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Abstract
Human beings are exposed to various risks of death such as cancer, heart disease, accidents, stroke, diabetes, AIDS, etc. Therefore, many risks
are competing in the life of an individual. Hence, one needs to study the likelihood of dying from a particular risk in the presence of all other risks
and the probability of dying when a specific disease is controlled in the population. This paper studies competing risks of three selected causes of
death: cardiovascular disease, HIV/AIDS, and malaria and the interdependency of the three causes of death. Secondary data were extracted from the
administrative records unit of the University of Ghana Hospital. The data include the cause of death, age and gender from 1979 to 2019. The study
adopted a multiple decrement table where the crude, net and partial probabilities were calculated. The study found that among the three specified
diseases, the probability of dying from malaria was higher for children less than five years. Regarding the youth, the probability of dying from HIV/
AIDS in this age range was higher, and in the older ages, the probability of dying from cardiovascular disease was higher. The study also concluded
that people would live longer than expected if cardiovascular disease and malaria were controlled in Ghana.

Keywords: Competing risk; Multiple decrements; Crude probability; Net probability; Partial probability

Introduction
Every human is continuously exposed to many risks of death,
such as cancer, heart disease, accidents, stroke, diabetes, AIDS, etc.
Hence, cause-specific mortality analysis must consider various
risks competing for an individual’s life. According to [8], competing
risks arise in studies in which individuals are subject to several
potential failure events, and one event might impede other events.
For example, the cause of failure in bone marrow transplantation
can be a relapse, death in remission, or other causes. Malaria is one
of the leading causes of infant death in Africa now. Suppose we wish
to assess malaria as a cause of infant death. Competing risk analysis
enables us to determine the baby’s probability of surviving in the
first year if the cause of death due to malaria no longer exists. In

addition, competing risk analysis lets us know the interdependency
of the different causes of death in the population.
The study of survival and the application of the life table to
competing risk require understanding these types of probabilities
of death due to a specific risk: crude probability, the net probability,
and partial crude probability. Now crude probability is the
probability that an individual alive at time x will die in the interval

( x, x + 1) from risk in the presence of all other risks in the

population. Net probabilities are the probability that an individual
alive at x will die in the interval ( x, x + 1) a particular risk is the
only risk of death acting in the population or the probability that an
individual alive at x will die in the interval ( x, x + 1) if a particular
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risk is eliminated as a risk of death from the population and the
partial crude probabilities is the probability that an individual
alive at x will die in the interval ( x, x + 1) from a particular risk if
another risk is eliminated from the population.

In the human population, the net and the partial crude
probability are not estimated directly but through the relationship
with the crude probabilities. According to [2], the concept of
competing risks analysis originated in 1766 from the question
of mandatory vaccination against smallpox and attempts were
made to evaluate its possible effects. French mathematician Daniel
Bernoulli researched the impact of smallpox on the longevity of
humans.

HIV/AIDS, cardiovascular disease, and malaria are major
global public health threats that undermine developing countries,
especially in Africa [3], [15]. Approximately 5 million lives are lost
annually due to these diseases, which also have consequences on
the social-economic development of the nation [12]. These diseases
are mostly affected by a particular age group. The death of malaria

li = di1 + di 2 + di 3 + ... + dik + li +1

(3)

Let lo denote the initial population in the beginning of the

cohort and li the number of survivors at the beginning of the
interval ( xi , xi +1 ) .

The probability that an individual will die in the interval ( xi , xi +1 )
from a specific cause is Rλ ( λ = 1, 2 , 3 , , k ) and the probability of
surviving satisfy the conditions

1 = Qi1 + Qi 2 + Qi 3 + ... + Qik + pi

(4)

k

=
1 pi + ∑ Qiλ

(5)

λ =1

k

Since qi = ∑ Qiλ

(6)

λ =1

Therefore, the conditional probability of dying from a specific
cause diλ and li +1 is multinomial with the probability distribution
k

li !

