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Abstract

The randomized clinical trial is used as golden standard, and various classical methods can be used to estimate the treatment effect. When the
clinical trial is not randomized it is known that the naive estimate (group sample mean difference) of treatment effect is biased, and causal inference
methods is needed to get unbiased estimate. However, in this case it is still not clear for other non-causal classical estimates, such as least squares
estimate, regression model (linear or non-linear) estimate, can they implement the treatment effect and give unbiased estimates? Here we look into
this question by reasoning and simulation studies. Our conclusions are provided at the end in terms of linear and nonlinear models.

Keywords: Randomized clinical trial (RCT); Inverse propensity scores weighted estimate (IPSWE); Doubly robust estimator (DRE); Naive estimate

(NE); Regression coefficient estimate (RCE)

Introduction

The Randomized Clinical Trial (RCT) is used as golden
standard, and various classical methods can be used to estimate
the treatment effect in this case [1-4]. However, in practice, RCT
has its drawbacks, such as time consuming and high costs [5],
conflict of interest dangers [6], and ethics and feasibility [7]. Also,
sometimes randomization is not possible or difficult to implement
strictly. In these cases of observational studies, it is known that
the naive estimate (group sample mean difference) of treatment
effect is biased [8], and causal inference methods is needed to get
unbiased estimate, such as the recently commonly used doubly
robust estimator [9-13]. However, in this case it is still not clear
for other non-causal classical estimates, such as least squares
estimate, regression model (linear or non-linear) estimate, can they
implement the treatment effect and give unbiased estimates? Here
we look into this question by reasoning and simulation studies.

@ @ This work is licensed under Creative Commons Attribution 4.0 License | ABBA.MS.ID.000660.

The Question and Method

Consider the observed data D, = {(yi,xi,ai) é = 1,...,n}
iid (¥, X, 4), y, is response, x; is covariate, and "' is binary
treatment assignment, @, =1/0 for treatment/control. The interest
is to estimate

s =E(r") and #=E(r")

where Y(l) is the potential outcome under treatment, and
y© is that under control? It is known that when the treatment
assignment is not random or the covariates are not balanced among
the treatment groups, or the g;'s depend on the x;s, then

Zn:aiyi/iai SE[AY]/E[A] =L,
i=1 i=1

and (0)
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" (1—ai)yi/z"“(1—ai)“—'S;E[(1—A)Y]/E[1—A]¢y0

i=1 i=1

are biased estimates of # and o [8], so is the estimate of mean treatment effect difference

A==,
based on the above two estimates, and so causal inference methods are needed to get unbiased estimates.
Now consider the following regression model, for some given link function 2(),
T
V= g(,B X, +5ai)+ €, E(ei) =0. o

The question of interest is: in randomized or observational clinical trial, can we get unbiased estimate of A using the above model? Our
understanding is that for randomized clinical trial model (1) can be the correct specification and it can be used to estimate A unbiasedly.
For observational study, model (1) is incorrect, and the estimate of A based on it is biased. In this case, they X;'S are not iid over n, so the
consistency of (ﬁ,ﬁ) is questionable. In fact, this conclusion applies also to any other data in which some components of the covariates
are not iid.

Commonly Used Estimation Method

Below we list some commonly used estimation method of A for randomized and observational clinical trials. The naive and regression
coefficient method are valid only for randomized trial. The causal inference methods will provide unbiased estimates of A in either
randomized or observational study. Here we consider five of them.

Naive Estimator (NE). It just uses the sample mean difference

A= ::laiyi_z:lzl(l_ai)yi.
i=1 4; Zi:1(1_ai)

Regression Coefficient Estimator (RCE): It just uses the estimated regression coefficient S of & in model (1), i.e., set A as S
Inverse Propensity Scores Weighted Estimate (IPSWE) proposed by Horvitz and Thompson (1952) [8]. In this method, it requires a
propensity score model

P(a,=1|x,)= exp(}/Txl.) ) :—ﬂ(}/Txl.).

1+ exp( 7'x, )

After obtaining the estimate )/, the estimate A is constructed as

Aol ay (1-4)y
A nlzzl: ﬂ(xfﬁ) 1—”(7%5;)' 3)

Outcome Model Estimator (OME). This estimator is also called g-estimator in Robins (2009) [9]. It requires the outcome model

Y, |(al. =1,xl.)=gl (,BlTxl.)+ €,V |(al. =0, xl.):g0 (ﬁOTxi)+ € E(ei)=0

(4
After obtaining estimate ﬁj (j=0,1), the estimator A of A is
N . .
A= —f, ::;Z{gl (xiTIBI)_gO (xiT:Bo)}~
=l (5)
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Doubly Robust Estimator (DRE), The DRE is a recent development in causal inference. It requires a propensity score model (2) and
outcome model (4). After obtaining estimate 7 and ﬂ,- (j=0,1), the DRE A of A is

(l_ai){yi — 8o (:éoTxi)}

l—ﬂ(}?Txl.)

