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Abstract

This study is on the Buys-Ballots procedure for the estimation of trend parameters and seasonal indices in the presence of missing value. The
Buys-Ballots procedure was developed on the assumption that there are no missing values. Following this procedure, the statistical properties and
estimates of trend parameters and seasonal indices were derived for a series with one missing value for the Linear Additive model. We also through
simulation investigated the effect of one missing value on these statistical properties and estimates of trend parameters and seasonal indices by
varying one missing value at different positions in the series. The results revealed that the row mean and standard deviation show no noticeable
difference in the presence of one missing value. Also, the estimates of trend parameters and seasonal indices have no noticeable effect when one
missing value was observed at different positions in the datasets. This result suggests that the estimates of the Buys-Ballot procedure is effective
even in the presence of one missing value. However, we recommend that the study be extended to other time series decomposition models, other
trending curves and increasing the number of missing values.
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Introduction

the Multiplicative model,
The Buys-Ballot methodology was proposed and by Iwueze and

Nwogu (2004) [1] as an alternative procedure to the traditional

method of time series decomposition. The method obtains X, =T x8§xCxl1, t=12,.,n @)
estimates of trend parameters from row, column and overall means
and standard deviations. and the Mixed Model.

In descriptive method of time series decomposition, three
model are commonly used. They are, Xt = Tt X St X Cz + [t, t=12,...n 3)

The Additive model, where, for time f, X, is the observed data, T is the trend,

S, is the seasonal effect, C, is cyclical and it is irregular or error

X =T+S +C +1. t=12...n ™) term. According to Chatfield (2004) [2] the cyclical component
t t t t t? Lt
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is superimposed into the trend when a short period of time is
involved. When this happens, the trend-cycle component is given
by M, and Equations (1) through (3) are re-written as

X, =M,+S,+e, t=12,..,n

(4)
for Additive model
X, =M,xS§ xe, t=12,..,n 5)
for Multiplicative model
X, =M, xS +e, t=12,.,n ©)

And for Mixed Model.

It is assumed for all the model that the seasonal effect, when it
exists, has period § . That s, it repeats after § time periods.

S, =8, forall t (7)

Furthermore, for Equation (4), it is assumed that the sum of the
seasonal components over a complete period is zero. That is,

ZSH—j = 0
= (8)

Similarly, for Equations (5) and (6), the assumption is that the
sum of the seasonal components over a complete period is S That

ZS:SM =S
! )

It is also assumed that for Equation (4) and (6), the irregular
component e, is normal with mean zero and constant variance o;
, that is

is,

2
eI N (0, o, )
(10)
For Equation (5) the irregular component ¢, is normal with
mean one and constant variance o;, that is

2

¢, I N(0,07) a

The traditional method of time series decomposition consists
of estimating the time series components existing in the series and
isolating them using any of the models discussed above, Chatfield
(2004) [2]. Hence, the trend component M, is estimated from the
observed series and isolated either by subtraction for Equation (4)
or by division for Equation (5). The de-trended series is obtained
as X, —M, for Equation (4) or X, /M, for Equation (5). From
the detrended series, the estimate of seasonal component is
obtained by taking the averages at each season. The de-trended, de-
seasonalized series is obtained as X, —]\;It - S't for Equation (4) or
X, /(M[ —S’,) for Equation (5). This gives the irregular component
which may or may not be random. For the mixed model in Equation
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(6), neither the successive subtraction nor division could be used
for decomposition.

Thus, the traditional method relies on the de-trended series to
obtain estimates of other components. It makes no provision for
outliers and missing values. It is faced with the problem of choice
of appropriate model for the decomposition of observed series,
problem of choice of appropriate transformation and problem of
determining the nature of the trending curve and seasonality etc.
The Buys-Ballot procedure proposed by Iwueze and Nwogu (2004)
[1] provides an alternative procedure to the traditional method
of time series decomposition. Unlike the traditional method,
the procedure does not rely on the de-trended series to obtain
other components. It obtains estimates of trend and seasonal
components independently from the rows and columns and overall
averages and standard deviation. The procedure has addressed the
problems of choice of appropriate model for decomposition, choice
of appropriate transformation, determining appropriate trend and
test of seasonality among other things.

