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Abstract

In this work, we show how the rheology of granular suspensions can be related to the properties of the fluctuations of the velocity field inside
the medium. In particular, effective Navier-Stokes equations in the different flow regimes are constructed and compared to an actual geophysical
model that was so far purely phenomenological. Then, it is shown that a direct cascade of kinetic energy is present when the flow becomes turbulent,
but with a scaling law that is quantitatively very different from that of usual Newtonian fluids.

Introduction

Since the seminal work of the Groupe de Recherche sur les Mi-
lieux Divis’es [1], the laws of rheology of granular matter in dense
flows have been established in a form that still constitutes today
the standard in the field. More precisely, it has been successfully
shown that granular fluids divide into two classes of materials [2]:
the dilute granular gases that are mostly found in astrophysical sys-
tems, and a distinct state, called the granular liquid, characterised
by packing fractions bigger than 40% and that obeys the flow rules
exhibited in [1] with remarkable universality. Indeed, the flow rules
are largely independent on the mono dispersity of the granular
packing, the form of its grains and their relative microscopic fric-
tion coefficient for example. This last property is crucial as a theory
of the behavior of the granular liquid explaining the experimental
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results from first principles remained elusive for nearly 20 more
years. To the best of our knowledge, the bases of such a theory were
first laid down by Kranz et al. in [3], and then completed into a full
consistent theory in successive studies [4-7]. This model, called the
Granular Integration Through Transients model, or GITT, (after the
Integration Through Transients method built by Fuchs and Cates
[8-10]) has shown a remarkable quantitative agreement with ex-
perimental data [5,11,12].

These studies confirmed the result first shown by De Giuili et al.
[13,14] that the liquid state of granular matter - note that we refer
here to states rather than phases of matter because granular sys-
tems are always out of equilibrium-does not extend up to the sol-
id state; before the system effectively coalesces, it enters a regime
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controlled by the interparticle friction that represents only a few
percents in terms of packing fraction, but has drastic consequences
as it entirely sets the values of the critical exponents at the jamming
transition for example. This is the regime referred to as quasistat-
ic in part of the literature. Going further, more recent studies have
tried to establish a parallel between the fluctuations in granular
flows and those observed in turbulent flows of Newtonian fluids in
the form of a cascade picture of kinetic energy spectrum repartition
in the Fourier space similar to that exhibited by Kolmogorov in the
early 1940’s [15-17]. The point of such models is to better under-
stand how energy is shared between the fluctuation modes at dif-
ferent scales and thus enter in greater detail into the mechanisms
at the basis of the observed macroscopic rheology. Unfortunately,
there are, to the best of our knowledge, no experimental study of
granular turbulence, and the numerical studies give so far results
that are a bit difficult to properly interpret:

a. In two dimensions, there have been several studies since the
seminal paper of Radjai and Roux [18]: [19-22], but they lead
to different exponents for the cascade power laws, that are
nonetheless not necessarily exclusive with each other given
the difficulty of obtaining statistics of sufficiently good quality;

b. Inthree dimensions there is to the best of our knowledge only
one study, [21], but for the same reasons as in 2D, it is quite
difficult to assess the quality of the predicted exponent. For all
the above reasons, this topic can be considered to stand only at
its early stage of study.