1 AT 7 3T
:;; gl(ﬂl xi)+ 7Z'(AT ) _go(ﬂoxi)_

(6)

The estimator is unbiased if either the propensity score model or the outcome model is correctly specified.

Simulation Studies

Here we simulate data from models (1) and (4), and compute the Naive Estimate (NE), and the Regression Coefficient Estimate (RCE),
and the causal estimates IPSWE (3), OME (5) and the DRE (6), and compare the results in corresponding Tables. We consider two cases:
case 1), £(*), &(-) and 2,(*) all be identity function, so models (1) and (4) are linear models; case 2), g(-), & () and & () are non-linear
link functions. The simulation distinguishes for randomized observational studies.

Simulation Results for Randomized Study

In the randomized study, we considered three different covariate dimensions: p=3, p=5,and P= 8. For all three settings, the total
sample size was fixed at 7 =300, with 7, = 10 treated subjects and " = 200 control subjects. We consider two cases, linear model, g()
be identity, and non-linear model, & () is non-identity. The treatment assignment was completely randomized, so the average proportion
of treated subjects was approximately 0.333 in every setting.

Linear Model: The response variable was generated from the linear model

T
Y=y x; + A A+ €, E(ei)=0,
with Ay = 2.0 and error standard deviation 0.5. The true regression coefficients were takenas 3, =(1.0,~1.5, O.S)T for the 3-dimensional
T
setting; 3, = (1‘0,—1.5,0.8,1.2,—0.7)T for the 5-dimensional setting; and £, =(1.0,-1.5,0.8,1.2,-0.7)" for the 8-dimensional setting.

For each setting, the simulation was repeated 400 times. Table 1 reports the average estimate and the standard deviation for the
five estimators. From Table 1, all five estimators produce estimates very close to the treatment effect A, =2.0 in all three dimensions.
This is expected because the treatment assignment is randomized, so there is no confounding bias. However, there is a clear difference
in variability. The Naive estimator has notice-ably larger standard deviations, and its variability increases as the dimension grows. In
contrast, RCE, IPSWE, OME, and DRE remain more stable because they ad-just for covariates. Among these adjusted methods, OME, DRE,
and RCE give the smallest standard deviations across all three settings, while IPSWE is also close to unbiased but slightly less stable.
Overall, the randomized study shows that all five methods are approximately unbiased, but the adjusted estimators, especially OME and
DRE, are more efficient than the Naive estimator.

Table 1: Estimation of A with five methods in the randomized study.

Dim(x) A, NE RCE IPSWE OME DRE
3 2.000 2.018 (0.211) 1.987 (0.299) 1.997 (0.061) 1.996 (0.060) 1.996 (0.060)
5 2.000 1.993 (0.283) 2.000 (0.057) 1.998 (0.066) 2.000 (0.058) 2.000 (0.058)
8 2.000 1.987 (0.299) 1.994 (0.062) 1.995 (0.076) 1.993 (0.062) 1.993 (0.062)

Non-linear Model. In this part, we continue the randomized simulation study by taking the link function as a nonlinear distribution

function g(.). The response variable was generated from model (1):
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Y;:g(ﬂgzi—i_é‘Ai)—i_ei’ E(Gi):()’

T
where Z, = (l,X,.T) . The treatment assignment was randomized, with n =300, 7, =100, and 1, =200, Thus, the treatment indicator
A, was independent of the covariates X,.

The index-scale treatment coefficient was set to be ¢ =1.000 . Since the link function is nonlinear, the treatment effect on the response
mean scale is not equal to 8. For each simulated dataset, the response-scale treatment effect was calculated as

A, =%§{g(ﬂgzi +5)_g(ﬂoTZi)}'

T
The true regression coefficient vectors were taken as ,30=(0-2,1-0,—1-5,0~8) for the 3-dimensional setting;
B, = (0.2,1.0,—1.5,0.8,1.2,—0.7)T for the 5-dimensional setting; and

B, = (0.2,1.0, -1.5,0.8,1.2,—0.7,0.9,—1.] for the 8-dimensional setting.

For each setting, the simulation was repeated 400 times. Table 2 reports the simulation results. In this table, the Naive, IPSWE, OME,
and DRE estimators estimate the response-scale treatment effect A,. However, the RCE estimates the index-scale coefficient 1 directly.
Therefore, the RCE column should be compared with 7 =1.000, while the other methods should be compared with the response-scale 4,
. From Table 2, the Naive estimator is close to the response-scale treatment effect AO in all three dimensions. This is reasonable because
the data come from a randomized clinical trial, so the treatment assignment is independent of the covariates. The IPSWE estimator gives
almost the same results as the Naive estimator because the propensity score is known and constant in this randomized setting.

