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Introduction
Subsea pipelines are externally loaded by a constant source of 

hydrostatic pressure. Local buckling can occur at pressures much 
lower than that required for critical buckling (Pcr), and after one 
region has been compromised, the zone of damage may begin to  

 
expand along the length of the pipe leading to eventual collapse of 
the pipeline [1,2]. During buckling and the ensuing propagation of 
damage, significant changes are found to occur in the cross section 
of the pipe geometry. An analysis of post-buckling behavior prior to 
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E Young’s modulus of elasticity L Length of specimen pipe 

E0 Strain hardening modulus t Pipe wall thickness

Pco Collapse pressure D Pipe outer diameter

Pcr Critical buckling pressure D/t Diameter-to-thickness ratio of pipe

Ppr Buckle propagation pressure L/t   Total length-to-diameter ratio of pipe

Pi Initial pressure  x, y, z         Coordinates

Pe             External pressure Δ0            Imperfection amplitude, Δ0 = (Dmax-Dmin)/ (Dmax + Dmin)

V0      Initial internal volume of pipe ε                 Strain

σy                        Yield stress υ                 Poisson’s ratio

σH Radial stress of the pipe α                Strain hardening parameter

σL Longitudinal stress of the pipe RF              Reaction Force 

σeq Von Mises equivalent stress u                                         Transformation displacement in radial direction

Nomenclature
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total collapse should be considered in order to better understand 
the gradual failure mechanisms of these structures in both the 
radial as well as longitudinal directions [3-6]. As depicted in Figure 
1, the phenomenon of buckling tends to flatten the pipeline in cross 
section locally, while propagation of this damage longitudinally may 
be characterized by three zones: the near-end buckled and far-end 
unbuckled regions, and a transition of pipe length between the two 
(Figure 1). After buckling initiation, damage propagation reaches a  
steady state for which the external hydrostatic pressure is constant. 
Buckling propagation stops when the external hydrostatic pressure 
is lower than the buckle propagation pressure [7]. According to 
the elastic stability theory, deformation of pipeline occurs in two 
stages: pre-buckling and post-buckling [8]. Research has shown 

that in loads lower than the buckling load, deformation of pipeline 
is based on a stable pre-buckling path [9,10,12]. As pressure 
increases, the pipeline section starts to develop plastic hinges and 
then begins to fail. With the continual increase in pressure, the 
pipeline undergoes further deformation in the radial direction until 
the onset of pipeline buckling at a certain external pressure, i.e. the 
critical buckling load Pcr. Beyond this point, the pipeline behavior 
is described by the post-buckling path, which may be unstable for 
pipelines with elasto-plastic materials. The pipeline deformation 
diagram is portrayed in Figure 2 Illustrated in Figure 3 is also the 
development of yield lines with buckling propagation along the 
pipeline section (Figure 2 & 3).

Figure 1: Shape of deformation caused by local buckling and its propagation.

Figure 2: Elastic, elasto-plastic, and plastic behaviors of the 
pipeline [11].

Figure 3: Development of yield lines with buckling propagation 
during the post-buckling stage [11].

Behavior of pipelines in response to external pressure has been 
the subject of numerous studies, which have shown that length 
of the pipe and ratio of its diameter to the wall thickness play a 
decisive role in the pipe’s resistance against buckling. According to 
Bresse [13], the stability of pipelines under hydrostatic pressure as 
based on small deflection theory, the critical buckling pressure Pcr 

can be obtained using the following equation: 

 
3

3
cr

EIp
R

=
                           

                                                                                                  (1)

In Eq. (1), R is the pipeline radius, E is the Young’s modulus of 
elasticity of the pipeline material and I is the moment of inertia of 

the pipeline cross-section. A similar formula has been developed by 
Bryan [14], i.e. Eq. (2), for a freestanding long pipeline subjected to 
hydrostatic pressure. The difference between Bryan’s and Bresse’s 
formulae is the replacement of E with E/(1-ν2). This accounts for 
plane strain conditions in computing the buckling pressure of 
infinitely long pipes.
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In the above equation, D is the mean diameter of the pipeline, 
E is the Young’s modulus of elasticity of the pipeline material, t is 
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the mean thickness of the pipe wall, and ν is Poisson’s ratio. The 
first research introducing the buckling propagation in pipelines 
was the work of Mesloh et al. [15] followed closely by Palmer and 
Martin’s study [16]. In the latter study, it was claimed that the 
propagation pressure can be determined using the strain energy of 
the collapsed cross-section of the pipe with an equation proposed 
for this purpose. In this research, the experimental values obtained 
with low diameter-to-thickness ratios (D⁄t) were greater than the 
predicted results. This issue is expected in deep water conditions 
considering the effects of plastic deformation [7]. The studies of 
Johns et al. & Mesloh et al. [1,15], took an experimental approach 
to this subject and determined the adequacy of different arrestor 
geometries for stopping the buckling propagation. These studies 
resulted in the empirical formula of propagation pressure Ppr based 
on diameter, thickness, and yield stress (σY).