In a recent work [23], we made a first attempt at building a the-
oretical model of fluctuations in a driven dry granular liquid. While
qualitative arguments point out to a power law for the decay of the
energy spectrum compatible with the numerical results [21], and
thus different from the usual Kolmogorov exponent observed in
Newtonian fluids, our study revealed that the symmetry breaking
leading to this result is quite subtle, and more work is required for
the model to yield solid conclusions. It is also noteworthy that the
predicted exponent in that case, 3/2=1.5, is numerically quite close
to the Kolmogorov exponent 5/3=1.67, so that very good quality
data is required to be able to distinguish one exponent from the
other without ambiguity. The short review above only concerns dry
granular flows however. In the case where granular particles are in
suspension in a viscous liquid, which is typically the case when a dry
soil becomes wetted by heavy rain for example, much less is known.
For starters, even though attempts at founding an analogous law
for the rheology of granular suspensions have been proposed-the
most convincingly connected to experiments being in our opin-
ion [24]-there is nowadays still no consensus on this matter (see
[25] and references therein). An explanation of this situation has
been proposed in [6]: the fact that a very simple yet efficient law of
rheology has been found so easily in the dry case is an “accident”
linked to the fact that most of the experiments are conducted in a
particular regime of motion, called the Bagnold regime. When the
particular conditions giving the Bagnold equation are not met, the
laws of rheology are modified, and one more dimensionless num-
ber is needed for a proper description of the rheology. In granular
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suspensions, the typical experimental setup is not in the Bagnold
flow regime, so that the two dimensionless numbers are almost al-
ways needed [6]. Yet, if we agree to set aside the one dimensionless
number constraint, the laws of rheology can be expressed in simple
terms and in a common way in dry granular liquids and granular
suspensions thanks to the GITT model [6,7]. However, in contrast to
the dry case, the GITT model still misses an experimental validation
in granular suspensions to solidly prove its validity.

In the following article, we propose to explore the question
of how the presence of a viscous liquid surrounding the granular
particles influences the properties of its flow. This situation typi-
cally corresponds to the case of a soil that, by getting wetted, gets
different flow properties, what can lead to catastrophic events like
landslides and mud flows. Obviously, such events cannot be pre-
dicted exactly, but by giving a view on how the granular suspen-
sion responds to stress in contrast to its dry counterpart in a model
based on first principles, we aim at helping improve the models that
can predict how such events evolve through time. In particular, our
study will yield two strong predictions that can be matched to con-
crete experiments:

a. First, we are going to show that the GITT model can help
understand why the usual laws of dry granular liquids fail
to describe some debris flow, and that its predictions are in
agreement with phenomenological laws already used by the
volcanology community;

b. Second, we are going to examine the cascade argument of von
Weizs acker [26] to predict how fluctuations lead to the forma-
tion of a robust direct energy cascade (in three dimensions)
with a power law exponent of 3, quantitatively very different
from that known for Newtonian liquids, or presumed for dry
granular liquids.

This paper is organised as follows: the first section is a reminder
of the most important properties of the rheology and flow of gran-
ular liquids, that can also be helpful as a dictionary to bridge the
gap between the different communities interested in our problem.
Then, we are going to show how the GITT predictions can be im-
plemented in an effective Navier-Stokes equation. This formulation
will be helpful to examine depth-averaged models used to calibrate
and predict debris and pyroclastic flows. The next section is dedi-
cated to the study of the fluctuations of the velocity field, which is
connected to the cascade of energy argument. Finally, we conclude.

Flowing Properties of Granular Liquids

In this section, we briefly recall the main properties of granular
flow rheology without entering into the complexity of the underly-
ing models. For a complete derivation of the equations below, the
interested reader is referred to the original paper [6].

Rheology of dry granular liquids

The rheology of granular matter in the liquid state depends on
two parameters: the packing fraction ¢, and the shear rate y'. The
flow is governed by two equations: a dynamical equation (which
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takes the form of a Mori- Zwanzig equation in the GITT model) that
we chose not to discuss explicitly here for sake of simplicity since it
will not really influence our discussion, and the power conservation
equation which takes the following form:

oy =P+ pl' 0T D

where o is the shear stress, thus the term on the left-hand side
corresponds to shear heating, is a generic term encompassing all
possible sources of energy injection or dissipation other than shear
heating and dissipation by collisions, p is the mass density of the
system, [, is a term quantifying the power dissipated in a single
collision event, if € is the restitution coefficient of the granular par-
ticle, I', = (1 £%) /3 is generally a good estimate, w_is the collision fre-
quency; its value can be estimated from the value computed from
Chapman-Enskog models of granular gases @, = 24(0;(‘17I NT /7w, X
being the value of the pair correlation function at contact (quanti-
fying the probability that two particles collide at a given packing
fraction) and d the diameter of a granular particle, and finally, T
is the granular temperature, defined from the second moment of
the velocity fluctuation distribution. As a consequence, it is a purely
kinetic, rather than thermodynamic, temperature.

