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Abstract

Inflammation is the body’s way to respond to infection and one needs to develop effective strategies to control the inflammation. In this work,
bifurcation analysis and multiobjective nonlinear model predictive control are performed on an inflammatory immune response model. Bifurcation
analysis is a powerful mathematical tool used to deal with the nonlinear dynamics of any process. Several factors must be considered, and multiple
objectives must be met simultaneously. The MATLAB program MATCONT was used to perform the bifurcation analysis. The MNLMPC calculations
were performed using the optimization language PYOMO in conjunction with the state-of-the-art global optimization solvers IPOPT and BARON.
The bifurcation analysis revealed the existence of limit and branch points. The MNLMC converged on the Utopia solution (best possible). The limit
and branch points (which cause multiple steady-state solutions from a singular point) are very beneficial because they enable the Multiobjective
nonlinear model predictive control calculations to converge to the Utopia point (the best possible solution) in the model.

Keywords: Bifurcation; optimization; control; inflammation; immune

Background

Inflammation is one of the most fundamental and ancient
biological processes in multicellular organisms, serving as a
protective mechanism that the body employs in response to harmful
stimuli such as pathogens, damaged cells, or irritants. It represents
a complex biological response of vascular tissues to injury or
infection, involving immune cells, blood vessels, and molecular
mediators that collectively aim to eliminate the initial cause of
cell injury, clear out necrotic cells and tissues, and initiate tissue
repair. The process of inflammation can be both beneficial and
detrimental, depending on its duration, intensity, and regulation.
When it is properly controlled and self-limited, inflammation is an
essential component of the body’s healing process. However, when

@ @ This work is licensed under Creative Commons Attribution 4.0 License| ABEB.MS.ID.000686.

dysregulated or chronic, it becomes a pathological condition that
underlies many diseases, ranging from arthritis and asthma to
atherosclerosis, diabetes, and cancer.

The term inflammation originates from the Latin word
inflammatio, meaning “to set on fire,” reflecting the classical signs of
redness, heat, swelling, and pain that accompany it. These cardinal
features, described centuries ago by Celsus and later expanded upon
by Galen and Virchow, remain the clinical hallmarks of inflammation
today. The redness and heat result from increased blood flow to the
affected area, while swelling is due to the accumulation of fluid
and cells in the tissue. Pain arises from the activation of sensory
nerve endings by inflammatory mediators, and loss of function
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often accompanies these symptoms when the local tissue structure
is compromised. Inflammation can be broadly categorized into
acute and chronic forms. Acute inflammation is the immediate
and early response to an injurious agent and is characterized by
the exudation of plasma proteins and the emigration of leukocytes,
particularly neutrophils. It develops rapidly and is typically short-
lived, lasting from a few minutes to a few days. Its main objective is
to eradicate the offending agent and set the stage for tissue repair.
Chronic inflammation, by contrast, is a prolonged response in
which the active inflammation, tissue destruction, and attempts at
healing occur simultaneously. It often involves mononuclear cells
such as macrophages, lymphocytes, and plasma cells and leads to
tissue remodeling or fibrosis if not resolved properly.

The process of acute inflammation begins with the recognition
of pathogens or tissue injury by specialized receptors in immune
and non-immune cells. Pattern recognition receptors, such as Toll-
like receptors, detect conserved microbial structures known as
pathogen-associated molecular patterns or endogenous molecules
released from damaged cells called danger-associated molecular
patterns. Once these receptors are engaged, intracellular signaling
cascades are activated, leading to the production of inflammatory
mediators such as cytokines, chemokines, and eicosanoids. These
molecules act locally to increase vascular permeability, recruit
immune cells, and amplify the inflammatory response. Vascular
changes are among the earliest events in inflammation. They
include vasodilation, which increases blood flow and produces
the characteristic redness and heat, and enhanced permeability of
the microvasculature, allowing plasma proteins such as antibodies
and complement components to enter the tissue. The leakage
of protein-rich fluid into the interstitial space results in edema,
which contributes to the swelling of inflamed tissue. Endothelial
cells lining the blood vessels also express adhesion molecules that
facilitate the rolling, adhesion, and transmigration of leukocytes
from the bloodstream into the affected tissue.

