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Abstract
This paper discusses comparison of time series models in the presence and absence of missing data. The method adopted in this study is 

the Buys-Ballot procedure developed to, among other things, choice of appropriate model for decomposition of any study series, estimation of 
trend parameters and seasonal indices based on row, column and overall means and variances. When the models With and Without the missing 
observation of the transformed data are estimated and compared. Result shows that, the model of the data changed after the missing observation 
is estimated. The implication is that the missing observations do not only affect the seasonal indices of the data but they also affect the model of the 
data.
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Introduction

One of the greatest problems in descriptive time series analy-
sis is choice of appropriate model for decomposition of any study 
series. That is, when to choose any of the additive, multiplicative 
or mixed model is not known. It is certain that the wrong use of 
a model will bring unreliable estimate of the component. In time 
series, it is assumed that the data consist of observations made se-
quentially in time; a systematic pattern (usually a set of identifiable 
components) and random noise (error). The systematic pattern 
includes the trend (denoted as tT ), seasonal (denoted as 

tS ) and 
the cyclical (denoted as tC ) components. The random noise (or er 

 
ror, irregular component) is denoted as tI  or te  , where t stands 
for the particular point in time. These four classes of time series 
components may or may not coexist in real-life data. These compo-
nents can adopt different specific functional relationship. They can 
be combined in an additive (additive seasonality) or a multiplica-
tive (multiplicative seasonality) fashion and can as well take other 
forms such as pseudo-additive/mixed (combining the elements of 
both the additive and multiplicative models) model. The Additive 
model, Multiplicative model and Pseudo-Additive/Mixed Model are 
given in Equations (1) - (3) respectively:

mod : (1)
mod : (2)

mod : (3)

t t t t t

t t t t t

t t t t t

Additive el X T S C I
Multiplicative el X T S C I
Mixed el X T S C I

= + + +
= × × ×
= × × +
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Cyclical variation which refers to the long-term oscillation 
or swings about the trend appears to an appreciable magnitude 
only in long period sets of data. However, if short period of time 

is involved, the cyclical component is superimposed into the trend 
Chatfield [1].

mod : (4)
mod : (5)

mod : (6)

t t t t

t t t t

t t t t

Additive el X M S I
Multiplicative el X M S I
Mixed el X M S I

= + +
= × ×
= × +

In this case equation (4) - (6), can respectively, be written as:

where tM  is the trend-cycle component, 
tS  is the seasonal 

component with the property 
( ) ,1 1, 2,...,ji s jS S i m− + = =  and is the 

irregular component? For equation (4), it is convenient to make 
assumption that the sum of the seasonal component over a com-
plete period is 

zero, ie., 
1

0
s

t j
j

S +
=

=∑  (7)

Similarly, for equations (5) and (6), the convenient variant 
assumption is the sum of the seasonal component over a complete 
period is s .

1

s

t j
j

S s+
=

=∑
 (8)

It is equally assumed that the irregular component tI  is the 
Gaussian ( )2

10,N σ  white noise for equations (4) and (6), while 
for equation (5), 

tI  is the Gaussian ( )2
20,N σ  white noise and that 

( ), 0, 0t t kCov I I k+ = ∀ ≠ .

On the most appropriate condition to use any of three models, 
many scholars have proposed different approaches. Chatfield [1] 
proposed the use of the run sequence plot (time plot) to choose 
between additive and multiplicative models. However, they did not 
provide any statistical test to justify the use. Iwueze and Nwogu [2] 
proposed the framework for choice of model and detection of sea-
sonal indices in time series, showed that when the trend cycle com-
ponent is linear, the seasonal indices for the multiplicative model. 
Therefore, choice between additive and multiplicative models re-
duces to test for constant variance which can be used to identify the 
additive model. Therefore, they suggested that any test of constant 
variance can be used to identify the test that admits the additive 
model. This is an improvement over what is in existence. However, 
this approach can only identify the additive model when the col-

umn variance is constant, but does not tell the analyst the alterna-
tive model when the variance is not constant. Linde [3] stated that 
the seasonal variation is independent of the absolute level of the 
time series and its amplitude is relatively close for additive model.