However, in developing the Buys-Ballot procedure, Iwueze and
Nwogu (2004) [1] assumed that all the observations in each row
and each column are present. Therefore, the procedure is based on
complete number of observations in rows and columns in deriving
the estimates of trend parameters and seasonal indices. In other
words, Iwueze and Nwogu (2004) [1] procedure did not make
any provision for series in which some observations are missing.
Hence, the effects of this unequal number of observations per row
and column on the estimates of trend parameters and seasonal
indices are not quite clear and needs further investigation. Should
the estimation continue as proposed by Iwueze and Nwogu (2004)
[1] with the missing observations since the estimates are based on
averages or should the missing values be estimated before applying
the procedure? This and other related questions are what this study
intends to address.

Materials and Methods

Review of Buys-Ballot Method

The method adopted in this study is the Buys-Ballot method
by Iwueze and Nwogu (2004) [1]. For details of the Buys-Ballot
procedure, see Iwueze and Nwogu (2004, 2005) [1,3], Iwueze and
Ohakwe (2004) [4]. According to Buys-Ballot method a seasonal
time series data (Xt’ t= 1’2’“,’”) can be conventionally arranged
into M rows and S columns (such that 7 = ms ). In terms of
the rows (i) and columns (), the time point ¢ corresponds to
t= (i—l)s-l—j. Hence, in terms of the Buys-Ballot procedure, the
expressions in Equations (4) through (6) are

X(i—l)s+j = M(i—l)s+j + S(i—l)s+j +e(i—1)s+j (12)
for Additive model
X(i—l)s+j = M(i—l)s+j X S(i—l)s+j X €lit)st (13)

for Multiplicative model
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Using these expression, Iwueze and Nwogu (2004) [1] obtained

X(l._l)Hj =M., x S(l._l)ﬁj + €li-t)ss (14) the row, column and overall means and variances shown in Table
1 for the Additive and Multiplicative models when the trend-cycle
and for Mixed Model is linear. As Table 1 show, the row mean is a function of the row I

For a linear trend-cycle component

M(i—l)s+j :a+b[(i—1)s+j] (15)

a#0,b#0 all constants.

and the trend parameter only while the column mean is a function
of both trend parameter and seasonal effect § . Hence, estimates
of trend parameter are derived from the row mean while estimates
of seasonal indices are derived from the column mean. Using the
expressions in Table 1, the estimates of trend parameters and
seasonal indices for series with complete observation are given in
Table 2 [5].

Table 1: Row, column and overall averages and variances of the Buys-Ballot table for a series with complete observation and for the Additive Model.

The details of the measures in Table 1 are shown in lwueze and Nwogu (2014) [5].

Measures Expression
T as— bs[ j (bs )1+Ze
T, am+m7b(n—s)+mbj+mSj+zm:e_j
i=1
1
T na+nb£ " J Zze,l
i=i j=1
— s—1 -
X, a- b( 5 j (bs)i+e,
- b . _
X, a+5(n—s)+b]+Sj+e_j
X a+M+E
B .
;2 bZ(S(S_HJ (Zb jz 5,4 252
" 12
& bz[n(n+s)]
12
1
5 b [M]+L{2me]S +mZS }
12 = =

Table 2: Estimates of trend parameters and seasonal indices for series with complete observation Source: Iwueze and Nwogu (2014) [5]. &' and b’

are estimates derived from the regression equation of row averages on row number.

Parameter Additive model: complete observation
s (s-1)
'+b

a a 2

b '
b -

s

— b .