Once in the tissue, neutrophils are the first responders. They
migrate toward the site of infection or injury in response to
chemotactic gradients formed by bacterial products, complement
fragments, and chemokines. Neutrophils exert their defensive
functions through phagocytosis, degranulation, and the generation
of reactive oxygen species that kill pathogens. However, the
same mechanisms can also damage host tissues if unchecked. As
the inflammatory response progresses, monocytes arrive and
differentiate into macrophages, which continue the process of
phagocytosis, secrete cytokines, and orchestrate the resolution or
propagation of inflammation depending on the context. Resolution
of inflammation is not a passive process but an active and highly
regulated one. It involves the clearance of apoptotic neutrophils
by macrophages, the cessation of leukocyte recruitment, and the
release of anti-inflammatory mediators such as lipoxins, resolvins,
and cytokines like transforming growth factor-beta. These
molecules help restore tissue homeostasis, promote repair, and
prevent excessive scarring. When resolution fails, the persistent
presence of inflammatory stimuli or immune dysregulation can
lead to chronic inflammation, characterized by ongoing tissue
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injury and repair cycles that contribute to disease progression.

Chronic inflammation differs from the acute form not only in
duration but also in cellular composition and outcome. Instead
of being dominated by neutrophils, it involves macrophages,
lymphocytes, and fibroblasts. The continuous activation of
macrophages and T cells sustains the production of cytokines
and growth factors, which can lead to tissue remodeling and
angiogenesis. Over time, fibroblasts proliferate and deposit
collagen, resulting in fibrosis that compromises tissue function.
This process is seen in conditions like chronic hepatitis, pulmonary
fibrosis, and rheumatoid arthritis. In certain cases, chronic
inflammation arises not from a persistent infection but from an
inappropriate immune response against self-antigens, as seen in
autoimmune diseases. In rheumatoid arthritis, for example, the
immune system targets synovial tissues, leading to inflammation
and joint destruction. Similarly, in inflammatory bowel disease, an
abnormal immune response to intestinal microbes causes chronic
inflammation of the gutlining. In other cases, environmental factors
such as smoking, obesity, or exposure to pollutants can trigger or
exacerbate inflammatory pathways, linking lifestyle and chronic
disease through systemic inflammation.

At the molecular level, the regulation of inflammation involves a
delicate balance between pro-inflammatory and anti-inflammatory
signals. Cytokines such as interleukin-1, interleukin-6, and
tumor necrosis factor-alpha are potent mediators that amplify
the response by recruiting more immune cells and inducing the
acute-phase reaction in the liver. Anti-inflammatory cytokines like
interleukin-10 counteract these effects, maintaining homeostasis.
The transcription factor NF-kB plays a central role in controlling
the expression of many inflammatory genes, and its dysregulation
has been implicated in numerous chronic inflammatory diseases
and cancers. The interplay between inflammation and metabolism
is another area of intense study. Adipose tissue, for instance, is
not merely a fat store but an active endocrine organ that secretes
cytokines known as adipokines. In obesity, the infiltration of
macrophages into adipose tissue and the increased production
of inflammatory mediators contribute to systemic low-grade
inflammation, insulin resistance, and metabolic syndrome.
Similarly, inflammation in the vascular endothelium promotes
atherosclerosis by facilitating the accumulation of lipids and
immune cells within arterial walls, leading to plaque formation and

the risk of cardiovascular events.

The nervous system also communicates with the immune
system to regulate inflammation. The vagus nerve exerts an anti-
inflammatory effect through the release of acetylcholine, which
inhibits cytokine production in macrophages-a mechanism known
as the cholinergic anti-inflammatory pathway. This neuroimmune
interaction highlights the integrated nature of bodily systems
in controlling inflammation and maintaining balance. While
inflammation is indispensable for defense and repair, its chronic
or excessive activation has profound pathological consequences.
Persistent inflammation generates oxidative stress, DNA damage,
and an environment that favors cellular proliferation, angiogenesis,
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and inhibition of apoptosis, all of which can promote tumor initiation
and progression. In the context of cancer, inflammatory cells and
mediators contribute to the tumor microenvironment, supporting
growth and metastasis. Similarly, neuroinflammation is increasingly
recognized as a contributing factor in neurodegenerative diseases
such as Alzheimer’s and Parkinson’s, where microglial activation
and cytokine release exacerbate neuronal damage.