              

2.526pr Y
tp

D
σ  =  

                              
(3)

Palmer & Martin [16] proposed the following formula for 
predicting the buckling propagation pressure in pipelines Ppr. This 
equation is based on the assumption that the material is rigid and 
perfectly plastic. In their model, four plastic hinges govern the 
collapse mechanism during buckling propagation based on an 
energy balance.
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Barlow’s formula [17], i.e. Eq. (5), is used for calculating the 
hoop stress in thin-walled cylinders with D0/t>20, in which D0 is 
the outer diameter and t is the wall thickness.

                                   0( )
2
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= 	  (5)

Where, Pi is the internal pressure and Pe is the external pressure 
applied on the pipe as shown in Figure 4, and Hσ  is the hoop stress 
in this equation. It is noted that the use of this equation is limited to 
thin-walled pipes [18]. 

Internal and external pressures induce hoop stress, which 
results in expansion of the pipe’s circular cross-section. On this 
basis, while studying the fully- or partially-anchored pipelines, 
one can expect to observe the Poisson effect, i.e. the expansion 
or compression of material in one direction due to an external 
force which entails compression or expansion reaction in the 
other direction [19,20]. Thus, because of the Poisson effect, the 
hoop stress in an anchored pipeline creates longitudinal stress. 
Pressure-induced longitudinal stresses in an anchored pipeline can 
be obtained from the following equation:

        
0( ).

2
i e
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σ ν σ ν −
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(6)

Von Mises equivalent stress eqσ  can be determined using Eq. 
(7) by considering the hoop and longitudinal stresses discussed 
above.

        2 2.eq H H L Lσ σ σ σ σ= − +              (7)

Local buckling occurs when the pipe undergoes localized 
deformations which involves only a small portion of the pipeline. 
This buckling mode occurs when the pipe wall thickness is relatively 
small compared to the pipe diameter. The pressure that can trigger 
local buckling, which is also known as buckle initiation pressure 
(Pi), is normally lower than the collapse pressure and has been 
the subject of several investigations. Shell Development Company 
has provided the following empirical equation for calculating the 
buckle initiation pressure. Eq. (8) shows that reducing the pipe 
wall thickness results in reduced buckle initiation pressure and 
increases the chance of unexpected local buckling in the weakened 
sections [21-23].
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Figure 4: Internal and external pressures applied on the pipe.

Figure 5: Ovalling of the pipe cross-section.

The amount of deformation (ovalling) of the pipe cross-section 
relative to its initial round shape may be quantified using Eq. (9). In 
this equation, f0 denotes the cross-section deformation and Dmax and 
Dmin are the maximum and minimum diameters of the deformed 
pipe as illustrated in Figure 5 (Figures 4,5).

    
max min

0 100
a

D Df
D ν

−
= ×

                       
(9)

One effective method to determine the buckle propagation 
pressure in offshore pipelines is the numerical simulation. In a study 
by Jensen [24], comparison of theoretical and numerical results 
obtained for propagation pressure in a long circular cylindrical shell 
based on thin shell theory and small strain approximation as well 
as different elastic-plastic material descriptions showed that the 
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results closest to the experimental values are the ones obtained with 
J2 flow theory [25]. Dyau & Kyriakides [26] performed a systematic 
review on the experimental data regarding the propagation 
pressure in the pipes and introduced a numerical model based on 
the Sander’s nonlinear shell kinematics with small strains and large 
displacements. In a study by Pasqualino & Estefen [15,27], the thin 
shell theory proposed by Sanders [28] was used to develop a 3D 
model based on finite strains and finite displacements. In the next 
step, this model was used to obtain an estimate for propagation 
pressure of Deepwater pipelines. They reported a good agreement 
between the numerical and experimental results obtained for six 
small-scale steel pipes with diameter-to-thickness ratios of 16, 21, 
and 24. In another study reported by Xue & Hoo Fatt [29], steady-
state buckle propagation in a corroded pipeline under external 
hydrostatic pressure was examined using rigid-plastic theoretical 
analysis and finite element analysis with ABAQUS. The results of 
this study showed that depth and angular extent of the corrosion 
are determining factors of buckle propagation pressure and 
buckling mode. Moreover, the studies performed Kyriakides [30] 
and Kyriakides & Vogler [31] focused on the buckle propagation 
in pipe-in-pipe systems subjected to external pressure. These 
studies followed both experimental and analytical approaches and 
resulted in an empirical formula for propagation pressure as well 
as design recommendations. Some researchers have conducted 