S, i a+5(n—s+2])
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Modified Buys-Ballot Procedure When One Observation is Missing in (i, /) Cell

Table 3: Modified Buys-Ballot Table for series with one missing value.
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Period Season ( /) s, T X 5,
(i) 1 2 J-1 J' J'+l s
1 X, X, X X, X X, S T . | O
2 X 542 X Kys Xyijn X s, | L 2 | O
3 Xyon Xy R e X2s+j 25441 X, 53 T, X, | O;,
i' X(i'—l)sH X(i'fl)s+2 X(i'—l)ﬁj‘—l (X(i,_l)sﬂ.,) X(i'—l)s+j'+1 X(z‘bl)ﬁs S 7; )?i'. &i'.
m X(m—l)s+l X(m—l)s+2 X(m—l)s+j—1 X(m—l)s+j X(m—l)s+j+1 Xms Sm T;\ X"'» 6-"1
m, m, m, m; m, m,, m, . .
Tj Tl Tz Tj—l T] Tj+1 Ts ° T °
X, X, X, X_j—l X,j' X.j+1 Xs - X, -
S, S, G, OA_j—l G OA'JH OA-J - - .
However, when one observation is missing from i = (i')th row
(" g T, /s i#i', j#j'
and J = (j ) column, the Buys-Ballot table may be modified to )? _Jh s 5
account for the missing observation. The modified Buys-Ballot "L/ (s-1) Jd=i' j#j' 18
table is shown in Table 3. (18)
For Table 1 with a missing value at the (i,j") cell, m
ZX kil i
(i)sej PLFELSTFE]
{S,Vi;ti' {m,Vj?':j' T =
S = . = = m
s—=1L,Vi=i m-1,V j=7' . e
/=) ZX(i'—l)S+j' sJ=J s L#1
. L . N . il (19)
while the expression in Equation (12) with linear trend is
written as
T, /m NESANE-S N
a+b[(i=1)s+]+S, +ey, i#ij# ] S VAL G VA AL S
(i-1)s+j . . e
a+b[(l —1)s+] ]+Sj+el.,j, ,i=iyj=j (16)
In the modified table (Table 3), the corresponding row, column, T = ZZX e Z X e
and overall totals, averages and variances are expressed as follow; e (i-l)s+j 4 / (i'=1)s+j
i#i' j=1 J#j (21)
1 Al —
ZIX(i—l)sﬂ AFL, JF] X:—T
L=, n=1@22)

ZX(I'LI)Sf/" ’i = i" ] * j'
J#J'

(17)
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o2=J1"" s -

;= — \2
Zz( diac ) ihj#J'
242 (23)

_ 2

i( b %)) J*j

O'i: i=1( _ )2
o (X~ X -
2 24)

DRI X

_ =)
("—1)

X

(25)
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Utilizing the method of Iwueze and Nwogu (2004) [1], the

following row, column and overall totals averages and variances
of the modified Buys-Ballot table are shown in Table 4 for a series
with one missing value. From Table 4, it is observed that the row
means are linear function of the row #'. while column means are
linear function of the column j' plus the seasonal effect Sj. The
row means and the column mean in Table 4 contain the position
of the missing value (i'-1) with the presence of seasonal effect J'
. Furthermore, while the row variance includes both the trending
parameters and the seasonal component, the column variance does
not contain the seasonal component but mimic the shape of the
trending series. These qualities of the row and column averages
are utilized to obtain estimates of trend parameters and seasonal
indices.

Parameter Estimation

Using the expressions in Table 4, the estimates of trend
parameters and seasonal indices for series with one missing value
is given in Table 5.

Table 4: Row, column and overall totals averages and variances of the modified Buys-Ballot table for a series with one missing observation and for

Additive model.

