/223113472_Effects_of_welding_speed_energy_input_and_heat_source_distribution_on_temperature_variations_in_butt_joint_welding
https://www.researchgate.net/publication/272681468_Banded_Structures_in_Friction_Stir_Welded_Al_Alloys
https://www.researchgate.net/publication/272681468_Banded_Structures_in_Friction_Stir_Welded_Al_Alloys
https://www.researchgate.net/publication/272681468_Banded_Structures_in_Friction_Stir_Welded_Al_Alloys
https://www.sciencedirect.com/science/article/abs/pii/S0308016123001515
https://www.sciencedirect.com/science/article/abs/pii/S0308016123001515
https://www.sciencedirect.com/science/article/abs/pii/S0308016123001515
https://www.sciencedirect.com/science/article/abs/pii/S0308016123001515
https://www.researchgate.net/publication/374355572_Simulation_of_temperature_field_and_residual_stress_in_high-power_laser_self-melting_welding_process_of_CLF-1_steel_medium-thick_plate
https://www.researchgate.net/publication/374355572_Simulation_of_temperature_field_and_residual_stress_in_high-power_laser_self-melting_welding_process_of_CLF-1_steel_medium-thick_plate
https://www.researchgate.net/publication/374355572_Simulation_of_temperature_field_and_residual_stress_in_high-power_laser_self-melting_welding_process_of_CLF-1_steel_medium-thick_plate
https://www.researchgate.net/publication/369074145_Impact_of_process_parameters_on_temperature_and_residual_stress_distribution_of_X80_pipe_girth_welds
https://www.researchgate.net/publication/369074145_Impact_of_process_parameters_on_temperature_and_residual_stress_distribution_of_X80_pipe_girth_welds
https://www.researchgate.net/publication/369074145_Impact_of_process_parameters_on_temperature_and_residual_stress_distribution_of_X80_pipe_girth_welds
https://www.researchgate.net/publication/363006350_Investigation_of_welding_temperature_field_and_residual_stresses_of_corrugated_steel_web_girders
https://www.researchgate.net/publication/363006350_Investigation_of_welding_temperature_field_and_residual_stresses_of_corrugated_steel_web_girders
https://www.researchgate.net/publication/363006350_Investigation_of_welding_temperature_field_and_residual_stresses_of_corrugated_steel_web_girders
https://www.researchgate.net/publication/222861300_Microstructure_mechanical_properties_and_residual_stresses_as_a_function_of_welding_speed_in_aluminium_AA5083_friction_stir_welds
https://www.researchgate.net/publication/222861300_Microstructure_mechanical_properties_and_residual_stresses_as_a_function_of_welding_speed_in_aluminium_AA5083_friction_stir_welds
https://www.researchgate.net/publication/222861300_Microstructure_mechanical_properties_and_residual_stresses_as_a_function_of_welding_speed_in_aluminium_AA5083_friction_stir_welds
https://www.researchgate.net/publication/222861300_Microstructure_mechanical_properties_and_residual_stresses_as_a_function_of_welding_speed_in_aluminium_AA5083_friction_stir_welds
https://www.researchgate.net/publication/328974417_Effects_of_welding_speed_on_the_multiscale_residual_stresses_in_friction_stir_welded_metal_matrix_composites
https://www.researchgate.net/publication/328974417_Effects_of_welding_speed_on_the_multiscale_residual_stresses_in_friction_stir_welded_metal_matrix_composites
https://www.researchgate.net/publication/328974417_Effects_of_welding_speed_on_the_multiscale_residual_stresses_in_friction_stir_welded_metal_matrix_composites
https://www.researchgate.net/publication/260043322_Influence_of_welding_speed_and_power_on_residual_stress_during_gas_tungsten_arc_welding_GTAW_of_thin_sections_with_constant_heat_input_A_study_using_numerical_simulation_and_experimental_validation
https://www.researchgate.net/publication/260043322_Influence_of_welding_speed_and_power_on_residual_stress_during_gas_tungsten_arc_welding_GTAW_of_thin_sections_with_constant_heat_input_A_study_using_numerical_simulation_and_experimental_validation