While in a multiplicative model, the amplitude of the seasonal 
factor varies with level of the time series. In an additive model, the 
seasonal effect is the same in the same period over different years. 
When the seasonal effect is a proportion of the underlying trend, the 
multiplicative model is used. No statistical test was provided for the 
choice. Justo and Rivera [4] recommended the use of the coefficient 
of variation of seasonal quotient and differences. The seasonal dif-
ferences were computed by taking the difference between a certain 
season of a year and the same season from the year before while 
the seasonal quotient was computed as the quotient of a certain 
season of a year and the same from the year before. Additive model 
is appropriate if the absolute value of coefficient of variation of the 
seasonal quotient is less than the absolute value of the coefficient of 
variation of the seasonal differences. Otherwise, it is multiplicative 
model. Nwogu et al [5] and Dozie, et al [6] established Chi-Square 
test based on the seasonal variances of the Buys-Ballot table.

The test has been theoretically verified to be quite successful 
and efficient for choice between mixed and multiplicative models 
in time series analysis. Iwueze et al [7] summarized the Buys-Ballot 
procedure called the Buys-Ballot table. A Buys-Ballot table summa-
rizes data to show seasonal variations. Each line in the table is one 
period (usually a year) and each column is a season of the period/
year (4 quarters, 12 months, etc.). A cell ( ),i j , of this table contain 
the mean value of all observations made during the period i  at the 
season j . To analyze the data, it is helpful to include the period and 
seasonal totals ( )i jT and T , period and seasonal average 

_ _

. .i jX and X 
 
 

 
period and seasonal standard deviations 

^ ^

. .i jandσ σ 
 
 

, as part of the 
Buys-Ballot table. Also included for purposes of analysis are the 
grand total ( )..T , grand mean 

_

..X 
 
 

 and pooled standard deviation 
^

..σ 
 
 

 (see Table 1). According to Wei [8], the arrangement of data 
in this manner in table is credited to Buys-Ballot; hence, the table 
has been called the Buys-Ballot table in the literature.

Table 1: Buys-Ballot Table for Seasonal Time Series.

Rows(period)

i
Columns(season) j

1 2 ... j ... s .iT .iX
.

^

iσ

1 1X 2X ...
jX ...

sX .1T 1.X
.1

^
σ
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2 1+sX 2+sX ...
jsX +

...
sX 2 .2T 2.X

.2

^
σ

3 12 +sX
 22 +sX ...

jsX +2
...

sX 3 .3T 3.X
.3

^
σ

     

   

i 1)1( +− siX 2)1( +− siX ... jsiX +− )1( ... ssiX +− )1( .iT .iX
.

^

iσ

         

jT. 1.T 2.T ... jT. ...
sT. ..T - -

jX .

_

1.

_
X 2.

_
X ...

jX .

_ ...
sX .

_ -
..

_
X -

j.

^
σ 1.

^
σ 2.

^
σ ...

j.

^
σ ...

s.

^
σ - -

..

^
σ

Where s = number of seasons, m = number of periods and n = ms = number of observations.

Buys-Ballot is used to estimate the trend component and sea-
sonal indices from the chosen descriptive time series model. Ac-
cording to Dozie [9], Buys Ballot procedure is computationally 
simple when compared with other descriptive methods. The values 
of the estimated trend parameters and seasonal indices are easily 
computed in the mixed model in time series. Iwueze and Nwogu 
[2] proposed the Buys-Ballot estimation procedure and for the pe-
riodic means 

_

., 1, 2,...,iX i m = 
 

 and the overall mean _

..X 
 
 

 to estimate 
the trend component. Seasonal means _

. , 1, 2,...,jX j s = 
 

and the over-
all mean are used to estimate the seasonal indices. This research 
is restricted to time series with quadratic trend that admits the 
additive model using registered monthly church marriages over a 
period January, 2008 to December 2024. The, ultimate objective of 
this study is to compare time series models in the presence and ab-
sences of missing observations. The specific objectives are to: (a) 
review the Buys-Ballot procedure for in time series. (b) estimate 
trend parameter and seasonal indices in the presence and absence 
of missing observations. Based on the results and recommenda-
tions are made. This work contributes to the many existing solution 
of the problem of choosing the appropriate model in the presence 
and absence of missing data in time series analysis.