Measures Expression
T, (s-l)a+b@+b[s(s-1)(z D=1+, +3e
T
_ s(s+1) i
X, a+b2(s_1)+b s(i'-1) = ;S +e,
bm(n .
T, (m-1)a+ > b[s(i'=1)—=(m=1)j'[+(m=1)S,+ e,
X, a+bm(n s)—b S(i'_l)—j’ +S5 +e,
2(m-1) m—1 s
m-1 s s—1
T (n— 1)a+b b[s j'}+ZSj+ZZeU+Zei.j
J#J' i#i' j=1 J#J
_ (n+1) . .
X' a+b - s(i'-1)+J' + S +e
. (I’l—l) (n_1)|: ( ) :| PZ]

o; —bzs (1;4- D) [sz —55— 2} +b%s [(s +1)j'=b* () ’)2} z

[pe)

S——S 1 ZS

J#J' ]*]

b*n(n-2s)
12

+(bs)2n{

()
(1)

—(i'—l)2}+0'2

b’n(n+1)
12(n—1)

o

(m- 12SZ+ZS2

J#i'

(n 1)6

i

[nz—Sn—2]+b
(m-1 z,s +3 S, +}_[71)_m(i,_1)_j}ﬁ

n(n+1)

(n-1) [(-1)s+)T

55 |

J#

o " b’n
[(1 —~1)s+j J_(n—l)

nlSz(

2)o"
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Table 5: Estimates of trend parameters and seasonal indices for series with one missing value a' and b' are estimates derived from the regression

equation of row averages on row number.

Parameter

Additive Model: One Missing Value

a a'-b [

s(s+l)_SJ_ J'

2(s—1) (s—l)
b L
S
Sj )_(le P bm(n—s)_bA|:s i'—l) j}

From Table 5, the value of @'and b' are estimates derived from
the regression equation for a series with one missing. Furthermore,
the estimate of the intercept @ contain the seasonal j'. In other
words, the intercept @ change at the rate of l;/(s—l) per unit
change in j' and the term /' marks the position of the missing
values. This suggest that the position of the missing value affects
the both the slope and the intercept. On the other hand, the seasonal
effect is a function of 7' and J'. In other words, the seasonal effect
is also affected by the position of the missing value both in row ? '
and column j'. Hence, the seasonal effect changes at rate ES/(m -1)
per unit change in ;' and rate 5 per unit change in j'. The term
Elw_j‘l marks the effect of the position of the missing value
i Qﬁél)seas nal j' and period i'. Generally, the seasonal effect
reduces as /' increases and increases as i ' increases.

Comparison of Estimates

The comparison of Buys-Ballot estimates of the parameters
in the presence and absence of missing values for the linear trend
curve and additive model is assessed using the accuracy measures.
The accuracy measures (Mean Absolute Error MAE, Mean Square
Error MSE and Mean Absolute Percentage Error MAPE), are based
on deviations (&) of the parameter estimates in the absence (él)
from the presence (éz) of one missing value.

That is, R R
e=4-%

where,

Ql :|:a’b’sl’S2’S3’S4’SS’sé’S7’S8’S9’S10’S11’S12j| and

éz :[a’b’sl’SzaS3’S4:Ssasé’S7’s8’s95510’S115512}

Hence,

MAE = Fﬂeﬂ
kS 2
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k

MSE =lze.2

1

kT (28

k
MAPE =| - 374! |x100
k= x,
(29)
k is the number of parameters.

Empirical Example and Results
Data Source

The data used consist of 20 simulations of 120 observations
each from the Additive model;

X M + S(H)w, +e

(i-1)s+j — A (i-1)s+ i-1)s+j w i t h
M, =a +b[(i—l)s+j], a=1.0,b=0.2 and the S, given
in Table 6. The results of the analysis were consistent for all the
simulated series. The effect of one missing value on the Buys-Ballot
table and the effect on the estimates of trend parameters and
seasonal indices using the Buys-Ballot procedure were assessed
in this study. The effects were determined by varying one missing
value at different position in the series.

