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Abstract

Many scientific disciplines—such as medicine (e.g., epidemiology, public health), finance (e.g., risk modeling, option pricing), political science

(e.g., voting behavior, policy impacts), and environmental science (e.g., water resource management, extreme events)—are fundamentally concerned
with the study of non-deterministic systems. In such complex contexts, deductive reasoning often becomes impractical, leaving inductive reasoning
as the primary methodological approach. This is where probability theory, statistics, and the analysis of stochastic processes—collectively referred
to as stochastics—become indispensable. Among the sciences, hydrology and economics (both micro- and macroeconomics) stand out for their
heavy reliance on stochastic methods. These fields are characterized by inherent uncertainty, a focus on extreme events, and a limited ability to
conduct controlled experiments. Consequently, they demand long and diverse data records to a greater extent than most other scientific disciplines.
This shared need has led to a notable exchange of analytical tools and methodologies between the two. This review offers a brief historical account
of this cross-disciplinary exchange and introduces key concepts of stochastics, illustrated with examples relevant to both fields. It concludes with an
overview of the most recent advances, highlighting how machine learning techniques—such as neural networks, LSTMs, transformers, and GANs—

are reshaping modern stochastic modeling and uncertainty analysis in both hydrology and economics.
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Introduction

Most scientific discoveries can be attributed, at least in part, to
serendipity. In the case of stochastics, it was indeed chance thatled to
its inception. Gambling games, with their inherent unpredictability,
played a pivotal role in shaping the early understanding of
uncertainty and inspired the development of methods to study
it. In the 16th century, Gerolamo Cardano was among the first to
explore what we now call stochastics, introducing the concept
of probability—albeit in a rudimentary and empirical form [1].
His work, Liber de Ludo Aleae, was published posthumously in

@ (@  This work is licensed under Creative Commons Attribution 4.0 License | AHM.MS.ID.000556.

1663. Interest in the field grew in subsequent years, drawing the
attention of eminent mathematicians such as Pascal, Fermat,
Huygens, and Bernoulli [2]. Jacob Bernoulli is often credited with
introducing the term stochastics, likely aware of its etymological
roots, which can be traced back to Plato’s Philebus [3]. Surprisingly,
it was not until the 1930s—more than three centuries after
Cardano’s initial conceptualization—that a rigorous mathematical
foundation for probability was established. This was achieved by
Andrey Kolmogorov, who formalized probability theory through
the introduction of the probability space, a foundational construct
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based on a triplet (Q, X, P), called probability space. In this
framework: () is the set whose elements are the elementary events;
Y is the o-algebra on (, i.e., a collection of subsets of Q—an essential
structure for defining a measure; P is the probability measure, a
function that assigns to each set in £ a real number between 0 and
1, with P(Q)=1 [4].

The application of probability theory to real-world phenomena
isrealized through the concept of the random variable (or stochastic
variable), whose definition—both mathematical and intuitive—
can be challenging to grasp. Mathematically, a random variable
is a function that maps elements of the sample space Q to real
numbers [5]. Figure 1 offers a schematic, intuitive representation
of the concepts of a random variable and a stochastic process. A
random variable X can be envisioned as a device that produces
a random number X, with a frequency of appearance equal to
F(x), each time a button is pressed. Extending this concept, a
stochastic process can be conceptualized as a sequence of such
devices—identical in structure if the process is stationary—each
generating a random value at a specific, discrete point in time. The
fundamental characteristics of a random variable are described by
its distribution function, F(x). In the case of stochastic processes, it

is necessary not only to know the individual distribution functions
of the random variables (the same function if stationary) but also,
at minimum, the second-order distribution function, F(x1, x2;
tl, t2), which captures the joint behavior of the process at two
different times. The Kolmogorov’s axiomatic framework laid the
groundwork for modern probability theory and provided a solid
mathematical basis for analyzing stochastic phenomena. Stochastic
modeling approaches in hydrology can be broadly categorized into
three main types:

a. Univariate frequency analysis,
estimation of design values;

used primarily for the

b. Multivariate or conditional modeling, which addresses the
interdependence among multiple stochastic variables; and

c. Stochastic process modeling, aimed at capturing temporal or
spatiotemporal variability.

The key milestones and developments within these three
categories—particularly as they pertain to applications in both
economics and hydrology—are discussed in the following section.

( N
=3
=2
=1
Stochastic variable x Stochastic process x(t)
F(x) = P{x < x} F(xy, x5 ty, £2) = P{x(t,) < x1, X(t2) < x2}
Figure 1: Intuitive representation of the stochastic variable and the stochastic process.
- J
Discussion theoretical distribution.