Methodology

The methods adopted in this study is the Buys-Ballot proce-
dure developed for choice of model for decomposition of any study 
series, estimation of trend parameters and seasonal indices and 
choice of appropriate transformation based on the row, column and 
overall means and variances, For details of Buys-Ballot procedure 
for time series decomposition see Wei [8], Iwueze and Nwogu [2], 
Nwogu et al [5], Dozie [9], Dozie and Uwaezuoke [10], Dozie et al 
[6], Dozie and Ijeoma [11], Dozie and Nwanya [12], Dozie and Ihek-
una [13], Dozie and Ibebuogu [14], Dozie and Ibebuogu [15], Dozie 
and Uwaezuoke [16], Dozie and Ihekuna [17], Dozie and Ihekuna 
[18], Dozie [19], Dozie and Uwaezuoke [20], Dozie [21] and Iwueze 

and Akpanta [22].

Review of Buys-Ballot Procedure for Time Series Decom-
position

Iwueze and Nwogu [2] observed that the rows (periods) and 
column (seasons), with m and s representing the number of peri-
ods/years and seasons/columns respectively. This two-dimension-
al arrangement of a series is referred as the Buys-Ballot table.

Choice of Appropriate Transformation

According to Iwueze and Akpanta [22], transformation is a 
mathematical operation that changes the measurement scale of 
a variable. Many times, series analyst assumes normality and it 
is well known that variance stabilization implies normality of the 
series. The most popular and common are the powers of transfor-
mation such as; logarithmic transformation ( )loge tX , square-root 
transformation ( )tX , inverse transformation 1

tX
 
 
 

, inverse square-
root transformation

 
1

tX

 
  
 

, square transformation ( )2
tX  and inverse square trans-

formation 2

1

tX
 
 
 

. 

Selecting the best transformation can be a difficult issue and 
the usual statistical technique used is to estimate both the trans-
formation and required model for the transformed tX  at the same 
time.

Estimation of Missing Observation

Decomposing Without the Missing Value (DWMV)

This is one of the estimation methods for missing observations 
proposed by I.S. Iwueze et al [23]. In this method, estimates of the 
trend parameters and seasonal indices obtained from the remain-
ing observations using any of the methods of time series decom-
position are substituted into the expression for the missing value. 
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Hence, the estimates of the missing values by this method are given 
by:

For Additive model 
^ ^ ^

( 1) ( 1) ( 1)i s j i s j i s jX M S− + − + − += +  (9)

For multiplicative mode 
^ ^ ^

( 1) ( 1) ( 1)i s j i s j i s jX M S− + − + − += ×  (10)

The trend-cycle components of the DWMV method for the qua-
dratic curves is

[ ]2
^^^

)1(
^

)1(])1[( jsicjsibaM jsi +−++−+=+−  (11)

Hence, the estimates of the missing values for additive model 
are given by;

[ ]
^

2
^^^^

)1(])1[( jij SjsicjsibaX ++−++−+=  (12)

Estimation of Trend Parameters

Iwueze and Nwogu [2] stated the estimation of the trend pa-
rameters for an additive model when trend-cycle component is 
quadratic as;

( )( ) ^^
|

^

6
121

2
1 cssbsaa 






 −−

−





 −

+=  (13)

( )1
^|^

−+= sc
s
bb  (14)

2

|^

s
cc =

 (15)

Estimation of Seasonal Indices

Iwueze and Nwogu [2] gave the estimation of the seasonal indi-
ces for an additive model when trend-cycle component is quadratic 
as;

jjj dXS −= .