The summary statistics from the row mean and standard
deviation when one missing value was varied at different position
is shown in Table 7 and 8. Table 8 presents the assessment of the
effect one missing on the estimate of trend parameters and seasonal
indices in absence of no missing value and in the presence of one
missing value. Specially, when the missing value is varied at different
positions. Table 8 show that trend parameters were recovered very
well while the seasonal indices were recovered with greater error.
This indicates that recovery is better with trend parameters than
seasonal indices. Furthermore, it was observed that the recovery of
seasonal indices appears to be better with positive seasonal indices
than negative seasonal indices.
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J 1 2 3 4 5 6 7 8 9 10 1 12
5 15 25 35 45 15 25 35 45 15 25 35 45
Table 7: Effect of one missing value on the Row Mean and standard deviation of the Buys-Ballot Table.
Accuracy Measures Position of one missing value

12 23 34 45 56 67 78 89 100 111

Row Mean MAE 0.06 0.02 0.07 0.03 0.01 0.05 0.02 0.05 0.09 0.03

MSE 0.04 0.04 0.05 0.01 0 0.03 0 0.03 0.08 0.01

MAPE 0.46 0.03 0.12 0.04 0.01 0.04 0.01 0.03 0.04 0.01

Row Standard Deviation MAE 0.00 0.03 0.01 0.03 0.04 0.01 0.04 0.01 0.03 0.03

MSE 0.00 0.01 0.00 0.01 0.01 0.00 0.01 0.00 0.01 0.01

MAPE 0.06 0.13 0.18 0.34 0.49 0.18 0.45 0.18 0.04 0.04

Table 8: Effect of one missing value on the estimates of trend parameter and seasonal indices.
Position of one missing value
NMV | 12 23 34 45 56 67 78 89 100 111

est est er est | error | est |error | est er est | error | est | o est | error | est | error | est er est er
ror ror ror ror ror
a | o081t | 079 | 002 | 08 0.00 | 0.84 | -0.04 | 0.83 | -0.02 | 0.79 | 0.02 | 0.79 | 0.01 | 0.80 | 0.01 | 0.79 | 0.02 | 0.80 | 0.00 | 0.82 | -0.01
b | 200 | 200 | 000 | 200 | 0.00 | 2.00 | -2.00 | 2.00 | 0.00 | 2.00 | 0.00 | 2.00 | 0.00 | 2.00 | 0.00 | 2.00 | 0.00 | 2.00 | 0.00 | 2.00 | 0.00
Sl -1.06 | -1.04 | -0.02 | -1.08 | 0.02 | -1.08 | 1.06 | -1.71 | 0.65 | -1.03 | -0.04 | -1.05 | -0.01 | -1.03 | -0.03 | -0.99 | -0.07 | -1.03 | -0.03 | -1.05 | -0.01
S2 178 | 1.80 | -0.02 | 1.75 | 0.03 176 | -1.78 | 1.86 | -0.08 | 1.80 | -0.02 | 1.79 | -0.01 | 1.89 | -0.11 | 1.85 | -0.07 | 1.81 | -0.03 | 1.78 | 0.00
S3 384 | 386 | -0.02 | 342 | 042 | 382 | -3.84 | 3.73 | 011 | 387 | -0.04 | 3.85 | -0.01 | 3.87 | -0.03 | 3.91 | -0.07 | 3.87 | -0.03 | 3.62 | 022
S4 -4.52 | -4.66 | 0.14 | -454 | 0.02 -4.7 484 | -433 | -0.19 | -449 | -0.04 | -4.51 | -0.01 | -4.38 | -0.14 | -4.45 | -0.07 | -4.44 | -0.09 | -4.52 | 0.00
S5 -1.23 | -1.20 | -0.02 | -1.58 | 035 | -1.09 | 1.07 | -1.15 | -0.08 | -1.19 | -0.04 | -1.21 | -0.01 | -1.20 | -0.03 | -1.08 | -0.15 | -1.69 | 0.46 | -1.22 | 0.00
S6 294 | 292 | 002 | 293 | 002 | 292 | -291 | 3.02 | -0.08 | 298 | -0.04 | 295 | -0.01 | 297 | -0.03 | 3.01 | -0.07 | 296 |-0.02 | 291 | 0.03
S7 3.07 31 |-0.02 | 368 | -061 | 3.05 | -3.08 | 3.15 | -0.08 | 3.11 | -0.04 | 3.05 | 003 | 3.1 | -0.03 | 313 | -0.05 | 3.1 |-0.03| 3.08 | 0.00
SS -4.54 | -4.52 | -0.02 | -4.56 | 0.02 | -4.56 | 454 | -446 | -0.08 | -4.75 | 0.20 | -4.53 | -0.01 | -4.59 | 0.05 | -4.47 | -0.07 | -4.51 | -0.03 | -4.54 | 0.00
S9 -1.32 | -1.29 | -0.02 | -1.02 | -0.29 | -1.34 | 131 | -1.25 | -0.07 | -1.28 | -0.04 | -1.3 | -0.01 | -1.29 | -0.03 | -1.58 | 0.26 | -1.28 | -0.03 | -1.10 | -0.21
SIO 2.49 251 | -0.02 | 248 0.02 271 | -2.73 | 257 | -0.08 | 2.35 0.14 25 |-0.01| 205 | 044 | 198 | 0.51 252 | -0.03 | 249 | 0.00
Sll 2.94 296 | -0.02 | 2.93 0.02 292 | -294 | 3.02 | -0.08 | 298 | -0.03 | 296 | -0.01 | 297 | -0.03 | 3.01 | -0.07 | 297 |-0.03 | 295 0.00
Sl2 -4.39 | -444 | 0.04 | -441 | 0.02 -441 | 446 | -444 | 0.05 | -436 | -0.04 | -451 | 0.12 | -436 | -0.03 | -4.32 | -0.07 | -4.28 | -0.12 | -4.39 | 0.00
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MAE 0.03 0.13 0.05 0.12 0.05 0.02 0.07 0.11 0.07 0.04