Univariate frequency analysis

Univariate analysis focuses on problems involving a single
stochastic variable. In both hydrology and economics, numerous
probability distributions—often originally developed with one field
in mind—have found effective application in the other. This cross-
disciplinary utility highlights the shared statistical foundations of
these sciences. A common hidden element in such analyses is the
use of plotting positions, which, though often applied implicitly, are
fundamental to evaluating how well observed data fit a presumed
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The Gumbel distribution—a light-tailed distribution with
neither an upper nor lower bound—was originally developed
in 1941 for modeling extreme values of physical phenomena,
particularly for estimating the probability of natural disasters
such as flood flows [6]. Over time, its usefulness extended beyond
hydrology. In economics, the Gumbel distribution has become a
valuable tool for analyzing extreme macroeconomic events. [t is now
commonly used to estimate the probability of rare but impactful
occurrences, such as unusually high inflation rates or severe drops
in gross domestic product [7].
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The Pareto distribution was first introduced by the Italian
economist Vilfredo Pareto in the late 19th century to describe
the distribution of wealth within a society [8]. It is a heavy-tailed
distribution, reflecting the observation that a small proportion of
the population holds a large proportion of the wealth—an insight
later popularized as the “80/20 rule” Beyond economics, the
Pareto distribution has found meaningful applications in hydrology.
In particular, Papalexiou et al. [9] demonstrated that it provides
improved representation of extreme values in observed daily
rainfall, making it a valuable tool for modeling hydrometeorological
extremes.

In the early 20th century, hydrologists and engineers faced
the challenge of designing infrastructure—such as dams, bridges,
and culverts—to withstand rare but extreme hydrological events,
including floods and intense rainfall. To address this, Hazen [10]
introduced a framework for analyzing the frequency of extreme
floods based on available discharge observations, including
a formula for calculating plotting positions. This method was
later refined by Weibull [11]. Today, plotting positions remain
fundamental tools—not only in hydrology but also in economics.
They are widely used in constructing percentiles and quantile-
quantile (Q-Q) plots [12], evaluating income inequality [13], and
generating empirical cumulative distribution functions such as
Lorenz curves and percentile ranks.

Multivariate / Conditional Modeling

This category encompasses applications involving two or more
random variables, where the focus lies on analyzing either their
joint behavior or conditional relationships. In both hydrology
and economics, such modeling is essential for understanding the
interdependencies among variables, such as rainfall and runoff, or
income and consumption.

In 1959, the concept of a copula was formalized by Abe
Sklar, whose theorem demonstrated that any multivariate joint
distribution can be expressed in terms of its marginal distributions
and a copula that binds them [14]. Copulas began to gain practical
traction in finance in the early 1990s, where they were employed
to model the joint behavior of asset returns—particularly in the
contexts of portfolio risk management and credit risk modeling
[15]. Interest in copulas later expanded into hydrology, where they
have been applied to understand dependence structures between
variables such as temperature and precipitation [16], and to assess
the joint impacts of temperature and precipitation extremes on
crop yields [17].

An essential application of stochastics—ubiquitous across
hydrology, economics, and virtually all data-driven sciences—is
regression analysis. Despite its wide applicability and interpretative
richness, the mathematical formulation of regression is remarkably
straightforward [4]. For a given realization of & equal to x, the
regression estimates the expected value of the dependent variable

¥ through the conditional expectation:

JA’:E[XMZX:I (1)
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In linear regression, Equation (1) is typically assumed to
take the form § = a0 + al x, where a0 and al are the regression
coefficients. In nonlinear regression, the functional form of
Equation (1) is explicitly nonlinear, or alternatively, the data may be
transformed through a linearization technique to enable the use of
linear regression methods.

The range of regression applications in both hydrology and
economics is vast. In economics, the doctoral thesis of Koopmans
in 1937 [18] established foundational principles for applying
regression to time series data, addressing critical issues such as
serial correlation and the identification problem in econometric
modeling. Shortly thereafter, Tinbergen [19] employed statistical
methods and regression analysis to investigate the acceleration
principle, further advancing the integration of stochastics into
economic theory.

Hydrology adopted regression techniques somewhat later.
One of the most prominent applications is in rainfall-runoff
modeling, notably exemplified by the work of Nash and Sutcliffe
in 1970 [20], who proposed a widely used performance metric
based on regression analysis. Another significant application is
the reconstruction of hydrological time series, as demonstrated
by Hirsch [21] in studies addressing the estimation of missing or
unreliable observations.

When the stochastic variable ¥ isbinary—such as annual floods
that cause damage versus those that do not—a specialized form of
regression, logistic regression, is used. In this case, the quantity of

interest is the conditional probability P(Z: 1|£) =P, which is
modeled using the logistic function. The relationship is expressed
as:

ln(p/(l—p))=a0+alx (2)

Hydrology has significantly benefited from the earlier and more
extensive use of logistic regression in economics—so much so that
foundational hydrological textbooks (e.g., [22]) reference economic
literature, such as [23], to introduce and explain the method.