comprehensive research on the buckling of pipelines have been 
studied [32-34]. In this paper, the buckling behavior of pipes 
with different diameter-to-thickness ratios, subjected to external 
hydrostatic pressure is investigated to gain a better understanding 
of stability performance of pipelines. In addition to theoretical 
investigations, some numerical models with different geometrical 
properties as well as imperfections and boundary conditions 
are developed using the finite element software, ABAQUS [35]. 
Furthermore, a 3D finite element model of a steel pipe is developed 
using ABAQUS in order to simulate the buckle propagation. Finally, 
the numerical results of this study are evaluated and compared 
with the results available in the literature.

Geometrical and Material Properties of Considered 
Pipes

In this study, four new specimens with the geometry similar to 
that of specimens used in previous research were developed. The 
resulting eight specimens were then divided into two groups based 
on the status of boundary condition. The geometry of pipeline 
developed with two simple supports is shown in Figure 6. The 
geometric properties assumed for the specimens are given in Table 
1. The specimens are labeled as PE-X-Y, where the number replacing 
X represents the specimen diameter D (mm) and the number 
replacing Y is the specimen thickness t (mm) (Table 1).

Table 1: Geometry of pipe models.

Parameter
Pipe Model

PE100-1 PE100-2 PE100-4 PE100-5         PE200-2 PE200-4 PE200-8 PE200-10

 L (mm) 3000 3000 3000 3000 3000 3000 3000 3000

 D (mm) 100 100 100 100 200 200 200 200

 t (mm) 1 2 4 5 2 4 8 10

(L/ D) ratio 30 30 30 30 15 15 15 15

(D /t) ratio 100 50 25 20 100 50 25 20

For these the modulus of elasticity analyses, set to 2.06E5 MPa 
and the Poisson’s ratio, ν, is 0.3 and the yield stress of the metal 

is selected as 488 MPa; the stress-strain curve of this material is 
shown in Figure 7 (Figures 6,7).

Figure 6: Geometry of pipe models.

Finite Element Modeling Details
In this part of the study, the ABAQUS was used to simulate the 

loading, collapse and buckle propagation of models. We modeled, 
a 3 m axisymmetric pipe span with material nonlinearities 

emulating the hardening and residual stresses due to damage. The 
longitudinal symmetric boundary conditions used for both ends of 
the pipe restricted longitudinal extension (along z-axis) and out-
of-plane bending (about x and y axes). Table 1 provides the pipe 
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geometric and material specifications [36,37] and Figure 7 shows 
the stress–strain curve of the material in [35,36]. The modeling of 
the pipe span was performed with 4-noded S4R quadrilateral shell 
elements. These elements have a reduced integration and finite 

strain kinematics, which allows 5 integration points to be placed 
across the shell thickness, and are not dominated by in-plane 
bending, shown in Figure 8 [35].

Figure 7: Stress-strain curve of material.

Figure 8: Typical finite element model of pipe.

Figure 9: Buckling modes resulting from buckling analysis for steel pipe specimens.

The study examines the effect of diameter-to-thickness ratio 
on stress, strain, reaction force and displacement at the midspan of 
the pipeline to assess the shell buckling of this cylindrical structure. 
The nonlinear response was obtained with the nonlinear analysis 
based on modified Riks’ approach [38]. Through this analysis, 
determine the maximum values of stress, strain, reaction force 
and displacement at the two ends and midspan of the pipeline. In 
this analysis, geometrical non-linearity has been incorporated as 
previously described. This analysis also determines the critical load 
in the point at the peak of load-shortening curve [35,39]. In ABAQUS, 
buckling of a pipe subjected to external hydrostatic pressure can 
be analyzed through two methods: Eigenvalue (or Linear) Buckling 

Analysis, and Nonlinear Buckling Analysis. The former method 
ignores the nonlinear effects, so its results are usually inaccurate, 
but it is very useful for identification of buckling modes and is 
therefore used in this study for this purpose. Nonlinear buckling 
analysis is the most accurate method for determining the buckling 
capacity. In this study, first a linear static analysis was conducted 
on the pipeline with the described geometry and material 
properties and subjected to uniform external pressure to obtain the 
stress stiffness matrix. Then an eigenvalue buckling analysis was 
performed to obtain the buckling modes and the corresponding 
critical loads [38,40]. In the buckling analysis, the first buckling 
mode is usually the dominant one. The first buckling mode of the 
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pipe, which is shown in Figure 9, is in fact the deformation in the 
actual pipe after propagation of buckling (Figure 9). 