k

Qλ
∏
λ

diλ
i

pili+1

diλ !li +1 !
∏
(7)
is mainly seen in children under five years, while cardiovascular
λ =1
diseases mostly happen to aged people [3]. There are many studies
and the probability generating function (p.g.f) can be denoted
on malaria, HIV/AIDS and cardiovascular diseases. However, as
studies on this area only consider the crude analysis of the diseases
 k

without looking at the interdependency of the causes of death. For
g diλ ,li+1|li ( siλ , si +1 ) = E  ∏ sidλiλ sili++11 | li 
(8)
λ =1


example, [5] analysis the impact of HIV/AIDS in Sub-Saharan Africa.
li
[13] examined the patterns of cardiovascular disease mortality in
 k

=  Qiλ siλ + pi si +1 
(9)
Ghana. With respect to malaria, [11], analysed the prevalence of
 λ =1

asymptomatic malaria infection among primary school children in
From (7), (8) and (9) the joint probability distribution of the
Tanzania.
random variables d ,..., d , l , for i = 0,1, 2,..., n is
=1

∑

i1

This paper conducts a crude analysis of these diseases and the
interdependency of the causes of death using the net and partial
crude probability.

n

∏
i =0

k

li !

d λ !l
∏
λ
i

=1

iλ

i +1

Qid1i1 Qid2i 2 Qid3i 3 ...Qikdk pili+1

(10)

i +λ

The rest of the paper is organised as follows. The following
section is a material and methods that includes the theoretical
framework, data descriptions and analysis strategy. We then have
results and discussions leading to conclusions of the study.

The crude probability Qiλ can be derived from (10) using the
maximum likelihood principle. Given the initial population l0 , the

This section covers the theoretical framework that captures the
mathematical basis of the analysis and the analysis strategy.

According to Neyman’s theory, the best estimators of a
parameter minimise the reduced form of

Methods And Materials

Theoretical Framework

and

l=
di + li +1
i

=
E ( diλ | l0 ) l0=
poi Qiλ ,
λ 1, 2,3,..., k
i = 0,1, 2,..., n

2
k



 
 k
li +1 − l0 p0i 1 − ∑ Qiλ   
2
−
d
l
p
Q
(
)

 λ =1
 
=
χ 02 ∑  ∑ iλ 0 oi iλ + 

d iλ
li +1
=i 0=
number
λ 1




Suppose death are categorised into k causes, and the
of death due to k causes are denoted as di1 , di 2 , di 3 ,..., dik where

di = di1 + di 2 + di 3 + ... + dik

expectation of the random variables diλ and li +1 is given as

(1)

n

From (4)

(12)

k

pi = 1 − ∑ Qiλ
λ =1

(2)

(11)

(13)

Then substituting pi in (13) into (12) will make it easier in

minimising values of Qˆ iλ .
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Qˆ
pˆ
0
=
− iλ + i =
ˆ
diλ li +1
∂Qiλ

χ2

1, 2,3,..., k
λ=

Therefore

Qˆ iλ
pˆ
= i
diλ li +1
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(14)
(15)

Summing over λ in (15),
k

pˆ i
=
li +1

Qˆ λ + pˆ
∑
λ

1
=1
=
k
l
∑ diλ + li+1 i
i

i

(16)

Substituting (16) into (15)

l
pˆ i = i +1
li

(17)

and

d
Qˆ iλ = iλ
li

(18)

The relation between net probability and crude
probability
According to Chiang (1970), for each risk, there is a
corresponding force of mortality, which is presented by µ (τ ; γ ) .
Therefore
µ (τ ; γ )∆ + 0(∆) P{an individual alive at t will die in the interval (t , t + ∆) from cause Rλ }

Let the sum for each force of mortality of a risk be denoted by

µ (t )

k

µ (τ ; λ ) = µ ( t )
∑
λ
=1

and each risk the ratio µ ( t ; λ ) µ ( t ) depends only on
and not on t .