Table 2: Estimation results with nonlinear g(u) in the randomized study.

Dim(x) A, n NE RCE IPSWE OME DRE
3 0.170 1.000 0.169 (0.043) | 1.000(0.034) | 0.169 (0.043) | 0.170 (0.010) 0.170 (0.010)
5 0.147 1.000 0.144 (0.049) | 1.001(0.036) | 0.144(0.049) | 0.147 (0.010) 0.147 (0.011)
8 0.128 1.000 0.126 (0.051) | 1.000(0.039) | 0.126 (0.051) | 0.128 (0.009) 0.127 (0.010)

The RCE results need to be interpreted differently. In the nonlinear model
T
Y, :g(ﬂo Z; +5Ai)+ Si>

the regression coefficient 0 # A, Therefore, RCE is estimating 1, not the response-scale treatment effect A,. The simulation results
show that the RCE estimates are very close to 7 =1.000 in the 3-, 5-, and 8-dimensional settings.

The OME and DRE estimators also estimate the response-scale treatment effect Ao ,and their estimates are close to the corresponding
values. They have smaller standard deviations than the Naive and IPSWE estimators because they use the correct outcome model with the
known link function g (-).Overall, in this randomized setting, the Naive estimator works well for the response-scale treatment effect, while
RCE should be reported and interpreted as an index-scale estimator.

Simulation Results for Observational Study

In the observational study, we again considered three different covariate dimensions: 7 = 3, p=5,and p=8, with total sample size
n=300. In this case, the treatment assignment was no longer randomized. Instead, the treatment indicator 4, was generated from a
propensity score model

exp(j/TZi)

P(A =1|Xi)=m,

where z, = (l,xf )T . The true y was chosen so that the treated proportion was not close to one half. The average proportions of treated
subjects were approximately 0.296, 0.284, and 0.270 for the 3-, 5-, and 8-dimensional settings, respectively.

Linear Model: The outcome model followed the separate regression structure
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Yi|(Ai=1|xi)=al+ﬂ1Txi+eia Yil(Ai=0|xi)=a0+ﬂOTxi+ei’ E(ei)=0‘

The error standard deviation was 0.5, and the true intercepts were &, =0.5 and a,=2.0, so that the treatment effect was
Ay=a,—-a,=15.
For the 3-, 5-, and 8-dimensional settings, the true parameters were chosen as follows:
p=3: $,=(07,-13,05)",
B =(1.5-04,1.1),
7=(~1.1,0.9,-0.8,0.6)";
p=5: B,=(07,-13,0.5,0.8,-0.4)",
B =(15-04,1.1,1.4-0.9)",
7=(-1.2,0.9,-0.8,0.6,-0.5,0.4)" ;
,=(0.7,-1.3,0.5,0.8, —0.4,0.6,—0.7,0.3)T ,
B = (1.5,—0.4,1.1,1.4—0.9,1.0,—0.2,0.8)T ,
r=(-1 .2,0.9,—0.8,0.6,—0.5,0.4,—0.3,0.2,—0.2)T .

Il
oo

p

For each setting, the simulation was repeated 400 times. Table 3 reports the average estimate and the standard deviation for the five
estimators. From Table 3, the NE is strongly biased in all three observational settings. The RCE is also biased upward, although the bias
is smaller than that of the NE because the regression model adjusts for covariates. This shows that when treatment assignment depends
on covariates, methods that do not properly account for confounding can give misleading results. By contrast, IPSWE, OME, and DRE
all produce estimates much closer to the target value. Among these three methods, OME and DRE are more stable, with substantially
smaller standard deviations than IPSWE. Although IPSWE is approximately unbiased, its variability is considerably larger, especially in
the 3- and 8-dimensional settings. This is consistent with the general feature of inverse weighting methods, which often suffer from high
variance. Overall, the observational study supports the main conclusion of this project. In the presence of covariate-dependent treatment
assignment, the NE and RCE are not reliable, whereas IPSWE, OME, and DRE perform much better. Among them, OME and DRE provide the
best balance between accuracy and stability.

Table 3: Estimation of A,with five methods in the observational study.

Dim(x) A, NE RCE IPSWE OME DRE
3 1.500 2.988 (0.214) 1.749 (0.158) 1.505 (0.505) 1.505 (0.129) 1.499 (0.162)
5 1.500 2.487 (0.292) 1.624 (0.181) 1.508 (0.372) 1.510 (0.132) 1.513 (0.142)
8 1.500 2.202 (0.401) 1.578 (0.242) 1.537 (0.598) 1.511 (0.173) 1.513 (0.184)

Nonlinear Model

In this part, we consider the observational simulation study with nonlinear out-come models. Different from the previous nonlinear
randomized setting, the data in this part were generated from model (4), not from model (1). That is, the treatment and control groups
were generated from two separate outcome models,

Yi|(A7':1|Xi):g1(131TZi)+€i’ Yi|(Ai:O|Xi):g0(ﬂ0TZi)+€i’ E(Ei)zo'

T
where Z, = (1, X iT) .The treatment assignment was no longer randomized. Instead, 4 was generated from the propensity score model
exp <7TZi)

P(Ai:1|Xi):m.