Bayes’ theorem, introduced posthumously in 1763 by Thomas
Bayes, has become a foundational principle in statistical analysis
across numerous scientific disciplines. In hydrology, Bayesian
inference is widely applied to quantify parameter uncertainty
(e.g, [24]) and improve predictive performance through
techniques such as model averaging [25]. In economics, forecasting
models—particularly those dealing with complex financial and
macroeconomic time series—often face challenges related to
model uncertainty and over-parameterization. Bayesian methods
have emerged as a powerful and flexible framework to address
these issues [26].

This subsection concludes with a brief overview of the
application of machine learning (ML) techniques across the
multivariate and conditional modeling approaches discussed
above. Multi-layer perceptron (MLP) models have been employed
as multiple regression tools, for example, in modeling daily soil
evaporation [27]. Refenes et al. [28] demonstrated the advantages
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of MLPs in financial modeling by comparing their predictive
performance with that of traditional regression methods in stock
performance forecasting. Notably, logistic regression can be
implemented as an MLP architecture in which the output layer
employs a sigmoid activation function. In hydrology, Rozos and
Dimitriadis [29] showed that integrating logistic regression with
a hydrological model significantly enhances the reliability of
flood early warning systems. In economics, logistic regression
has been widely used for predicting financial failures (e.g., [30]).
Beyond MLPs, other ML techniques have found applications in
tasks based on regression or conditional probability estimation.
These include support vector regression (e.g., [31] in hydrology;
[32] in economics), random forests (e.g., [33] in hydrology; [34]
in economics), and k-nearest neighbors (e.g., [35,36] in hydrology;
[37] in economics).

Stochastic process modeling

Stochastic process modeling is concerned with representing
systems that evolve over time or across spatial domains under the
influence of inherent randomness. The two primary applications of
stochastic process modeling are the generation of synthetic time
series and the propagation of uncertainty through complex systems.

Time series generation serves two primary purposes: exploring
the uncertainty inherent in a system and enabling short-term
forecasting—particularly when historical data are used to initialize
the stochastic model. The landmark publication by Box and Jenkins
in 1970 [38] formalized the use of autoregressive integrated
moving average (ARIMA) models, establishing a comprehensive
methodological framework for time series analysis and forecasting.
Although autoregressive models appeared in hydrology literature as
early as 1977 [39], the widespread adoption of stochastic modeling
in the field was gradual. For instance, the seminal textbook Applied
Hydrology of Chow published in 1971 [40] provided only a cursory
distinction between stochastic and deterministic approaches. It
was not until the release of the Handbook of Hydrology in 1993
[41] that ARIMA models received extensive treatment, signaling
a broader acceptance of stochastic modeling in hydrology. In
contrast, economics embraced stochastic approaches more rapidly;
foundational textbooks addressed such models even prior to the
Box and Jenkins publication [42]. By 1974, stochastic modeling was
sufficiently prevalent in economics to prompt critical evaluations of
misuse, such as the influential paper by Granger and Newbold [43],
which cautioned against spurious regression results.

A pivotal discovery in the realm of stochastic processes emerged
well before their widespread adoption across scientific disciplines.
In 1951, H.E. Hurst published his seminal work identifying long-
term dependence—also referred to as persistence—in hydrological
time series such as river flows and rainfall [44]. This finding
has since become foundational in modern stochastic hydrology
(e.g.,[45]), influencing how uncertainty and memory are modeled
in natural systems. The concept of persistence has also permeated
other fields, notably economics, where it is now recognized as a key
characteristic in phenomena such as volatility clustering in inflation
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[46] and temporal clustering in asset price fluctuations [47],
wherein periods of high or low values tend to occur consecutively.

A major scientific breakthrough in the field of stochastics
occurred with the introduction of the Monte Carlo method in 1949
by Metropolis and Ulam [48]. Closely linked to the quantification and
exploration of system uncertainty, this method gained widespread
adoption with the advent of computers, which enabled extensive
numerical computations. Monte Carlo simulation rapidly became
an indispensable tool for uncertainty analysis in both hydrology and
economics. Fundamentally, Monte Carlo is a stochastic integration
technique used to estimate integrals, such as those arising in the
Frobenius-Perron (FP) operator. This operator characterizes the
propagation of uncertainty by integrating over the domain defined
by the inverse of the system’s governing function. In its simplest
form, the FP operator can be expressed as follows to illustrate the
principle:

fi=FP [, (3)
where f and f, , are the probability density functions of the

stochastic variables x and x,_,, which represent the state of a system
at time steps tand t-1.

t-1’

In hydrology, techniques akin to the Monte Carlo method
appeared in unconventional forms decades before its formal
introduction by Metropolis and Ulam. Typical applications include
the estimation of the variance of skewness from observational
data [49], reservoir capacity design based on sets of synthetic time
series [50], and the study of uncertainty propagation in simulating
the state of simple yet chaotic systems [51]. In economics, Monte
Carlo simulation found early use in corporate finance, where
probabilistic modeling was employed to assess the risks associated
with capital investment decisions [52]. Additionally, Monte Carlo
methods were applied in simulation-based approaches to option
pricing in the European financial environment [53].