MSE 0.00 0.05 0.01 0.04 0.01 0.00 0.02 0.03 0.02 0.01

MAPE -0.24 -1.32 -0.18 -4.23 -0.12 -0.12 1.17 -0.59 -2.96 -0.61
Discussion other trending curves and increasing the number of missing values.

Previous studies have shown that when an analyst encounters
missing observations in time series data, the remedial measure is to
replace the missing observation by its estimate; David (2006) [6].
This measure is applied without determining if the missing values
have effect on the series or not. Iwueze et al., (2018) [7] proposed
different measure handling missing values using the Buys-Ballot
procedure. However, the study did not show if missing values -
number of missingness and position of the missing values have any
adverse effect on the Buys-Ballot technique. From the foregoing, it
becomes necessary to investigate the effect of missing values on
the statistical properties of the Buys-Ballot table and parameter
estimates. The aim of this study is therefore to determine if one
missing value has effect on the Buys-Ballot estimates of trend
parameters and seasonal indices by varying one missing value at
different position in the series using the Additive Linear Model.
The result of the analysis revealed that the row mean and standard
deviation show no noticeable difference in the presence of one
missing value. Also, the estimates of trend parameters and seasonal
indices have no noticeable effect when one missing value was
observed at different positions in the datasets. This result is in line
with Kiwu et al. (2025) [8].

Conclusion

This study has assessed the effects of missing values on Buys-
Ballot estimates of trend parameters and seasonal indices in
descriptive time series analysis especially when the missing value is
varied at different positions in the series. The results revealed that
there is no noticeable effect of one missing value on the estimates
of trend parameters and seasonal indices. This result suggests
that the estimates of the Buys-Ballot procedure is effective even
in the presence of on missing value. Base on this result, obtaining
the estimate of one missing value before using the Buys-Ballot
procedure is not necessary. Therefore, it is recommended that the
study be extended to other time series decomposition models,
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