Despite the many terms described above, Eq. (1) is a simple
power budget equation. In most experiments on dry granular lig-
uids, = 0. For example, in a chute, or a rotating drum experiment,
gravity enters the power balance equation as a source of shear, and
collisions are the only source of dissipation. In such cases, where
the only source of energy injection is shear heating and the only
source of energy dissipation is collisions (that is, # = 0), Eq. (1)
takes a particular form called the Bagnold equation. Understand-
ing this last point is key to understanding a lot of peculiarities of
granular flows compared to other kind of fluids. Indeed, in a colloi-
dal suspension for example, such an equilibrium never exists. Also,
putting p =0 in the power budget equation reduces the number of
available degrees of freedom by one, with drastic consequences, as
we are going to discuss below.

Before entering into more details into the laws of rheology, let
us also present the three time scales that govern its behavior: the
macroscopic time scale t,= 1/y’ called the advection time scale, the
time scale separating two collision events 7, =d+/p/ P, where P is
the pressure in the granular liquid, called the free fall time scale,
which can also be understood in a simpler way by the property
lya 1/ @, with a proportionality co-efficient of order 1 [6], and
finally a time scale of the mesoscopic collective motion t, that can
be built from the effective diffusion coefficient D_, of a granular
particle in the fluid as t. = d*/D .. At low packing fractions, the col-
lision events are rare enough for collective motions to be reduced
to clusters of the order of one particle so that #. = tff, but as the
medium becomes denser, this equation does not hold anymore
and the two time scales decouple, until the so-called granular glass
transition is reached and D,,, —+0,s0 that - = 0.1In our GITT
model, the granular glass transition takes place for ¢ 0.585, but
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the quantitative predictions of this model for the values of limiting
packing fractions can be quite different from the experimental ones
and only the order of magnitude is important here (see [5] for a
detailed discussion).

Putting all of this together, the GITT model predicts three dif-
ferent flow regimes for granular liquids (in agreement with exper-
iment):

a. At low packing fractions and low shear rate, that is
t, >t .=t , the liquid is in a Newtonian regime. This regime is
characterised by a constitutive relation of the type:

o=Vy )

where the constant v is called the viscosity of the liquid. Hence,
the granular liquid under these conditions behaves as an ordinary
Newtonian liquid.

b. At similar shear rates, but above the granular glass tran-
sition, the liquid enters the yielding regime. In terms of time scales,
because D,,, diverges, the mesoscopic and microscopic time
scales now decouple. However, the shear rate is still low at the scale

of the collision events: ty > tff = 0. In this regime,

o= O'y 3)
where o, is a material dependent constant. The behavior of the
system is that of a yielding fluid: if it is submitted to a stress o <
o,, it is not put into motion, that is, the system does not flow. Note
that below the granular glass transition, the viscosity coefficient is
linked to the yield stress by the relation v =t o,

c.  Finally, when the Bagnold equation holds, a new con-
straint is added on the system. Typically, from the above, we can
deduce that T a (o y")*"?
granular glass transition V@0, @ T, the relation between ¢ and y°

.Since o, a T, or equivalently below the

is modified. Rearranging the terms, we now get:

(7=B}/2 @)

where B is called the Bagnold coefficient.

A few comments are in order here. First, the GITT model has a
smooth elastic limit (¢ — 1), however since in this limit the colli-
sions do not dissipate energy anymore, the Bagnold equation can-
not hold and only the two first flowing regimes are found in elastic
systems such as colloidal suspensions for example (this property is
enforced by the fact that I’y - 0 when ¢ = 1).