(19)

( xi , xi +1 )

The probability that an individual alive at will live in the interval

( xi , xi +1 ) without specifying the cause of death is given as

{

=
pi exp − ∫

as

xi

µ ( t ) dt

}

(20)

and the probability of dying within the interval ( xi , xi +1 ) is given

{

qi =
1 − exp − ∫

xi +1

xi

µ ( t ) dt

}

(21)

The crude probability Qiλ within the interval ( xi , xi +1 ) is given as

=
Qiλ
Qiλ
=

∫

xi +1

xi

{

}

t

exp − ∫ µ ( t ) dt µ ( t ; λ )dt
xi

{

}

t
µ ( t; λ ) x
exp − ∫ µ ( t ) dt µ ( t ; λ ) dt
∫
x
x
µ (t )
i +1

i

(24)

The net probability of death qiλ in the interval ( xi , xi +1 ) when
Rλ is the only risk acting in the population is defined as

{

qiλ =
1 − exp − ∫

xi +1

xi

µ ( t ; λ ) dt

}

(25)

 µ ( t ; λ ) xi+1

qiλ =
1 − exp −
µ ( t ) dt 
∫
x
 µ ( t ) i


(26)

qiλ = 1 − piµ (t ;λ ) µ (t )

λ =1

xi +1

Qiλ µ ( t ; λ )
=
µ (t )
qi

i

(22)

(23)

qiλ = 1 − p Qiλ

(27)

qi

(28)

Substituting (18) into (19), we get
 diλ 



lq
qˆ = 1 − pˆ  i i  
iλ 




(29)

Substituting (17) into (20), the estimator for the net probability

qˆiλ becomes

diλ


 li +1  di 

1−  
, since di =
qˆ =
li qi
iλ 
li  




(30)

The net probability of death when a specific risk Rλ is

eliminated is denoted by qi.λ and given as

{

xi +1

q =
1 − exp − ∫ µ ( t ) − µ (t ; λ )dt
i.λ
xi






q = 1 − pi
i.λ

}

µ ( t )−µ ( t ;λ ) 
µ ( t ) 


q = 1 − pi(
i.λ

q −Q

q = 1 − p(
i.λ

(32)

qi −Qiλ qi )

q =
1 − p ( i iλ ) i ,
i.λ
q

di − diλ ) di

λ=
1, 2,..., k

,

The estimator for the net probability is
(d

−d

)

(33)

(34)

(35)

d

i
iλ
i
l 
1 −  i +1 
, λ=
1, 2,..., k
qˆ =
i.λ
 l 

The estimator for the partial crude probability is
diλ   li +1 
1 −  
Qˆiλ .1 =
di − di1   li 


(31)

( di − diλ )

di


 , λ=
1, 2,..., k


Analysis Strategy

(36)

(37)

Secondary data were extracted from the records unit of the
University of Ghana Hospital. The data consist of information on
the cause of death and gender from 1979 to 2019. The causes of
death were grouped into four: cardiovascular diseases, HIV/AIDs,
malaria, and ‘other’ causes of death. The study adopted a multiple
decrement table where the crude, net and partial probabilities were
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calculated. The crude probabilities were calculated with respect to
equation 18 for cardiovascular diseases, HIV/AIDs and malaria. The
graphical presentations of them are presented in Figure 1.1. The net
probabilities of dying from cardiovascular diseases, HIV/AIDs and
malaria based on equations 36 were calculated. Graphs of partial
probabilities computed based on equation 37 of cardiovascular
diseases are also displayed.

were in the age group of 60 years, with cardiovascular disease as
their leading cause of death. These results confirmed with [16] that
the life expectancy of males is lower than females and therefore
dies more than females. [6] also explained that aged people are
likely to die, forming the majority of the dead population. According
to Townsend (2018), cardiovascular disease remains the leading
cause of death in most countries (Table 1).

This section first describes the data and presents the crude
probabilities, net probabilities and partial probabilities of the
leading causes of death in Ghana.

Figures 1.1 display the crude probabilities for cardiovascular
diseases, HIV/AIDS and malaria. From Figure 1.1, it was observed
that the crude probability of dying from malaria was higher than
the rest of the diseases for children under five years. This implies
that among all three diseases, the chances that a child less than five
years will die of malaria is higher. This result affirmed [10] that in
Africa, children under five years of death due to malarial are very
high compared to other age groups. In that age group (under five
years), the crude probability of cardiovascular disease and that
of HIV/AIDS were negligible (<0.001). From 20 to 40 years, the
crude probability of HIV/AIDS in this age range was higher. This

Results And Discussions

Descriptive Statistics

Table 1: Descriptive Statistics.
Variables
Gender

Age
Group

Causes
of
Death

Frequency (n)

Percentage (%)