https://www.researchgate.net/publication/260043322_Influence_of_welding_speed_and_power_on_residual_stress_during_gas_tungsten_arc_welding_GTAW_of_thin_sections_with_constant_heat_input_A_study_using_numerical_simulation_and_experimental_validation
https://www.researchgate.net/publication/260043322_Influence_of_welding_speed_and_power_on_residual_stress_during_gas_tungsten_arc_welding_GTAW_of_thin_sections_with_constant_heat_input_A_study_using_numerical_simulation_and_experimental_validation
https://www.researchgate.net/publication/260043322_Influence_of_welding_speed_and_power_on_residual_stress_during_gas_tungsten_arc_welding_GTAW_of_thin_sections_with_constant_heat_input_A_study_using_numerical_simulation_and_experimental_validation
https://www.researchgate.net/publication/326742979_The_effect_of_humping_on_residual_stress_and_distortion_in_high-speed_laser_welding_using_coupled_CFD-FEM_model
https://www.researchgate.net/publication/326742979_The_effect_of_humping_on_residual_stress_and_distortion_in_high-speed_laser_welding_using_coupled_CFD-FEM_model
https://www.researchgate.net/publication/326742979_The_effect_of_humping_on_residual_stress_and_distortion_in_high-speed_laser_welding_using_coupled_CFD-FEM_model
https://www.researchgate.net/profile/Hui-Long-4/publication/223599155_Prediction_of_welding_distortion_in_butt_joint_of_thin_plates/links/5cda907892851c4eab9d964a/Prediction-of-welding-distortion-in-butt-joint-of-thin-plates.pdf
https://www.researchgate.net/profile/Hui-Long-4/publication/223599155_Prediction_of_welding_distortion_in_butt_joint_of_thin_plates/links/5cda907892851c4eab9d964a/Prediction-of-welding-distortion-in-butt-joint-of-thin-plates.pdf
https://www.researchgate.net/profile/Hui-Long-4/publication/223599155_Prediction_of_welding_distortion_in_butt_joint_of_thin_plates/links/5cda907892851c4eab9d964a/Prediction-of-welding-distortion-in-butt-joint-of-thin-plates.pdf
https://www.researchgate.net/publication/263085913_Ultimate_Strength_Assessment_of_a_Stiffened_Plate_Accounting_for_Welding_Sequences
https://www.researchgate.net/publication/263085913_Ultimate_Strength_Assessment_of_a_Stiffened_Plate_Accounting_for_Welding_Sequences
https://www.researchgate.net/publication/263085913_Ultimate_Strength_Assessment_of_a_Stiffened_Plate_Accounting_for_Welding_Sequences
https://www.researchgate.net/publication/263085913_Ultimate_Strength_Assessment_of_a_Stiffened_Plate_Accounting_for_Welding_Sequences
https://www.taylorfrancis.com/chapters/edit/10.1201/b17494-56/strength-assessment-stiffened-panel-based-modified-stress-curve-approach-tekgoz-garbatov-guedes-soares
https://www.taylorfrancis.com/chapters/edit/10.1201/b17494-56/strength-assessment-stiffened-panel-based-modified-stress-curve-approach-tekgoz-garbatov-guedes-soares
https://www.taylorfrancis.com/chapters/edit/10.1201/b17494-56/strength-assessment-stiffened-panel-based-modified-stress-curve-approach-tekgoz-garbatov-guedes-soares
https://link.springer.com/chapter/10.1007/978-94-010-9506-8_3
https://link.springer.com/chapter/10.1007/978-94-010-9506-8_3
https://catalogue.nla.gov.au/catalog/2951213
https://catalogue.nla.gov.au/catalog/2951213
https://apps.dtic.mil/sti/tr/pdf/ADA457049.pdf
https://apps.dtic.mil/sti/tr/pdf/ADA457049.pdf
https://www.jflf.org/ProductDetails.asp?ProductCode=DWS
https://www.jflf.org/ProductDetails.asp?ProductCode=DWS
https://www.researchgate.net/publication/265334897_Numerical_analysis_of_the_effects_of_weld_parameters_on_distortions_and_residual_stresses_in_butt_welded_steel_plates
https://www.researchgate.net/publication/265334897_Numerical_analysis_of_the_effects_of_weld_parameters_on_distortions_and_residual_stresses_in_butt_welded_steel_plates
https://www.researchgate.net/publication/265334897_Numerical_analysis_of_the_effects_of_weld_parameters_on_distortions_and_residual_stresses_in_butt_welded_steel_plates