Therapeutically, controlling inflammation has long been a
cornerstone of medical practice. Non-steroidal anti-inflammatory
drugs inhibit cyclooxygenase enzymes, reducing the synthesis of
prostaglandins that mediate pain and fever. Corticosteroids act at
the genomic level to suppress multiple inflammatory pathways.
In recent years, targeted biologic therapies have revolutionized
the treatment of chronic inflammatory diseases by neutralizing
specific cytokines or blocking their receptors. For instance,
inhibitors of tumor necrosis factor-alpha, interleukin-6, and Janus
kinase pathways have shown efficacy in conditions like rheumatoid
arthritis, psoriasis, and inflammatory bowel disease. Lifestyle
interventions also play a role in modulating inflammation. Diets rich
in fruits, vegetables, and omega-3 fatty acids have anti-inflammatory
effects, while sedentary behavior, smoking, and high-fat diets
promote inflammation. Regular exercise induces anti-inflammatory
cytokines and enhances immune regulation, underscoring the
connection between healthy habits and inflammatory control.
Moreover, psychological stress and sleep deprivation are known
to increase inflammatory mediators, suggesting that mental and
physical health are tightly linked through immune pathways.

Research continues to uncover the complexity of inflammation
at the systems level, integrating molecular, cellular,
environmental factors. Advances in genomics, proteomics, and
metabolomics are providing insights into individual variability in
inflammatory responses, paving the way for personalized medicine.
Understanding the dual nature of inflammation-as both protector
and destroyer-is central to developing strategies that harness its
benefits while preventing its harms. Inflammation, therefore, stands
at the crossroads of immunity, healing, and disease. It reflects the
body’s attempt to preserve integrity against internal and external

and

insults, but when misdirected, it becomes the seed of pathology.
The story of inflammation is thus one of balance-between defense
and destruction, between repair and fibrosis, between survival

The model equations are

and degeneration. The challenge for modern medicine lies in
deciphering and controlling this balance, ensuring that the fire of
inflammation remains a healing force rather than a source of harm.

Bone [1] researched the systemic inflammatory response
syndrome (SIRS) and the multiple organ dysfunction syndrome
(MODS). Volk, et al. [2], discussed the Clinical aspects of systemic
inflammation and 'immunoparalysis’. Annane, et al. [3] discussed
the effect of treatment with low doses of hydrocortisone and
fludrocortisone on mortality in patients with septic shock. Cross
and Opal [4] developed a new paradigm for the treatment of sepsis
considering combination therapy. Kumar, et al. [5] discussed the
dynamics of acute inflammation. Chow, et al. [6], investigated the
acute inflammatory response in diverse shock states. Day, et al. [7]
developed areduced mathematical model of the acute inflammatory
response capturing scenarios of repeated endotoxin administration.
Reynolds, et al. [8], developed a reduced mathematical model of
the acute inflammatory response. Vodovotz, et al. [9] investigated
in silico models of acute inflammation in animals. Daun, et al.
[10] discussed an ensemble of models of the acute inflammatory
response to bacterial lipopolysaccharide in rats. Florian, et al. [11]
developed nonlinear model predictive control strategies for dosing
daily anticancer agents using a novel saturating-rate cell-cycle
model, Day, et al. [12], used nonlinear model predictive control to
find optimal therapeutic strategies to modulate inflammation.

In this work, bifurcation analysis and multiobjective nonlinear
model predictive control is performed on the inflammation model
described in Day, et al. [12]. The paper is organized as follows.
First, the model equations are presented, followed by a discussion
of the numerical techniques involving bifurcation analysis and
multiobjective nonlinear model predictive control (MNLMPC).
The results and discussion are then presented, followed by the
conclusions.

Model Equations (Day, et al. (2010)[12]

The variables pv, nv, dv, and cv represent the bacterial pathogen
population, the pro-inflammatory cytokines, tissue damage, and the
anti-inflammatory mediators. up and ua are the control parameters,
which are the pro-inflammatory and the anti-inflammatory therapy
of the system.