Female

1367

42.1

Under Fives

438

13.5

Male

Children 6 - 12 years

Adolescents 13 - 18 years

1883
59
58

57.9
1.8
1.8

Adults 19 - 59 years

1226

37.7

Cardiovascular disease

959

29.5

Adults older than 60
years
HIV/AIDs
Malaria

Other causes

1469
235
147

1909

45.2
7.2
4.5

58.7

The distribution of gender, age, class and the causes of death
were computed and presented in Table 1. It was found that 1883
(57.9%) of the respondents were male. The study also recorded
that 1469 (45.2%) were adults older than 60 years, while 959
(29.5%) had the cardiovascular disease as their leading cause of
death. This implies that most of the death recorded were males and

Crude Probabilities

implies that in the presence of the other diseases, people aged 20
to 40 years have a higher probability of dying from HIV/AIDS. [7]
explained that youth are sexually active, and sexual transmission
remains the major mode of HIV transmission in Ghana, increasing
the risk of the youth having such diseases. Regarding the crude
probability of people above 40, cardiovascular disease was higher.
This implies that death due to cardiovascular diseases are often
experienced by these aged groups. This result was confirmed by
[4], who explained that ageing reduces the efficiency of homeostatic
regulation, thereby promoting an increase in tissue damage, rate of
morbidity, and mortality. Progressive loss of physiological function
of cardiomyocytes and vascular smooth muscle cells has been
associated with cellular ageing and puts aged people at high risk of
cardiovascular diseases.

Figure 1.1: Crude Probability.
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Net Probability
The net probabilities of the three diseases were also calculated,
and the result can be seen in Figure 1.2. From Figure 1.2, it can be
seen that the net probability of cardiovascular diseases was lower
than the rest of the diseases. This means that the probability of

Volume 4-Issue 3

dying if cardiovascular disease is eliminated from the population
is lower than if malaria and HIV/AIDS diseases are eliminated from
the population. This is because, among the three diseases, the rate
at which people die of cardiovascular disease was higher. Therefore,
if the disease is eliminated, the impact will be more felt than the
rest of the diseases.

Figure 1.2: Net Probabilities (When a Specific Cause of Death is Eliminated).

Partial Crude Probability ( Qˆ iλ .1 ) of Cardiovascular Diseases

Figure 1.3: Partial Crude Probability of Cardiovascular Diseases.
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The Partial probability of cardiovascular disease, HIV/AIDS
and Malaria being eliminated in the population was computed and
presented in Figure 1.3.

Diagram “a” represents the partial crude probability of
cardiovascular diseases when malaria and HIV/AIDS are eliminated
from the population. It can be seen that the probability of dying
from cardiovascular diseases when malaria is eliminated from the
population is higher than when HIV/AIDS is eliminated. Hence,
if HIV/AIDS is controlled, the rate of dying from cardiovascular
diseases will be reduced. Therefore, the dependency on
cardiovascular and HIV/AIDS is higher than the dependency on
cardiovascular and malaria.

Diagram “b” represents the partial crude probability of HIV/
AIDS when malaria and cardiovascular are eliminated from the
population. It can be seen that there is no significant difference
between the probabilities of dying from HIV/AIDS when malaria
is eliminated and when cardiovascular is eliminated from the
population.
Diagram “c” represents the partial crude probability of malaria
and why cardiovascular diseases, and HIV/AIDS are eliminated
from the population. It was revealed that when cardiovascular
diseases are controlled, the rate at which people will die from
malaria will be reduced.

Conclusion

Among the three specified diseases, cardiovascular disease,
HIV/AIDS, and malaria, for children under five years, the crude
probability of dying from malaria was higher. Regarding the youth,
the crude probability of HIV/AIDS in this age range was higher, and
with the older ages, the crude probability of cardiovascular disease
was higher. The study also concluded that the probability of dying
if HIV/AIDS is eliminated from the population is higher than when
malaria or cardiovascular diseases are eliminated. Also, males of 45
to 70 years have a higher risk of dying of cardiovascular disease
when HIV/AIDS or malaria is eliminated from the population
than the females of the same age group (45 to 70 years). There
is a dependency on cardiovascular and HIV/AIDS than the other
dependency (cardiovascular and HIV/AIDS, HIV/AIDS, and
malaria).
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