https://www.researchgate.net/publication/265334897_Numerical_analysis_of_the_effects_of_weld_parameters_on_distortions_and_residual_stresses_in_butt_welded_steel_plates
https://www.researchgate.net/publication/265334897_Numerical_analysis_of_the_effects_of_weld_parameters_on_distortions_and_residual_stresses_in_butt_welded_steel_plates
https://www.researchgate.net/publication/262790002_Numerical_and_experimental_studies_on_temperature_and_distortion_patterns_in_butt-welded_plates
https://www.researchgate.net/publication/262790002_Numerical_and_experimental_studies_on_temperature_and_distortion_patterns_in_butt-welded_plates
https://www.researchgate.net/publication/262790002_Numerical_and_experimental_studies_on_temperature_and_distortion_patterns_in_butt-welded_plates
https://www.researchgate.net/publication/262790002_Numerical_and_experimental_studies_on_temperature_and_distortion_patterns_in_butt-welded_plates
https://www.researchgate.net/publication/269573433_Numerical_and_parametric_modeling_and_analysis_of_weld-induced_residual_stresses
https://www.researchgate.net/publication/269573433_Numerical_and_parametric_modeling_and_analysis_of_weld-induced_residual_stresses
https://www.researchgate.net/publication/269573433_Numerical_and_parametric_modeling_and_analysis_of_weld-induced_residual_stresses
https://www.researchgate.net/publication/290477048_Effects_of_residual_stresses_and_compressive_mean_stresses_on_the_fatigue_strength_of_longitudinal_fillet-welded_gussets
https://www.researchgate.net/publication/290477048_Effects_of_residual_stresses_and_compressive_mean_stresses_on_the_fatigue_strength_of_longitudinal_fillet-welded_gussets
https://www.researchgate.net/publication/290477048_Effects_of_residual_stresses_and_compressive_mean_stresses_on_the_fatigue_strength_of_longitudinal_fillet-welded_gussets
https://patonpublishinghouse.com/tpwj/pdf/2003/tpwj200310all.pdf
https://patonpublishinghouse.com/tpwj/pdf/2003/tpwj200310all.pdf
https://www.twi-global.com/what-we-do/research-and-technology/research-programmes/core-research-programme/report-abstracts/predictive-formulae-for-weld-distortion-a-critical-review-641-1998
https://www.twi-global.com/what-we-do/research-and-technology/research-programmes/core-research-programme/report-abstracts/predictive-formulae-for-weld-distortion-a-critical-review-641-1998
https://canteach.candu.org/Content%20Library/20053427.pdf
https://www.neo-classical-physics.info/uploads/3/0/6/5/3065888/von_mises_-_plastic_deformation.pdf
https://www.neo-classical-physics.info/uploads/3/0/6/5/3065888/von_mises_-_plastic_deformation.pdf
https://www.neo-classical-physics.info/uploads/3/0/6/5/3065888/von_mises_-_plastic_deformation.pdf
https://etheses.dur.ac.uk/2462/1/2462_473.pdf
https://etheses.dur.ac.uk/2462/1/2462_473.pdf

	_Hlk157939186
	_Hlk159346687
	_Hlk157939482
	_Hlk157939503
	_Hlk157939600
	_Hlk159346847
	_Hlk159346817
	_Hlk157939611
	_Hlk157941266
	_Hlk157941283
	_Hlk157941300
	_Hlk159347019
	_Hlk157941348
	_Hlk157941707
	_Hlk159347030
	_Hlk157941365
	_Hlk159347042
	_Hlk157941721
	_Hlk157941731
	_Hlk157941739
	_Hlk157941790
	_Hlk157941811
	_Hlk159347231
	_Hlk157941848
	_Hlk157941870
	_Hlk159347261
	_Hlk157941889
	_Hlk157941916
	_Hlk159347302
	_Hlk157941948
	_Hlk159347311
	_Hlk159347322
	_Hlk157941955
	_Hlk157941987
	_Hlk157942034
	_Hlk157942048
	_Hlk159347357
	_Hlk157942056
	MTBlankEqn
	_Hlk157942084
	_Hlk159347426
	_Hlk157942100
	_Hlk159347452
	_Hlk159347457
	_Hlk157942119
	_Hlk159347478
	_Hlk159347486
	_Hlk157942131
	_Hlk159347531
	_Hlk159347537
	_Hlk157942146
	_Hlk159347551
	_Hlk159347572
	_Hlk157942191
	_Hlk159347616
	_Hlk157942384
	_Hlk157942422
	_Hlk157942475
	_Hlk157942500
	_Hlk157942512
	_Hlk157942524
	_Hlk157942552
	_Hlk157942570
	_Hlk157942599
	_Hlk157942626
	_Hlk157942808
	_Hlk157943068
	_Hlk157943546
	_Hlk157943674
	_Hlk157943694