Second, as discussed in the introduction, typical experiments
on granular liquids naturally occur in the Bagnold regime. But in
this regime, either 7. = tf I (below the granular glass transition),
or ¢. =0 (above the transition). Hence, the whole range of packing
fractions can entirely be described by one dimensionless number,
called the inertial number] =t /tf. This greatly simplifies the
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possible forms of the constitutive laws, that can be reduced to o (I)
. However, the importance of the third time scale, ¢ is hidden by the
Bagnold constraint. If we allow other mechanisms for energy injec-
tion or dissipation, like a fluidizing force on the granular particles,
then the Bagnold equilibrium is broken, and another dimensionless
number, the Weissenberg number IJ; = t /zy is needed, so that the
more general form of the laws of rheology is actually O'(I, Wi) . This
prediction of the GITT model has been successfully tested against
experiments in [12].

The case of granular suspensions

If one has correctly grasped how the rheology is set for dry gran-
ular liquids, going to granular suspensions is fairly easy. Indeed, the
only difference between the two systems concerns what occurs at
the microscopic scale between two collision events: is the motion
of particles that of free falling particles in a pressure field, or that
of particles in a viscous medium? In the second case, the time-scale
for the microscopic motion is t, =1, / P (up to some coefficient of
order 1 fixed by Darcy’s law [27] that we chose to keep equal to 1 as
is usual in the literature), where 77, is the viscosity of the solvent. If
tﬂ < tff, the particles do not really show any big modification of
their motion due to the presence of the viscous solvent, and the case
of dry granular liquids is recovered. If #, >> 7, . on the other hand,
the microscopic motion of particles is given by the effect of viscous
drag, and the particles enter the granular suspension regime.

Now, the strength of the analysis performed in the previous
subsection is that what happens at the mesoscopic and macroscop-
ic scales is similar in the dry and the suspension cases. Hence, the
rheology is governed by two more time scales which are still t, and
t, with the same definitions as in the dry case. The different flow
regimes are thus:

a. The Newtonian regime: >t =1 In this regime, the
constitutive relation takes the form:

o=V, Yy (5)

where v a1, andisthus strongly influenced by the value of the
viscosity of the solvent. The prefactor still contains material-depen-
dent coefficient though because the relation v, =#.0, a 77,0,
holds (the general framework from which the constitutive relations
are derived is unchanged, only the value of the microscopic time
scale is modified).

b.  Theyielding regime: £, >, ,¢r =0

O':O'}, 6)

The behavior of a yielding fluid is recovered. Note that o, does
not explicitly depend on the viscosity of the solvent.

c.  The Bagnold regime: 1, <t

oc=By’ )
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The derivation of this equation is made exactly in the same way
as in the dry granular case. There is, however, one major difference
between the Bagnold regime in both cases: while a typical experi-
ment on a dry granular liquid will automatically take place in the
Bagnold regime, in granular suspensions, by definition, the Stokes
drag force is also present as a source of dissipation, so that the Bag-
nold equilibrium does not hold, and typical experiments take place
outside of this regime.

In terms of dimensional numbers, if we build 3=¢,/¢,, the
constitutive relation now takes the generic form O'(S, Wi). Hence,
a typical experimental setup for granular suspensions is sensitive
to the two dimensionless numbers, in contrast to the case of dry
granular liquids in which one of them can generally be dropped
without problem. This is, in our opinion, why attempts to build a
unified frame- work for granular suspensions has failed so far. An-
other remark of importance is that, following the reasoning above,
there is only one limit in which the Bagnold regime is observable in
granular suspensions, that is when the collective effects and advec-
tion completely wash out all the traces of the effect of drag on the
microscopic motion of particles. This happens at very high packing
fractions, and interestingly, the expression of the shear stress as a
function of the shear rate matches those of the equivalent dry sys-
tem [27, 28].

The whole discussion above can be summarized as follows:
the constitutive relations for granular suspensions have the same
functional form as those of dry granular liquids, but with different
dependence of the coefficients on the intrinsic properties of the
system (typically the viscosity of the solvent). Both formulations
match in the Bagnold limit, that can be reached in the suspension
case only when the collisions are sufficiently numerous so that the
Stokes drag term in the power balance equation be- comes negligi-
ble compared to the dissipation by collision term.

The Effective Navier-Stokes Equation

In this section, we are going to explore the consequences of the
previously exposed constitutive relations on the modification of
the momentum conservation equation of the granular fluid, that is
build an effective Navier-Stokes equation that captures their com-
plex liquid behavior.