(kpm(sm)pv)

d(pv) | pv
TR A A]
d(nv) __snr(rv)

dt ( unr+ry

ddvy 6
g Gednt 1 gy P4
d (cv) e ken( fnvdv)

dt - (1+fnvdv)
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The base parameter values are

kpm=0.6; kmp=0.01; sm=0.005;
kpn=1.8;knp=0.1;knn=0.01;snr=0.08;

kpg=1;pinf=20e+06;

knd=0.35; xdn=0.06; cinf=0.28;sc=0.0125;kcn=0.04;kcnd=48;
up=0; ua=0;

unr =0.12; un =0.05; uc = 0.1; ud = 0.02; um = 0.002.

Bifurcation analysis

Bifurcation analysis is performed using the MATLAB software
MATCONT which locates branch points limit points and Hopf
bifurcation points (Dhooge Govearts, and Kuznetsov [13]; Dhooge
Govearts, Kuznetsov, Mestrom and Riet, [14]). Consider a set of
ordinary differential equations

%=f(x,a) ©

x € R" with a bifurcation parameter be & . Since the gradient
is orthogonal to the tangent vector,

The tangent z = [21,22,23,24,....Zn+1] must satisfy
Az=0 4)
A is given by

A=[f /ox |of /0a]

where 0f /0x is the Jacobian matrix. For both limit and branch
points, the matrix [gf / 6x] must be singular. The n+1 ™ component
of the tangent vector z 1 =0 for alimit point (LP)and for a branch
point (BP) the matrix » jL } must be singular. At a Hopf bifurcation
point,

det2f (x,0)@1,)=0

@ indicates the bialternate product and s, is the n-square
identity matrix. Hopf bifurcations cause limit cycles and should
be eliminated because limit cycles make optimization and control
tasks very difficult. More details can be found in Kuznetsov [15,16]
and Govaerts [17].

Multiobjective Nonlinear Model Predictive Control
(MNLMPC)

The procedure developed by Flores Tlacuahuaz, et al. [18] is
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used for performing the MNLMPC calculations Let the objective

function variables iq,(t)(] 1, 2..n) for a problem involving a set
of ODE

dx

— = F(x,u)

dt

Where tf is the final time value, and n the total number of

objective variables and u the control parameter. First, the single
objective optimal control problem independently and individually
optimizing each of the variables Eq,(t,) is solved. Leading to the
values ¢, . Then the multiobjeE”tive optimal control (MOOC)
optimization problem that will be solved is

n o L=t

mln(z (Z q,(t)—q)))

1 0

dx
subject to — = F(x,u);
) ” (x,u)

This will provide the values of u at various times. The first
obtained control value of u is implemented and the rest are
discarded. This procedure is repeated until the implemented and
the first obtalned control values are the same or if the Utopia point
where ( Zq )= q* for all j) is obtained.

Pyomo [19] is used for these calculations. Here, the differential
equations are converted to a Nonlinear Program (NLP) using the
orthogonal collocation method The NLP is solved using IPOPT [20]
and confirmed as a global solution with BARON [21]. Sridhar [22]
proved that the MNLMPC calculations to converge to the Utopia
solution when the bifurcation analysis revealed the presence of
limit and branch points . This was done by imposing the singularity
condition on the co-state equation [23]. This makes the constrained
problem an unconstrained optimization problem, and the only
solution is the Utopia solution. More details can be found in Sridhar
[23].

Results

When up was the bifurcation parameter, a limit point was found
at (pvnv,dv,cvup) values ((75.123799, 2.493135, 50, 0.524251,
0.046348) (Figure 1a). When ua is bifurcation parameter, two limit
points were found at (pv,nv,dv,cv,ua) values of((0.100172,0.226022,
40.042712, 7.458674, 0.704163); (0.10125, 0.019855, 0.007619,
0.772682, 0.063055 ) (Figure 1b). When kpg was the bifurcation
parameter, a branch point was located at (pv,nv,dv,cv,kpg) values
of (0.000000, 1.552090, 49.999999, 0.524251, 2.120064 ) (Figure
1¢). For the MNLMPC ua and up are the control parameters, and
EPV(t) z:dV(t) were minimized individually, and led to values of
0 and 10.6686069466. The overall optlmal control problem will
involve the minimization of (Z pv(t,) -0y +(z yv(t,) —10.6686069466)* wWas
minimized subject to the equatlons govermng the model. This led
to a value of zero (the Utopia point). The MNLMPC values of the
control variables, ua and up were 1.504 and 1.472 . The MNLMPC
profiles are shown in Figure 2a-2c. The control profiles of ua and
up exhibited noise and this was remedied using the Savitzky-Golay
filter to produce the smooth profiles uasg;upsg .
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Bifurcation Diagram up is bifurcation parameter