This subsection concludes with the most recent advancements
in applying machine learning (ML) to stochastic modeling and
uncertainty analysis. In both hydrology and economics, ML has
frequently been used to estimate the conditional probability of
future values of a stochastic process based on past observations,
enabling more accurate forecasting. In hydrology, Minns and Hall
[54] were pioneers in employing a multilayer perceptron (MLP) that
incorporated past output values as inputs, effectively implementing
arecurrent neural network (RNN). Similarly, in economics, Moshiri
et al. [55] applied an RNN to forecast inflation. The introduction
of long short-term memory (LSTM) networks marked a significant
improvement over traditional RNNs, sparking renewed research
in both fields. For instance, LSTM has been applied in hydrology
to forecast low daily discharge flows [56]. In economics, multiple
studies (e.g., [57]) have demonstrated the superior performance
of LSTM compared to traditional methods such as ARIMA for
economic and financial time series prediction.

The latest breakthrough in ML for modeling conditional
probabilities with respect to past values is the Transformer

Page 4 of 6


http://dx.doi.org/10.33552/AHM.2025.03.000556

Advances in Hydrology & Meteorology Volume 3-Issue 2

architecture, which underpins powerful large language models.
This
researchers in both disciplines. In hydrology, Transformer models
have been successfully used for drought forecasting, outperforming
previous leading models like LSTM [58]. In economics, second-
generation Transformer variants such as Informer, Autoformer, and
PatchTST have shown remarkable efficacy, especially in scenarios
characterized by limited historical data and volatile markets [59].

innovation has attracted considerable attention from

Finally, for the generation of unconditional synthetic time series
that reliably reproduce the first- and second-order distribution
functions of a stochastic process, generative adversarial networks
(GANSs) have proven capable of nuanced replication of the statistical
properties of historical financial time series, including persistence
[60]. In hydrology, GANs have attracted considerable attention over
recent years [61] and have primarily been applied to characterize
hydrological structures [62] and predict floods [63]. However, to
date, GANs have not been employed for the generation of synthetic
hydrological time series.

Conclusions

Hydrology and economics can be seen as twin laboratories
for the development, refinement, and application of stochastic
methods. Despite the apparent differences in subject matter—
natural systems versus human systems—both disciplines share a
common need to understand, model, and forecast processes that are
inherently uncertain and influenced by complex interdependencies
over time. This shared need has led to an exchange of ideas,
where advancements in one field have often inspired progress in
the other. Historically, many stochastic tools were developed or
adopted earlier in economics and only later made their way into
hydrology. For instance, regression analysis was formalized and
broadly applied in economics decades before it became a staple
in hydrological modeling. Econometricians like Tjalling Koopmans
and Jan Tinbergen were pioneers in applying statistical methods
to time series analysis, paving the way for techniques such as
autoregressive models, which were only gradually adopted by
the hydrological community in the latter half of the 20th century.
Logistic regression, too, found its early applications in financial
and econometric contexts before being embraced by hydrologists
to improve predictive models, such as those used in flood early
warning systems.

Conversely, hydrology has made foundational contributions
to the understanding of stochastic processes that have had far-
reaching implications beyond its own boundaries. A particularly
notable example is the work of H.E. Hurst, whose seminal 1951
study on the long-term memory (or persistence) of hydrological
time series introduced what is now widely known as the Hurst
phenomenon. His findings challenged prevailing assumptions
about randomness and independence in time series, prompting
significant re-evaluations in both natural and social sciences.
Today, the concept of persistence is recognized as a crucial property
in economic phenomena such as inflation dynamics and market
volatility.

In more recent years, both fields have embraced machine
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learning and data-driven approaches, often in parallel, with
mutual benefits. Techniques like neural networks, support vector
machines, and transformers have been independently adopted and
tailored to the distinct needs of hydrology and economics—whether
forecasting river flows or predicting stock market movements.

In summary, the evolution of stochastics in hydrology and
economics illustrates a dynamic and reciprocal relationship.
While economics has often led in the early application and
development of statistical methods, hydrology has contributed
profound conceptual insights—most notably persistence—that
have reshaped stochastic thinking across disciplines. Recognizing
this interplay not only enhances our appreciation of both fields but
also encourages continued collaboration and innovation in tackling
uncertainty across the natural and social worlds.
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