The viscosity tensor in the GITT model

The GITT model does not only provide constitutive relations in
the form of expressions of the shear stress in terms of the various
time scales involved in the problem, it allows one to derive the full
viscosity tensor Aaﬂgﬂ linking the stress tensor to the symmetrised
velocity gradient K, = (6,11)5 +0,40, ) :

<Gaﬂ >(y.> - <Gaﬁ' >(O) *+ Ao (7 4 )Kou ®

In this equation, the averages <> are ensemble averages that
allow to construct quantities at the macroscopic scale, the average
<_>(0) is an average taken in an equivalent, fictitious, quiescent (un-
sheared) liquid at the same temperature that the liquid under study
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- this last step requires a fluidizing process to balance the dissipa-
tion by collisions, for more details about this procedure, the reader
is referred to the original paper [4].

The first term in Eq. (8() is nothing but the pressure contribu-

tion to the stress tensor: O-i/’ = —Pé;/ .

Then, the GITT framework is based on the mode-coupling the-
ory [29]. Without entering details that would carry us too far apart
from our discussion, let us sum up by saying that the mode-cou-
pling equations link the dynamics of system to its internal struc-
ture, characterized by two functions:

a. The static structure factor Sy defined from the Fourier
trar:form of the particle distribution function P, by Sq = < o, P7q>
,an

b. The (normalised) dynamical structure factor
( ) < ( ) ( )>/Sq. From these two functions, we can

bullt the followmg combinations:

s, =T[8,-S;]

9)

Defining the advected wave vector as ¢,(f) =(J,; + K, 1)q;,
the different coefficients of the viscosity tensor are defined as fol-

lows:
J. J‘ 1+8 ()q ¥ AZ
1287 Pt 6q (- )T
3 l+¢ X AY e
2P_J. dtI 252 q—)(t) 6(]( )T
. l+e AT
BX—I Rap 125? D ( )W
l+¢& gAY’
"=l el 28] q‘)(t)30q(—t)Tt
l+¢ gAY
I j o2 qf)(t) . 4
2§, 30q( t)T (10)
They are combined in the following way:
Aopor ==2B5 1 +BIS, oy +BIX g, + B Yo, + B Y, (11

as functions of the tensors built by combining all possible prod-
ucts of Kronecker symbols and symmetrised velocity gradients:

55+55+55

aﬁ&v av™ po (12)

And
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Yoo, =26 ) +K 05, +K ;6,0 +K, 6, +K 6,

apov apfov pvab
2
Yaﬂﬁv = §aﬁK9iKiv + KaHKﬂv + KavKﬂH

(13)

Expressed in this way, the viscosity tensor is a very complex
object to manipulate. However, when building effective models,
there is one key component that can be used to simplify a lot its
use: the wave vector and the time are integrated upon. Taking the
wave number as an example, it means that however complicated
the integrand is (there is to the best of our knowledge no good
analytical approximant of the static structure factor in the liquid
state), the B} coefficients are just constants and can be treated as
such in an effective equation. The question of the time dependence
is more delicate since the function ®(t) shows a very sharp decay
that effectively cuts of the time integral at a value that depends on

the time scales t t,t and t, (this is actually how they enter the

ff’
constitutive equations) and that depends on the flow regime under

consideration.

From GITT to an effective Navier-Stokes equation

In the following subsection, we are going to discuss how to
generate effective Navier-Stokes equations for non-Newtonian flu-
ids. Given that the aim of this paper is not to delve into the techni-
cal details of the derivation in order to advocate the GITT model
across communities, we will pass on the demonstration of some
of our claims to reach directly to the results. First, it is important
to understand that the viscosity tensor given in Eq. (11) is a fully
non-perturbative, non polynomial function of y". While this could
be interesting for some applications like the computation of yield
surfaces of granular materials for example [30], it is not the most
efficient way to use it in effective models.