0 00448 up

Figure 1a: Bifurcation diagram (with up as bifurcation parameter).

bifurcation disgram ua s bifurcation parameter
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Figure 1b: Bifurcation diagram (with ua as bifurcation parameter).
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Figure 1c: Bifurcation diagram (with kpg as bifurcation parameter).
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Figure 2c: (MNLMC ua uasg vs t).
(& J
' R\
1.50
1.45
1.40 |
1.356 P
- ~— upsg
0 5 10
t
Figure 2d: (MNLMC up upsg vs t).
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Discussion of Results
Theorem

If one of the functions in a dynamic system is separable into
two distinct functions, a branch point singularity will occur in the
system.

Proof
Consider a system of equations

dx
ar =f(xa)
x € R" . Defining the matrix A as

x o e oa
A A A
Oox, Ox, Ox, Ox, ox, Oa

«¢ is the bifurcation parameter. The matrix A can be written
in a compact form as
o, | af, |

ox. = da

q

A=[

The tangent at any point x; (Z =[ZI,ZZ,Z3,Z4,....Zn+1]) must
satisfy

Az =0

The matrix {%} must be singular at both limit and branch
points. The n+1 ™ éomponent of the tangent vector z ., =0 i} a
limit point (LP) and for a branch point (BP) the matrix B_L T;I,
must be singular. Any tangent at a point y that is define “b
z= [ZI,Z2,Z3,Z4,....Zn+1]] must satisfy

Az=0

For a branch point, there must exist two tangents at the
singularity. Let the two tangents be z and w. This implies that

Az=0
Aw=0

Consider a vector v that is orthogonal to one of the tangents
(say z). v can be expressed as a linear combination of z and w (
v=az+pBw). Since 4z=Aw=0 ; Av=0 and since z and v are
orthogonal,

where B =
z

T

A
2Ty = fii Tnce Bv:LT}v:O which implies that B is singular

Let any of the functions f, are separable into 2 functions ¢, ¢, as

fi=04,

At steady-state f;(X,&)=0and this will imply that either
¢1 =0 or ¢, =0 or both ¢1 and # must be 0. This implies that
two branches ¢1 =0 and ¢2 =0 will meet at a point where both
@, and ¢, are 0.

At this point, the matrix B will be singular as a row in this matrix would be

A

kA

ox, O«
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However,

[i—m 0)

f

a¢2+¢2( 0 ¢ =0(Vk=1.,,n)

L = 0) =0

% 2

This implies that every element in the row [—-
ox, Oa

implies that there exists a branch point.

—L~] would be 0, and hence the matrix B would be singular. The singularity in B

The branch point occurred at (pv,nv,dv,cv,kpg) values of ( 0, 1.55209, 49.999999, 0.524251, 2.120064 ) Here, the two distinct functions

can be obtained from the first ODE in the model .

d(pv

kpm (sm)pv

) _pv
o~ dee(pv)|l pinf

ny

- (1+(cv/cinf)?))

The two distinct equations are

pv=0

v

_(,um+kmp(pv)

)—kpn(fn)pv

(kpg|1--2L

nyv

(1+(cv/ cinf)?))

fi=

Since, pv=0, nv=1.55209. kpg=2.120064, kpm=0.6, kmp=0.01,
sm=0.005, #m =0.002, cv=0.524251, cinf=0.28, both distinct
equations are satisfied, validating the theorem.

The presence of the limit point and is beneficial because it
allows the MNLMPC calculations to attain the Utopia solution,
validating the analysis of Sridhar(2024).

Conclusions

Bifurcation analysis and multiobjective nonlinear control
(MNLMPC) studies on an inflammatory immune response model.
The bifurcation analysis revealed the existence of limit and branch
points . The limit and branch points (which cause multiple steady-
state solutions from a singular point) are very beneficial because
they enable the Multiobjective nonlinear model predictive control
calculations to converge to the Utopia point (the best possible
solution) in the models. A combination of bifurcation analysis and
Multiobjective Nonlinear Model Predictive Control(MNLMPC) for
an inflammatory immune response model is the main contribution
of this paper.
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