_^

 (16)

Where,

( ) ( )( ) ( )
^^

^^ ^ ^
22

2 6j

c n s n sbd a n s b c n s j c j
− −  = + − + + + − + 

   
(17)

Hence,

( ) ( )( ) ( )
^^

_ ^ ^ ^ ^
2

.
2

2 6
jj

c n s n sbS X a n s b c n s j c j
∧  − −   = − + − + + + − +   

   (18)

The Levene’s Test Statistic for the Null Hypothesis

2 2
0 : i jH σ σ=

2 2
1 : i jH for at least one i jσ σ≠ ≠  is defined as

( )

( )

2

..
1

2

1 1
1

i

k

ii
i

Nk

ij i
i j

N K N z z
W

k z z

− −

=

−

= =

 − − 
 =
 − − 
 

∑

∑∑
 (19)

where k is the number of different groups, iN is the number of 
cases in the ith  group, ijY  is the value of the jth  observation in the 
ith group.

ijz  may be defined as deviation of ijy  from the mean ( )iy
−

 or 
from the median ( )iy

−

. That is

ij ij i ij iz y y or y y
− −

= − −
 (20)

.
1

1 iN

i ij
ji

z z
N

−

=

= ∑  is the mean of the ijz  for group i  (21)

..
1 1

1 iNk

ij
i j

z z
N

−

= =

= ∑∑  is mean of all ijz . (22)

The test statistic W approximately follows the F-distribution 
with 1k and N K− −  degree of freedom. To suit the Buys-Ballot 
procedure, the levene’s test statistic is modified with

, iN ms k s N m= = =  as

( ) ( )

( )

2
..

1

2

.
1 1

1

s

i
j

s m

ij j
j i

m z z
ms s

W
s z z

=

= =

 − −  =
−  − 

 

∑

∑∑
 (23)
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( ) ( )

( )

2
..

1

2

.
1 1

1
1

s

i
i

s m

ij j
i j

m z zs m
s z z

=

= =

 
− −  =

−  − 
 

∑

∑∑
 (24)

Real Life Example

Real life data is based on monthly number of church marriages 
at St. Molumba’s Catholic Church Owerri in Imo State for a period 
of seventeen (17) years (2008-2024) shown in Appendix A. The 
189 observations are transformed using the power transforma-
tion ( )β−1

tX  and arranged in a Buys-Ballot table as monthly data 
( )12S =  and for 17years ( )17m =  shown in Appendix B. The time 

plots of the actual and transformed series given in (Figures 1-3) 
respectively. The trend-cycle component tM used the quadratic: 

2
tM a bt ct= + +  with

1.6454, 0.0032 0.00003a b and c
∧ ∧ ∧

= = = −  

for the transformed data with the missing values and 
2.1234, 0.0153 0.0001a b and c

∧ ∧ ∧

= = = −  for the transformed data with-
out the missing values.

Figure 1: Time Plot of the Actual Series with Missing Observations.
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Figure 2: Transformed Series with Missing Observations.
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Estimation of Trend Parameters and Seasonal Indices of the Transformed Data with Missing

Observations
Figure 3: Transformed Series without Missing Observations.
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Using (13), (14), (15) and (18) 
Table 2: Seasonal Indices with Missing Values of the Transformed Data.

j
jX .

_

jS .

^

jSAdj .

^

1 1.6703 0.0677 0.0364

2 1.4109 -0.1895 -0.2208

3 1.4414 -0.1567 -0.1880

4 1.8957 0.2999 0.2686

5 1.6426 0.0492 0.0179

6 1.4831 -0.1079 -0.1392

7 1.2977 -0.2908 -0.3221

8 1.5832 -0.0028 -0.0341

9 1.5021 -0.0813 -0.1126

10 1.7058 0.1251 0.0938

11 1.7536 0.1756 0.1443

12 2.0622 0.4870 0.4557

∑
=

12

1
.