Buckling critical pressure was obtained based on the first mode 
obtained with this analysis. The results show that, as expected, local 
buckling of pipelines (like other thin-walled structures) is governed 
mainly by their nonlinear behaviors and those analyses that ignore 
this issue produce essentially inapplicable solutions [37,40].

Numerical Results

The numerical results obtained on the effects of diameter-to-
thickness ratio on the stress, strain, reaction force, and displacement 
along the radius of the pipe subjected to hydrostatic pressure and 
modeled with clamped boundary conditions are summarized in 
Table 2

Table 2: Summary of results on the effects of diameter-to-thickness ratio.

d/t Model t (mm) Point Stress (MPa) Strain (ε) RF (N) u (mm)

100

PE100-1 1

Initial 18.2186 1.73E-05 522.118 0

Middle 33.0109 6.19E-05 0 0.872245

End 34.5319 0.000158 451.005 0

PE200-2 2

Initial 26.9523 1.92E-06 189.313 0

Middle 21.3621 1.68E-06 0 0.552575

End 39.5363 9.40E-06 117.913 0

50

PE100-2 2

Initial 17.1479 1.40E-05 1054.39 0

Middle 59.3339 6.05E-05 0 0.870284

End 61.4327 0.000296 898.072 0

PE200-4 4

Initial 26.2693 1.52E-06 428.185 0

Middle 44.0827 2.15E-06 0 0.56999

End 78.6114 8.46E-06 214.527 0

25

PE100-4 4

Initial 18.97706 1.35E-05 2118.99 0

Middle 50.261 0.000245 0 0.699205

End 51.9866 2.87E-05 0.421215 0

PE200-8 8

Initial 20.4178 0.000104 8996.4 0

Middle 62.2032 0.000302 0 0.89086

End 65.8203 0.000129 6841.5 0

20

PE100-5 5

Initial 19.6492 1.47E-05 2697.62 0

Middle 62.875 0.000307 0 0.691024

End 65.8852 2.84E-05 15.0739 0

PE200-10 10

Initial 21.6041 6.13E-06 11311 0

Middle 74.6349 0.000108 0 0.889291

End 78.7847 0.000387 8528.44 0

Figure 10: Effect of diameter-to-thickness ratio on stress.
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These results are best to be compared in plots, as graphical 
representation of the results allows the comparison to be made 
visually and thereby facilitates the interpretation. Therefore, the 

results of Table 2 are also plotted in Figures 10-13 to simplify the 
comparison of the effect of diameter-to-thickness ratio on stress, 
strain, reaction force and displacement (Figures 10-13).

Figure 11: Effect of diameter-to-thickness ratio on strain.

Figure 12: Effect of diameter-to-thickness ratio on reaction force.

Figure 13: Effect of diameter-to-thickness ratio on displacement at the midspan of the pipe.
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The large deflection collapse behavior of the pipeline model 
was also investigated. Figure 14 shows this behavior of this 3D 
model in response to external pressure (Figure 14).

Figure 14: The large deflection collapses of the pipeline in 
response to external pressure.

Discussion and Conclusion
The aim of this paper was to assess the effect of diameter-

to-thickness ratio on the pipeline exposed to external pressure. 
This study found that maximum stress and strain are key values 
for large deflection analysis and prediction of the pressure in 
externally pressurized long pipelines. The major results of this 
study can be summarized as follows: As the collapse mode number 
(n) increases, so does the collapse pressure. According to presented 
discussions and previous studies, the major factors affecting the 
failure load are the environmental conditions (type of loading and 
load history), geometry of the pipe (diameter to thickness ratio; 
D/t), mechanical properties of the pipe material, and presence of 
initial geometric imperfections. This study found that for a constant 
diameter to thickness ratio (D/t), a pipe having a higher diameter 
and thickness can sustain 10 to 22 percent greater loads at its ends, 
which implies the direct effect of diameter and thickness on the 
stress induced in the pipe. Generally, a reduction in D/t leads to a 
reduction in the local collapse pressure of the pipe. Local buckling 
in a pipe can propagate along its length and leads to the collapse 
of pipeline. Buckle propagation is an inelastic failure which starts 
with a local lateral buckling and develops along the pipe length 
rendering it unusable. Depending on the external pressure on the 
pipe, buckle propagation occurs in pressures between the collapse 
pressure and propagation pressure. In pressures lower than the 
propagation pressure, buckling remains local and does not expand. 
5 percent ovalling of the pipe cross-section reduces the buckle 
initiation pressure by 4 percent. Buckle propagation pressure of a 
pipe is far lower than its collapse pressure, in other words, buckling 
propagates at pressures as low as 20 to 25 percent of the collapse 
pressure.
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