Indeed, if we think of the Navier-Stokes equation as a functional
equation of the form

8tua+uﬂ8ﬂ( )= 9,0, [](14)

then the problem can be reduced to finding an expansion of ¢
[v] in powers of v and its derivatives that is of low enough order
to be as simple as possible, and yet complex enough to allow a de-
scription of the whole phenomenology.

Let us take a concrete example. If we cut the expansion of ¢ at
the lowest order in powers of v and its derivatives, then only B
contributes to the viscosity tensor. Moreover, we have to treat B
as a constant, that is, neglect the further dependence on gradients
of v that arise from its full expression. In this case, the term be-
comes
2BJ0°v, =vo’v
X a a (15)
that is, we recover the usual Navier-Stokes equation for Newto-
nian fluids (in its incompressible version).

The further terms in the decomposition will incorporate more
and more effects from the fluctuations of the velocity field (that is
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the deviation from the mean flow). In order to properly account for
the fluctuations, the most appropriate tool is the renormalisation
group. Again, in order not to get too technical here, we are going to
restrict to a sketch of the argument. In the renormalisation group
framework, once a stable solution of the equations is identified
(like the Newtonian solution with Kolmogorov-like fluctuations in
this case), there is a way to get a hint at whether further terms in
the expansion in powers of v and its derivative can drive us away
from the stable solution which is called the naive power counting
argument. The full power counting analysis of the effective Navi-
er-Stokes equation when o is modelled by GITT has been performed

BP

00, 4000, =0, (P +v 0 (0,) + [ 8,00 40,0, 02 0) [+ 20,000 + 000, )0° (1) + 20,0,0,02,(v,)]

2

This equation is a priori the simplest effective model that takes
into account the modifications of the constitutive equation in the
Bagnold regime. Note that the Newtonian term is still present, al-
though it is expected that once the Bagnold regime is reached, the
strong velocity fluctuations will make the following terms domi-
nate over it.

Finally, let us discuss the yielding regime. In this regime, the
decay of the two-point density correlation function ®(t) is caused
by the forced advection of the particles by the shear flow, that is, we
have ®(t) = exp (—(}/'l‘)2 /;/cz) [6], where y_is a typical strain scale
of the material. Plugging it back into the expressions of the B* co-
efficients, we get very roughly:

Jry,

BS = a’texp(—(y't)2 /7’3) x A=A4——
27 an

where A is a constant coming from the k integral. A similar pro-
cedure can be applied to the other coefficients.

The conclusion of this analysis is that this time, Bj ~ 7/"1 , which
is qualitatively very different from the Newtonian case. Plugging
this back into the expression of the viscosity tensor, we get a dom-
inant contribution in the yielding regime that is independent of y
(or x), that is a constant friction term. While such a term would
contribute only to the computation of the mean flow and not the
fluctuations around it, it is very much noteworthy as it dominates
over all the other terms (unless the velocity fluctuations are so
large that the Navier-Stokes basis of the equation does not make
sense anymore). The successive terms in the expansion are then
the same as those exhibited for the Bagnold regime. Transforming
itinto an effective model in the yielding regime only requires to add
the constant friction term. Note that constant here means constant
with respect to the velocity gradient k, local heterogeneities are still
allowed, what ensures that the derivative of the stress tensor term
is a priori non zero.

Application: models of geophysical flows

In this subsection, we are going to put the above formalism in
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in [23] and yields a rather unusual result: none of the further terms
a priori drive the system away from the Newtonian solution.

This result is quite surprising since in the Bagnold regime, a
different regime of fluctuations has been observed (even though, as
emphasized in the introduction, more work is required to confirm
this scaling law). One answer to the apparent paradox is that the
power counting argument is not fully rigorous, and non-perturba-
tive effects can lead to violations of its conclusions. In this case, the
next-to-leading order corrections, that appear in the Bagnold re-
gime, should take the following form [23]:

o

(16)