^

j
jS 0.3755 0.0000
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( )2
0.0001
12

0.0036
144

0.00003

c
∧ −
=

−
=

= −

( )( )

( )

0.0424 0.00003 12 1
12

0.0424 0.00003 11
12

0.00320

b
∧

= + − −

= −

=

( ) ( ) ( )( ) ( )
12 1 2 12 112 11.6265 0.00320 0.00003

2 6

1.6265 0.0176 0.00127
1.6454

a
∧  − −− = + − −       
= + +
=

( ) ( )( ) ( )( ) ( )( )( ) ( ) 2

2

2

0.00003 189 12 2 189 120.00321.6454 189 12 0.0032 0.00003 189 12 0.00003
2 6

1.6454 0.2832 0.3239 0.0021 0.00003
1.6047 0.0021 0.00003

j

j

d j j

j j
d j j

− − −
= + − + + + − − + −

= + − − −

= − −

_^
2

.

_
2

.

1.6047 0.0021 0.00003

1.6047 0.0021 0.00003

jj

j

S X j j

X j j

 = − − − 

= − + +

Estimation of Trend Parameters and Seasonal Indices of the Transformed Data Without Missing Values

Using (13), (14), (15) and (18)

Table 3: Seasonal Indices of the Transformed Data Without Missing Values.

j
jX .

_

jS .

^
jSAdj .

^

1 1.6703 0.1040 0.0439

2 1.4109 -0.1529 -0.2130

3 1.3815 -0.1797 -0.2397

4 1.886 0.3275 0.2674

5 1.6327 0.0769 0.0169

6 1.4493 -0.1037 -0.1638

7 1.2977 -0.2525 -0.3125

8 1.5832 0.0360 -0.0241

9 1.5021 -0.0422 -0.1022

10 1.7058 0.1646 0.1045

11 1.7536 0.2155 0.1554

12 2.0622 0.5272 0.4672

∑
=

12

1
.

^

j
jS 0.7206 0.0000
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^

2

0.0038
(12)
0.0038
144

0.00003

c −
=

−
=

= −

( )

( )

^ 0.0441 ( 0.00003) 12 1
12

0.0441 0.00003 11
12

0.0033

b = + − −

= −

=

( ) ( )( ) ( )
^ 12 1 2 12 112 11.6127 (0.0033) 0.00003

2 6

1.6127 0.0182 0.00127
1.6322

a
 − −− = + − −       

= + +
=

( ) ( )( ) ( )( ) ( )( )( ) ( ) 2

2

2

0.00003 204 12 2 204 120.00331.6322 204 12 0.0033 0.00003 204 12 0.00003
2 6

1.6322 0.3168 0.38016 0.00246 0.00003
1.56884 0.00246 0.00003

j

j

d j j

j j
d j j

− − −
= + − + + + − − + −

= + − − −

= − −

_^
2

.

_
2

.

1.56884 0.00246 0.00003

1.56884 0.00246 0.00003

jj

j

S X j j

X j j

 = − − − 

= − + +

Case 1: Test of Appropriate Model with Missing Observations

To test the appropriate model with missing observation. The first step is verifying whether the data admits the additive model. The 
test statistic in (24) is used. The null hypothesis that the data admits additive is rejected, if W is greater than the critical value, which 

for 0.05α =  level of significance and 1 19m − =  degrees of freedom 
equal to or do not reject 0H otherwise.

From Appendix C and Table 4-7
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Table 7: Calculation of 
2_ _

. ..jm z z − 
 

_

. jz ..

_
z

_

...