Therefore, the treatment assignment depended on the covariates, and the treated and control groups were not balanced.

For the nonlinear outcome models, & () and & () were chosen as two different distribution functions. The parameters were chosen
so that 44 > #,. The true treatment effect was calculated by formula (5),
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Ay = 1~ g =li‘,{gl(ﬂfz,-)—go (82

i=l1

Here

ﬂoziigo(ﬂgzi)a ﬂ1:%ig1(ﬂf

For the 3-, 5-, and 8-dimensional settings, the true parameters were chosen as follows:

T
p=3: f,=(-0.8,0.7,-1.0,0.5),
T
B = (0.4,1.0, —0.4,0.8) ,
T
Y= (—1.1,0.9,—0.8,0.6) ;
T
p=5: f,=(-0.8,0.7,-1.0,0.5,0.6,-0.4)",
T
B = (0.4, 1.0,—0.4,0.8,1.0— 0.6) ,
T
7 =(-1.2,0.9,-0.8,0.6,-0.5,0.4)" ;
p=8: B, = (—0.8,0.7,—1.0,0.5,0.6, -0.4,0.5,-0.6,0..
b= (0.4, 1.0,—0.4,0.8,1.0-0.6,0.7,-0.2, 0.6)
Since this setting is based on the separate nonlinear outcome models in formula (4), there is no index-scale treatment coefficient &
. Therefore, the RCE is not reported in this table. We compare four estimators: NE, IPSWE, OME, and DRE. For each setting, the simulation
was repeated 400 times. Table 4 reports the average estimate and the standard deviation for each estimator. From Table 4, the NE is clearly
biased in the observational nonlinear setting. For example, when the dimension is 3, the true treatment effect is AO =0.260, but the NE
estimate is 0.520. This happens because the treatment assignment depends on the covariates, so the treated and control groups have
different covariate distributions. As a result, the simple sample mean difference does not estimate the causal treatment effect. By contrast,
IPSWE, OME, and DRE are much closer to the true treatment effect A,. The OME performs well because the outcome model is correctly
specified. The DRE also performs well because it uses both the propensity score model and the outcome models. The IPSWE is also close

to the target value, although it has larger standard deviations than OME and DRE. Overall, this observational nonlinear study shows that
causal adjustment is necessary when the treatment assignment depends on covariates, while the NE is not reliable.

Table 4: Estimation of A with nonlinear outcome models in the observational study.

Dim(x) A, U, i NE IPSWE OME DRE
3 0.260 0314 0.574 0.520 (0.027) 0.261 (0.033) 0.260 (0.013) 0.260 (0.014)
5 0.235 0.329 0.564 0.372 (0.038) 0.230 (0.056) 0.235 (0.014) 0.235 (0.016)
8 0.216 0.345 0.561 0.301 (0.040) 0.203 (0.068) 0.216 (0.015) 0.217 (0.016)

Concluding Remarks

We examined commonly used regression models and estimates for treatment effect under the randomized clinical trial and
observational study, and used simulation studies to confirm our reasonings. Our conclusions are: regression models are generally different
for randomized clinical trial and observational study; for the five estimators we examined, some of them can be used for both trials, some
are not, which are summarized below.

T
. For randomized trial with linear model ¥; = B X, +Aa;+ €, (E(E,-) = 0), all the five estimators give consistent estimate of A.

° For randomized trial with non-linear model ¥, = & (ﬂrx,- + 5a,-)+ <; (E(E,-) = 0) , all the estimators except RCE give consistent
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estimate of A.The RCE estimator O is not an estimator of A in this case since typically § # A in non-linear model.
o For observational trial with linear model , | (al. = l,x) = ﬂlTxl.+ €, and

¥, 1(a,=0,x)= B x+<, (E(e)=0), the NE and RCE are biased estimates of A, and the IPSWE, OME and DRE are unbiased
estimators of A

. For observational trial with non-linear model Y, | (a,. = lax) =& (ﬂlTx,-)"" €; and

v, 1(a,=0,x)=g, (ﬂoTx,-)Jr S (E(E,») = 0) the NE is a biased estimate of A, and the IPSWE, OME and DRE are unbiased estimators
of A.In this setting, the RCE is not reported because model (4) does not contain a single index-scale treatment coefficient ¢ .
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