application to a concrete case: the modelling of granular flows on the
slopes of volcanoes. The problem is the following: it has been estab-
lished that the laws of rheology generally used to describe granular
flows in laboratory experiments (called frictional or Mohr-Coulomb
in the geophysics community, denominations that we will however
avoid because they can be ambiguous in the context of models in
physics). A purely phenomenological, but very simple law has been
put for- ward by Dade and Huppert [31] in 1998 whereby the stress
term in the Navier-Stokes equation is replaced by a constant term.
Since then, this model has proved to be very useful in various sit-
uation. For example, it has been shown to be better suited that the
usual laws in the modelling of the debris flow on the slopes of the
Socompa volcano in Chile [32-34]. In a slightly different context, it
has proven to be also very useful in the modelling of the runout of
the pyroclastic flow of the 2006 eruptions of the Tungurahua vol-
cano in Ecuador [35]. Let us recap what we have established so far.
Typical experiments on dry granular liquids in laboratory tend to
naturally be in the Bagnold flowing regime, a situation that requires
that the only source of energy injection is shear heating, and the
only source of energy dissipation is collision between the granular
grains. If this particular equilibrium is broken, the system is in the
yielding regime if it is has a high enough density, or in a Newtonian
regime if its density is lower.

The fact that real geophysical flows are not in the Bagnold re-
gime can be easily explained, particularly in extreme events such
as pyroclastic flows: triboelectricity, the presence of water, or ag-
itation by very hot gases trapped in the flowing mass of rocks can
all provide examples of phenomena that can drive the liquid out of
the Bagnold regime. In this case, the laws of rheology are changed.
Given the general density of the debris and pyroclastic flows, we
expect them to be rather in the yielding than in the Newtonian re-
gime. As a further argument in this direction, let us provide a simple
explanation of how a model such as that of Dade and Huppert can
arise in our context. Let us consider a mass of geophysical liquid
on a cell in a typical depth-averaged model of a flow in a numerical
model. At the scale of a single cell, we can consider the mass density
p to be a constant. If we call u the dynamical friction coefficient of
the liquid on the basal layer, and h (x, y) the associated height func-
tion, the total stress on a cell of surface S is:
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o=Lgul ax[ arncx,y)
S (18)

so that the terms appearing in the Navier-Stokes equation are:

0 o=Laul dvn(xY)ando,oc=Lgul dxh(x,y)
. S S (19)

With the final assumption

~ ‘I dXh(X,y)‘
(20)

the Dade and Huppert model is recovered. Note that if the last
assumption does not hold, we just have to take into account two
characteristic stresses in our model, which does not increase its
complexity. As a final note, remark that this model is in full agree-
ment with the predictions of the effective Navier-Stokes equation
obtained from the GITT model in the yielding regime. What this re-
sult tells us is that, when such a model is more successful than the
Bagnold one in describing a geophysical flow, mechanisms beyond
shear heating and dissipation by collisions play an important role
in the physics of the system. Moreover, if the Dade Hup- pert model
is successful, we can also infer that the system is “rather dense”, al-
though such a statement is difficult to make quantitatively as debris
and pyroclastic flows are generally widely polydisperse and the
usual orders of magnitude for the packing fraction of the granular
glass transition surely do not apply here.

Energy Repartition in Granular Suspensions

In this last part, we discuss the properties of the velocity fluctu-
ations and related functions outside of the Bagnold regime.

Effective Navier-Stokes equation

As far as the effective Navier-Stokes equation is concerned, we
are going to discuss only the case of Eq. (16). Indeed, as mentioned
before, the constant term arising in the yielding regime is related
to the mean value of the velocity field, and not to its fluctuations
around its mean. In the following, it should always be understood
that the field v is the fluctuation field from which the background
flow has been subtracted. We are again going to give a sketch of the
arguments without entering too much into the technical details for
this work to be accessible to a larger audience. For more details, the
interested reader is referred to [23]. The fluctuations of the velocity
field are studied within the formalism of the renormalisation group.
In this language, each term of the Navier-Stokes equation gets cor-
rections from the fluctuations of the velocity at all the scales small-
er than the scale at which the system is probed, so that what can be
observed in experiments are only effective macroscopic quantities
corrected by the fluctuations. Then, studying carefully the symme-
tries of the system allows to establish laws that hold at all scales.
One of the main results of the previous study is that the pressure
sector is not renormalised, which means that the pressure term

Citation: Olivier Coquand*. The Effect of Water on Granular Liquid Flows: From Debris to Mud Flows. Adv in Hydro & Meteorol. 3(4): 2026.