_
zz j −

2_ _

. ..jz z − 
 

2_ _

. ..17 jz z × − 
 

0.1197 0.264 -0.1443 0.0208 0.3540
0.1439 0.264 -0.1201 0.0144 0.2452
1.0083 0.264 0.7443 0.5540 9.4177
0.2508 0.264 -0.0132 0.0002 0.0030
0.2731 0.264 0.0091 0.0001 0.0014
0.3015 0.264 0.0375 0.0014 0.0239
0.1465 0.264 -0.1175 0.0138 0.2347
0.1601 0.264 -0.1039 0.0108 0.1835
0.1941 0.264 -0.0699 0.0049 0.0831
0.2236 0.264 -0.0404 0.0016 0.0277
0.2207 0.264 -0.0433 0.0019 0.0319
0.1253 0.264 -0.1387 0.0192 0.3270

10.9331

where m=17.

( )( )
( )( )

12* 17 1 10.9331
11.43

12 1 16.6967
W

−
= =

−
 and the critical value is

0.05, 1, 0.05,(12 1),(204 12) 0.05,11,192 1.82k N kF F F− − − −= = =

11.43W =  when compared with the critical value (1.82). W is 
greater, indicating that the data does not admit the additive model.

Case 2: Test of Appropriate Model Without Missing Ob-
servations

Again, to determine test for appropriate model Without miss-
ing observation. The first step is check whether the data admits 
the additive model. The test statistic in (24) is used. The null hy-
pothesis that the data admits additive is rejected, if W is greater 
than the critical value, which for 0.05α =  level of significance and 

1 19m − =  degrees of freedom equal to or do not reject 0H otherwise.

From Appendix D and Table 8

( )( )
( )( )

12* 17 1 0.2901
1.36

12 1 3.7146
W

−
= =

−
 and the critical value

82.1192,11,05.0)12204(),112(,05.0,1,05.0 === −−−− FFF kNk

1.36W =  when compared with the critical value (1.82). W is 
less than, indicating that the data admits additive model.

Comparison of Case 1 and Case 2

In comparing case 1 and case 11, while the decomposition mod-

el for case 1 is not additive in the presence of missing data. The 
model structure of case 11 admits additive after the estimation. We 
observed that the model of the data changed after the missing ob-
servation is estimated. The implication is that the missing observa-
tions do not only affect the seasonal indices of the data but they also 
affect the model of the data.

Summary, Conclusion and Recommendation

Summary

This study discussed the impact of missing data on quadratic 
trend cycle and seasonal indices. The aim of this study is to Com-
pare the model of the data With and Without missing observations. 
Specific objectives are to: (1) estimate the missing observations. 
(2) estimate the trend parameter and seasonal indices of the data 
With and Without missing observations. The methods adopted in 
this study are: 1) the Buys-Ballot estimation procedure used for 
the estimation of trend parameters and seasonal indices 2) the 
Decomposing without the Missing Value (DWMV); used of the es-
timation of missing observations. 3) The Levene’s test for constant 
variance used for the identification of appropriate model. Empiri-
cal example is taken from the Marriage register from St Molumba’s 
Catholic Church, Owerri, Imo State on monthly records of number 
of marriages over a period of 2008 to 2024. The trend parameter 
and the seasonal indices With and Without the missing observa-
tion are estimated. Results show that, the model of the data in the 
presence and absence of missing observations are compared and 
result shows that the model of the data changed after the missing 
observation was estimated.
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Conclusion

This study has discussed the impact of missing data on qua-
dratic trend cycle and seasonal indices. The emphasis is to identify 
and compare the model of the data with and without the missing 
observations. The Buys-Ballot estimation procedure was used to 
estimates the trend parameters and seasonal Indices and the De-
composing without the Missing Value (DWMV) was adopted for the 
estimation of the missing values. Also, using the Levene’s test for 
constant variance for the identification of appropriate model for 
the data with and without the missing observation, Results show 
that the missing observations do not only affect the seasonal indi-
ces of the data but they also affect the model of the data.

Recommendation

For researchers who may want to work on time series data 
with missing observations, we recommend that identification of 
the appropriate model of the data after the estimation of missing 
observations is necessary as wrong modeling of time series data 
may lead erroneous forecast. However, this study is limited to time 
series in which the trend-cycle component is quadratic. Therefore, 
cases where trend-cycle components are linear and exponential are 
recommended for further investigation.
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APPENDIX

Appendix A: Actual Data with Missing Observations.

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC

2008 6 2 16 12 17 4 1 15 12 30 26 24

2009 6 5 23 20 7 4 15 11 17 14 30

2010 18 5 28 14 7 7 5 16 15 19 32

2011 9 7 3 17 11 9 6 7 8 14 23 39

2012 7 8 38 14 13 2 13 37 10 30 57

2013 15 6 42 20 14 5 24 6 36 37 40

2014 16 12 7 28 25 10 5 11 11 14 32 45

2015 20 12 30 18 5 5 13 9 18 15 42

2016 14 8 11 15 13 11 4 12 8 30 21 29

2017 14 9 22 7 3 8 9 6 6 10 37

2018 16 2 28 9 5 3 6 7 10 11 39

2019 8 5 3 18 10 5 6 7 7 32 11 26

2020 14 6 8 4 6 3 5 21 32

2021 12 4 2 16 7 1 6 4 8 8 30

2022 7 3 8 4 3 2 1 5 2 15

2023 9 4 11 3 1 2 13 4 7 4 11

2024 12 1 18 2 7 1 4 1 2 5 21

Source: St Molumba’s Catholic Church, Owerri, Imo State.

Appendix B: Transformed Data with Missing Observations.

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC

2008 1.4608 1.1579 1.7975 1.6914 1.8207 1.3407 1.0000 1.7731 1.6914 2.0531 1.9919 1.9585

2009 1.4608 1.4055 1.9409 1.8844 1.5092 1.3407 1.7731 1.6606 1.8207 1.7475 2.0531

2010 1.8429 1.4055 2.0234 1.7475 1.5092 1.5092 1.4055 1.7975 1.7731 1.8640 2.0813

2011 1.5916 1.5092 1.2616 1.8207 1.6606 1.5916 1.4608 1.5092 1.5524 1.7475 1.9409 2.1703

2012 1.5092 1.5524 2.1584 1.7475 1.7203 1.1579 1.7203 2.1462 1.6274 2.0531 2.3516

2013 1.7731 1.4608 2.2045 1.8844 1.7475 1.4055 1.9585 1.4608 2.1338 2.1462 2.1819

2014 1.7975 1.6914 1.5092 2.0234 1.9754 1.6274 1.4055 1.6606 1.6606 1.7475 2.0813 2.2369

2015 1.8844 1.6914 2.0531 1.8429 1.4055 1.4055 1.7203 1.5916 1.8429 1.7731 2.2045

2016 1.7475 1.5524 1.6606 1.7731 1.7203 1.6606 1.3407 1.6914 1.5524 2.0531 1.9039 2.0384

2017 1.7475 1.5916 1.9227 1.5092 1.2616 1.5524 1.5916 1.4608 1.4608 1.6274 2.1462

2018 1.7975 1.1579 2.0234 1.5916 1.4055 1.2616 1.4608 1.5092 1.6274 1.6606 2.1703

2019 1.5524 1.4055 1.2616 1.8429 1.6274 1.4055 1.4608 1.5092 1.5092 2.0813 1.6606 1.9919

2020 1.7475 1.4608 1.5524 1.3407 1.4608 1.2616 1.4055 1.9039 2.0813

2021 1.6914 1.3407 1.1579 1.7975 1.5092 1.0000 1.4608 1.3407 1.5524 1.5524 2.0531

2022 1.5092 1.2616 1.5524 1.3407 1.2616 1.1579 1.0000 1.4055 1.1579 1.7731

2023 1.5916 1.3407 1.6606 1.2616 1.0000 1.1579 1.7203 1.3407 1.5092 1.3407 1.6606

2024 1.6914 1.0000 1.8429 1.1579 1.5092 1.0000 1.3407 1.0000 1.1579 1.4055 1.9039
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Appendix C: Actual Data Without Missing Observations.