AHM.MS.ID.000607. DOI: 10.33552/AHM.2026.03.000607.

in the Navier-Stokes equation is not coupled to the other terms, it
does not receive any corrections from the velocity fluctuations, and
the velocity is not corrected by the pressure fluctuations.

In the case of granular suspensions, we have establlshed ?hﬁt
the viscosity termis replaced by an effective viscosity = ®
. While, for technical reasons, it is expected that, in the Newtonian
regime, v_ as a whole gets corrected exactly in the same way as v
does in the usual Navier-Stokes problem, the interpretation of this
result here differs greatly. Indeed, n_ is a property of the solvent,
and cannot therefore be corrected by the velocity fluctuations of
the granular particles. Hence, the study of the renormalisation of v_
tells us how the pressure is corrected by the velocity fluctuations,
via a link that was absent in the usual Newtonian problem. In the
limit of the Bagnold regime, we expect the other terms to play a
dominant role, which is consistent with the fact that the pictures in
this limit should match for dry granular liquids and granular sus-
pensions.

The energy cascade picture

In Newtonian turbulence, the spectrum of the kinetic energy
abides by a solidly established power law

F(k)~ k™" This power law can be deduced from an argu-
ment referred to as the cascade picture: vortex structures at large
scales give part of their energy to structures at smaller scales, until
a limit, viscosity dependent, microscopic scale is reached, at which
the interaction between the small vortices of different momenta
dissipate energy. The power law can be derived from the property
that the energy dissipation does not depend on the scale at which
it takes place [26]. Let us reproduce this argument in the case of a
granular suspension.

Let us build a series of scales /_, defined by /, = L, L being of the
order of the size of the system, and ln+l /[n =0, with 0<o<1
We then build the typical velocity of a vortex structure of size | -y,

. In an incompressible fluid, the energy dissipated by structurnes ;t
size [, is

S =71, ’CMVI(V)l“‘?]OO v, n (21)

Here lies the crucial difference with the Newtonian case; in
ordinary Newtonian fluids, the viscosity entering the formula is
scale dependent, and its scale dependence, given by Prandtl’s Mis-
schungsweghypothese [36], enters the derivation of the power law.
Here, the viscosity is fixed to that of the solventn_, independent of
the scale under consideration. If we then enforce that the way ener-
gy is dissipated does not depend on scale:

d
S, _o

dn (22)
we get

v, ~1 23)

The kinetic energy E is, by definition, related to its power spec-
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trum F by the following relation:

E(k)=]," F(k"dk' 24

All in all,

I, Fikdk'~k? = F(k)~ k™
(25)

This result is particularly interesting inasmuch as, contrary to
the case of the Bagnold regime, the predicted exponent is quantita-
tively very different from the one predicted in the Newtonian case.
Thus, experiments, or numerical simulations should be able to ver-
ify the pre- dictions of our model in a much easier way.

Conclusion

To conclude, we have in this work extended the formalism
developed previously for the study of dry granular liquids in the
Bagnold regime to the case of granular suspensions. A key to well
understand the importance of this problem is that, unlike their dry
counterpart, granular suspensions are not, in a typical experimen-
tal or natural setup, in the Bagnold regime. Hence, the Newtonian
and yielding regimes, that also exist in dry granular liquids but
are scarcely studied, take a larger importance in this problem. Our
analysis lead us to two key results. First, we provided an effective
Navier-Stokes equation for granular suspensions in all the flowing
regimes that allowed to explain the success of the Dade Huppert
model in the description of pyroclastic and debris flows (it is ex-
pected that dense mud flows obey the same rules). Second, we have
shown that a direct cascade of kinetic energy is present in granu-
lar suspensions in regimes where Stokes drag is the main source of
energy dissipation, and that the corresponding exponent is quali-
tatively very different from that of a Newtonian fluid. This should
ensure that our prediction can be tested easily in experiments or
simulations.
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