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC

2008 6 2 16 12 17 4 1 15 12 30 26 24

2009 6 5 7 23 20 7 4 15 11 17 14 30

2010 18 5 7 28 14 7 7 5 16 15 19 32

2011 9 7 3 17 11 9 6 7 8 14 23 39

2012 7 8 8 38 14 13 2 13 37 10 30 57

2013 15 6 8 42 20 14 5 24 6 36 37 40

2014 16 12 7 28 25 10 5 11 11 14 32 45

2015 20 12 7 30 18 5 5 13 9 18 15 42

2016 14 8 11 15 13 11 4 12 8 30 21 29

2017 14 9 6 22 7 3 8 9 6 6 10 37

2018 16 2 5 28 9 5 3 6 7 10 11 39

2019 8 5 3 18 10 5 6 7 7 32 11 26

2020 14 6 3 3 6 8 4 6 3 5 21 32

2021 12 4 2 16 7 3 1 6 4 8 8 30

2022 7 3 2 8 4 2 3 2 1 5 2 15

2023 9 4 1 11 3 1 2 13 4 7 4 11

2024 12 1 1 18 2 7 1 4 1 2 5 21

Appendix D: Transformed Data without Missing Observations.

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC

2008 1.4608 1.1579 1.7975 1.6914 1.8207 1.3407 1.0000 1.7731 1.6914 2.0531 1.9919 1.9585

2009 1.4608 1.4055 1.4987 1.9409 1.8844 1.5092 1.3407 1.7731 1.6606 1.8207 1.7475 2.0531

2010 1.8429 1.4055 1.5219 2.0234 1.7475 1.5092 1.5092 1.4055 1.7975 1.7731 1.8640 2.0813

2011 1.5916 1.5092 1.2616 1.8207 1.6606 1.5916 1.4608 1.5092 1.5524 1.7475 1.9409 2.1703

2012 1.5092 1.5524 1.5426 2.1584 1.7475 1.7203 1.1579 1.7203 2.1462 1.6274 2.0531 2.3516

2013 1.7731 1.4608 1.5399 2.2045 1.8844 1.7475 1.4055 1.9585 1.4608 2.1338 2.1462 2.1819

2014 1.7975 1.6914 1.5092 2.0234 1.9754 1.6274 1.4055 1.6606 1.6606 1.7475 2.0813 2.2369

2015 1.8844 1.6914 1.5087 2.0531 1.8429 1.4055 1.4055 1.7203 1.5916 1.8429 1.7731 2.2045

2016 1.7475 1.5524 1.6606 1.7731 1.7203 1.6606 1.3407 1.6914 1.5524 2.0531 1.9039 2.0384

2017 1.7475 1.5916 1.443 1.9227 1.5092 1.2616 1.5524 1.5916 1.4608 1.4608 1.6274 2.1462

2018 1.7975 1.1579 1.3971 2.0234 1.5916 1.4055 1.2616 1.4608 1.5092 1.6274 1.6606 2.1703

2019 1.5524 1.4055 1.2616 1.8429 1.6274 1.4055 1.4608 1.5092 1.5092 2.0813 1.6606 1.9919

2020 1.7475 1.4608 1.2795 1.7305 1.4741 1.5524 1.3407 1.4608 1.2616 1.4055 1.9039 2.0813

2021 1.6914 1.3407 1.1579 1.7975 1.5092 1.2373 1.0000 1.4608 1.3407 1.5524 1.5524 2.0531

2022 1.5092 1.2616 1.1274 1.5524 1.3407 1.1547 1.2616 1.1579 1.0000 1.4055 1.1579 1.7731

2023 1.5916 1.3407 1.0383 1.6606 1.2616 1.0000 1.1579 1.7203 1.3407 1.5092 1.3407 1.6606

2024 1.6914 1.0000 0.9407 1.8429 1.1579 1.5092 1.0000 1.3407 1.0000 1.1579 1.4055 1.9039

http://dx.doi.org/10.33552/ABBA.2026.07.000659
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